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1 INTRODUCTION 

The 1)/""'1l1 chapkr addr('ss"s Ill< jt)l'wanl jJl"Obltlff, I.c .. the r~latioll  between 
til<' .sll"llclll1'r of d solar 111,,<1,,1 alld th(' correspolldillg fr('qllencies, As importitnt.. 
I,ow,'v,'r. is the I'xl,'nt 10 \l"lli('11 the fretjul'nci('s reflect. the physics and ot.her as­
S1ll1lplioliS und"rlyillg I IIf' 1I10<lel cakulatioll. Thus in S~clion :2 I consider some 
ilSl,,'cls or solM JllOdl'l ClllllpJltillioJl, III addilioll, tl,,> Ilnderstitnding oft.he diag­
1",,1 ic pol ('III iiI! or the fr"'IJI"llcies r(''1J1ir<'s illfol'lllation ahout the properties of 
til(' oscill,,' iOIlS, IlI'yolld wl,al "iiS supplied ill IhI' chapter hy Lf>ibachcr. This is 
pro\'id,'d ill Sect.ioll :\. Sec\ iOll ·1 illvest.igat.,,> t.he I'elittioll lH'tween the properties 
of solilr S\rllC! 11\" alld II", oSliJI~1  iOlls by cOllsidering sevl'ritl eXitrnplf>s of modi­
licilliolls t.o till' sol~r  111("lels ~nd their drect> Oil thl' frequencif>s, while Section 
,1 cOllsidl'l"s filI'I 111'1' itn~ly,,'s of thl' "b,,'rvl'd fre'l,"'ncies. finally, t.he prosp,'cts 
<If "Xl ('nd'lIlp; t.hi" \.I·pl' of work 10 olhl'.r Still'S MI' a.ddressed ill Sectioll 6, 

1'111' pr<'s('n!. ch"p!.('r ii';SIIII\('S as backgrollnd I. h~ ehaptC'r by LeibitChf>r III 
Ihis 10111111('. Ot.her l?;"II('ral I'rcsC'IItatiolls of tli<' proprrtics of solar ami st.ellitr 
o,,'illi" iOlls I,a\,,' !'el'll l\i\"11 1'.1', for ,'xamplt-. [lnllo cI nl. (198fJ). C:ongh ,~~ 

'I',,,",,re (I')') I). (:ollgl, I I'Hl) alld ChrislpIISl'n-l)alsgaitrd (1994), 

1.1 A lit tle history 

'I'he r('~Jizittion  IIIi'll. ohserved fr"C]I\l'nci~s  of solar oscillat.ion might provide in­
IOI'lIl~lion a.bonl tl,c solar illterior goes back at. least two decades. Observations 
of f1llClnalion, in II", solar lilnb inl('flsity (Hill S., Stebbins 1975; lIill, Stebbins 
,....: Brown 107G), and t.he cl~ilflt'd d~t.('ltion of a Doppler vf'locity oscillation with 
a IlI'riod close 10 ItiO nlinllks (Brookes, Isaak S<~  van del' Hitity 1076; Sevf>rny, 
hoto' ,~  Tsap 1976) provided early illdicatiolls that global solar oscillittiol1s 
IIlighl. b,' df'tf>ct.able alld l.'d to the orst comparisons of th" reported frequencies 
wit.h t.hosp of solar models (f,g. SCIlAaire el al 1975; Christensen-Dalsgaard & 
C:ough 1976; [b~n &: :\1ahalfy 1976; Rouse 1977). Although the realit.y of these 
early clitims is questionable, they undoubtedly provided an important stitrt.ing 

point for t.his type uf work. 

,\1. abollt. the sitJne t.lIlle the first dptailed observations of the five-minute 
oscillatious of high degree (Deubner 1975; Rhodes, Ulrich & Simon 1976) con­
firmed their nature as trapped acoustic modes of oscillation in the outermost 
parts of the 5nn, previonsly inferr~d  by I"lrich (1970) and Leibaeher &- Stein 
(1971). \1ore df'tailed computat.ions of fre'llll'ncies for solar envelopl' models 
yi~lded  results in overall agreement with the observations itnd suggested that 
the ob,('r\'(,d IlIodf» Wl'fl' ovprslabk (/.g. Ando,l..· Osaki 107,1. 1977: it should 

'" 
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be Ilot<:d thltt litter stabilily itllalyses, takillg illto accoullt the illteritctioll with 
COllvrcl.ion, illdicitte that tll~  modes ar~  stabl~;  "'e Bitlmforth 199:2it). FllltI,er 
compit1"isons of the observed and computed flecl'wncies indicated that the solar 
convectioll zone was de~r)Pr thall previously assllmed (Gough I977a; Ulrich S..~ 

Hhodes 1977) and showed t.hal t.lw frequencies wer<~  sellsit.iv,· to detitils of th,.. 
I'ltual.ioll of stat" of malt"r ill Ih~ Sun (~''1.  lkrl]'omieu eI al. 1980; Lulww. 
Hhodes ,\; ,'Irich 1980). 

Thp first definit.e detection of modes cxt.l'lidillg through most of th(~  SlIn 
ITsllltcd from whole-disk Iloppler Iflf>aSUrelllellLS which clearly showed oscillit­
tiolls ill the five-minute WgiOll (Fossat &. Hicort J!J75; C"w~rie d al. 1979); 
particularly import.ant was the identificittion in the latt~r  data of an approxi­
1Il~.tl'ly  Illliformly spaced set of peaks in the power spectnlm, corresponding to 
t.Iw "symptoticitlly predictf>d behaviour of the frl'qll,'ncies of low-degree acoustic 
1Il0d"s. 1\ lIluch morl' df>taiiC'd >peclrum, resolving individual modf>s, witS ob­
tainl'd in almost continuous observations ovrr Sf>V,Titl days from thl' g('ographicitl 
Sont.11 Pole (Grec, Fossat ,lit Pomerantz 19xO). 

The connection betwcPIl these low-degree modf>s and til(> high-degree oscil­
lations mentioned above was established by observations by Harvey &. Duvall 
(198·1). This enabled an unitmbiguous identificat.ion of the radial orders or the 
)Ow-d"gn>e modes itnd provioed extensivf> data 011 t.he structure of the solar inte­
rior. Fnrther observat.ions using a variety of t.echniques have since then oramat­
icitlly increased the numbf>r of identified Jnodes alld the accuracy with which the 
fre'luf>llcies have been detl'rmined, providing til(' cnrrent bitsis for helioseismic 
invest,igittions. 

1.2 Definition of the forward problem 

Civen a set of observed freqll~ncies,  probably th,' I1lOst innnf>diate and obviolls
 
method of analysis is to compare them with frequencies compnted for a solar
 
model. This essentially defin~s  the forward problrm, as a test of a solar model.
 
As such, the oscillation frequencies havl"' sev~ral major itdvitntages over ot.her
 
measurements that might. relitte to the struct.ure of the solar interior: they can
 
be determined observatioually with great accuracy; different modes probe very
 
cliffer"nt aspects of the structure; and, given it solar model, the frequencies can
 
be computed with substanLial precision. '\s discussed In more detail below
 
the last stittement must be qua.lified: a.sp~cts of the superficial region of the
 
Sun introduce uncertaintirs in the computed frf>qu('ncies which must be kept in
 
mind when carrying Ollt th" comparison with the observittions. Nonetheless, the
 
freqllencies remitin very powerful diagnostics of the solar interior.
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III SOI1l(' sense til(' solar I1lOdel ill itself is ullillt.nesting: what requires test ­
illl\ ar,' lh,' assumption, allli physical properlies t.hat. underly the calculat.ion of 
'he Illl)(I,'], t.IIIlS iIlI\Jro\'illg t.he basis for general stellar-evolut.ion calculations. 
'.'url h('J'1l\ore. tlJ(' iI(T1II'ilCy iI.lld extent of the solilr data allow the properties of 
Illilll('r iu Ihe Sun t.o I", probed in considerable detail, thlls providing informa­
I ion I hilt is totally illilccessibk in laboratory studies. In t.his sense, t.herefore, 
III<' forward proble1l\ lillks I hc physics t.o t.he ohserved frequencies. This point. 

"I' \·iew will I", (>nlpl"y,'d ('Xle11sivcly in the following. 

I,'il(cd wit.h L1J(' ilwvit.abk discr('pitllcies Iwtwe('u the computed and o!>s('rVl'd 

f\'(''l'l<'wirs, what docs Olll' do" '1'11<.' obviolls goa.! is t.o correct the model, or 
11101'" fUlldaluentally the pl,ysics, ill such a way as to reduce the discrepancies. 
OIl<' i1jJ[lroitCh is 10 COII'l'u!.e sevt'T'al models alld frequeucies, adopting t.hat model 
which I)('st fits the da!.il. AI Ihe opposite extreme, tl'cbniques for inv('rsp analysis 
(se(' I he l'ilapt('r by (:oul\h) offer systemat.ic ways of determining the corrections. 
In be!.\\,('en is a grey Mea or Ipast-squares fits to the data, varying small spts of 
,.;uitilbh' chos"n pitra I1It't.... I'S. Such procedures W"1'(> employed extensively in t.he 
illlillysis or the early, lill1il",1 1,,~lioseismic data. (eg. Chri,.;tensen-Dalsgaitrd & 
(;ollgh !')I\(J; (;ilhri,·1. SCllllilil'e 8<. Nods 198:1). Although tbe current wealt.h of 
datii IIlak('s inl"'1'''' 1l'c!lIliqll"s at.!.ract.il'c, paramc!.er fitting st.ill has an important 
r()If' 10 play 1'01' ilion' speciidized apl'licittious, whC're th(' data can bc comhill('d 
ill such a WilY as t.o isola!.e specific aspects of t!w solar iutrrior. An example of 
this II'ill 1)(' cOllsid.. red ill S..c1.ioll :).2. 

2 PHYSICS OF SOLAR MODELS 

2.1 Introduction 

Tile computed solar models, and hence their frequencies, depend on assumptions 
ahout the physical properties or matter in stars, in particular the equation of 
slate, the opitcity and the rates of nuclear reactions; these aspects of the calcula­
tion might. he called the mio·ophysics. Furt.hermore, the computations involve a 
Ilumber of simplifying assumptions, ort.en cov('ring much complex physics which 

rnight b(' callen the macT'ophysics: 

•	 The treatment of convection is approximat.ed by mixing-length theory 
which provides a parametrization of the structure of the uppermost part 
of the convection zan" in terms of the Illixing-Iength parameter O'c. 

•	 The dynamical efrects of convection (th .. so-called turbulent pressure) are 

ignored. 

•	 It. is assumed that t.here is no mixing out.side l'Onvectivell' unstahle regions. 

•	 Effect.s of magnetic fields are ignored. 

Simila.rJy, t.he calculations of oscillation frequcncies are often done in th(' adi­
abatic approximation. Ev('n when nonadiabatic effects are taken into account, 
their 1reittment is uncerta.in, sin('(~  there is no dl'finite theory for the pert.urha­
t.ion in the convective Am, induced by the oscilla.t.ions. Also, the perturhations 
in the turhulent pressure arc nsually neglected. 

The goals of the analysis of observed frequellciC's ar(' ('vidently t.o test. both 
the microphysics and tbe simplifying assumptions. Tbis is wmplicated by the 
fact that a given region of the model in general is affected by several aspects of 
the microphysics, c.g. both the opacity alld the equation of state; under t.hese 
circumstances it may evin~nt.ly  he difficult or impossible to isolate the cituse of 
discrepancies between observations and models. 

Tbt' computation of solar models requirC's th,' specification of it number of 
pil.!'ailleters. The itge of tbe Sun can he est.imat.ed frolll ages determined for 
meteorites (e.g. Guenther J989; Appendix hy (;. WitSserburg in the paper by 
Bahcall & Pinsonneault J995). The present rat.io ZjX between the abundances 
of heavy elements and hydrogen 011 the solar surface is approximately known 
from spectroscopy (e.g. Anners & Grevesse 1989; Grevesse & Noels 1993). Also, 
the computed models must match the photospheric radius and surface luminosity 
of the present Sun. This is achieved by adjust.ing the initial abunditnce Yo of 
helium and a parameter characterizing convective energy transport. The latter 
parameter (in mixing-length theory taken to he the ratio O'~'between  the mixing 
length and the pressure scale height) serves to fix the value s of the specific 
entropy in the bulk of the convection zone, where the temperature stratification 
is essentially adiabatic and where s is therefore Hearly constant. 

In the following I provide a brief overview of the some a'peels of the physics 
of particular relevance to the analysis of the oscillation frequencies. 

2.2 Microphysics 

2,2.1 Equation of state 

As mentioned in Section 1.l the potential for using the observed frequencies to 
test t.h", equation of state was recognized quite early. A detailed analysis of the 
treatment of the thermodynamical propert.ies of solar matter and its effect on 
the frequencies was given by Christensen-Dalsgaard & Dappen (1992). 
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Tlw Ilwordie,,1 dcscription of tli(' solar pliislna is complicated by the interac­
1ions 1,,'1 \\'('('11 it- cOllstitu('111s, which strongly affeel. I'.g.. t.he degree of pari ial 
i"niz,,' iou in tl,.. Ollt<-'r pMts of the Sun ..\ spc>cific probl"n\ is to c>nsure that 
1l1ilttrr I"'COII1"S fully ionizt·d in the deep solilr illlcrior; this is normally achi"ved 
by illcludiug sDIIlt' formlliation for the so-call cd "l'r('ssur" iOllization", taking ef­
ket. iii high d('nsit.y. We M" still far rrmoved frolll a definitive treatment of these 
process,,,. I!oll','\·,'r. ;lll "ssclltia) f"ilt"rt' of ilny trcal.lllellt is th"t it be t.hermody­
lI;ullieally consist""1 If tllis is 1I0t the CilSC, tit<' results obtained dcp"ml 011 the 
dt'lilib "f how, for exall'l)[". t}w oscilla.lioll eqniltions art' formulated, potent.ially 

k"dilll\ 10 11Ilpn'diclabl(' l't·s,dts. 

I!<'l't' I cOllsider t I", follo\\'ini!, ('C[uatiolls of sl ille: 

•	 Till' 1';~gl('l()u,  j-'itlllkllt'l 8: Flannery (1!17:l) formulittion (in tht' following 
I-:J·'I-'). This IIses the hasic Saha E'quation, itssuming a.!1 atoms or ions to be 
ill Ihe gl()IInd stat.". and incilides a simple b\lt th('rnlOdynamically consis­
\t'III Ir('atllll'nl of prt'SSlll'(' ionizitt.ion. 

•	 'I'll<' (:1-:1',[-, forllll"al.i,,,!. This corresponds t.o EFF, but with the addition 
of ('o\llonlb (dr.-cLs in \ he DebYE'-lIuckei il.pf,lroximation. It should be noted 
1.I'iil. U,es(' elf"c!s rc>sllit in corrections to prpssure and internal energy of 
II", gas, as 11'('11 "S 10 t.he chemical pot.entials and hence ionization balance. 
Th" df('cts 0\1 ionization, which dominate in t.he out"r f,larts of the model, 
IlilV<' sOIlIPtillws h"en ignored, I("ading Lo t.hermodynamic inconsistencies. 

•	 The so-cillh! t>1f11J forTllulaLion (llummer & Mihalas 1988; Mihalas, 
Diippen &. 1l1l1TIl11er 1~8~; Mihalas rl al. 1990). This provides a detailed 
1r('atment of Ill(, int('ractions within the gas, involving a probabilistic de­
""iption of tlIe level IJof,lulatioTls. 

These formulations are all based on what has been called the chemical pic­
tllre (I .g. Dappen 1992). where the constituents of the gas are regarded as 
iltoms, ions and elect.rons. However, equally detailed descriptions exist in the 
physical pict1m, where the properties of the gas ar" described directly in terms 
PI' the int.eractions bet.ween fundamental particles, handled through many-body 
acti\'ity expansion. For f,lractical applications the most important example is 
the Livermore equaLion of state (e.g. ROi\ers, Swenson & Iglesias \995), which 
forms Ilw hasis for the OP:\L opacities discllssc>d in the following section. 

.IWir<:IJ ('III';,,/.('IJSCIl-})iils;';iiiifd~  

2.2.2 Opacity 

I nc"rt"int.i('s in tlie opacit.y have substant.ial dfr-cts on t.he solar mod,,10 and 
frc>(plC'ncies. Early inversiolls for the sound sp,,('d (Christ.ensen-Dalsgaard (/ at. 
IC)~.)) illdicat.('d that th(" the opacity should 1)(' incr"ased in the solar interior, 
1'('lat.iV<' to the then used tnhles. Such increases havE' in fact been found in recent 
opa.cil y calculations, substilntially reducing t.h.. discrepancies in the slrllct.ure 
of tlIP lildial.ive interior hct.w""n the 1Il0c!"b ilnd tlw Snn. Nouethele~s,  it is 
likely tllnl some of the r<-'nlaining diff"renr!" ilia)' st.ill b" caused by errOIS, al "­
level of a few per c"nt, in Ih" opacit.ies. A f,lartic\llar uncertainty concerns t.he 
opacit.y in the solar atmosphere: much of the diff"rence between t.he observed 
and computed frequencies can he eliminated through a substantial increase in 
the low-temperature opacit.y (cf. Section 5.3), alt.l,ollgh the reality of such large 
opacities is doubtful. 

Of particular importance in t.he recpnt revisions of the opacity calculations 
Ii"s bet'n t.he inclusion of Inrg" lIumbers of sp,'dral lines, which have been found 
to domillat.e the opncity in extensive regions of t.1l<' density-temperature plane. 
The resllit has been inCl't'''s,'S in opacity of up 1.0 fitctors 01':2 3, although the 
clianges under conditions relevant to t.he Sun ha.V<; been somewhal smaller. Two 
independent calculations, using rather differcnt techniques, have been carried 
out: by the Opacity Project (OP; e.g. Seaton rI al. 1994): and by the Livermore 
group (e.g. Iglesias el af. 1992) resulting in the so-called OPAL table. The 
r"sults of these two sets of calculations agree to within a rew per cent. 

The 1110dels discussed iu this chapter were computed with the OPAL tables; 
the low-temperature opacities were obtained frol11 1\ urud (1991). To illustrate 
the sensitivity to the opacity I also consider several cases of modifying artificially 
the opacity in rest.ricted temperature ranges. 

2.2,3 Nuclear reactions 

The nuclear reactions responsible for the Sun's energy output are discussed in 
the rhapter by Bahcall. The det.ails of the reaction networks are of crucial impor­
tance to the computed neutrino fluxes. In contrasl. t.he oscillation frequencies 
are relatively insensitive to the reaction pn,ranl<'t.t'rs. This is to some extent 
caused by the calibration of the initial composition to obtain the correct lumi­
nosity for the model of the present Sun: a chang" in the reaction parameters is 
compensated by a change in the composition, jpaving the structure of the model 
largely unchanged. Dziembowski et al. (1994) fOllnd that a :3 per cent change in 
the basic p- p reaction rate caused changes in sound speed and density which are 
hare!y detectable with the present helioseismic accuracy. They also considered 
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an inCl"t'ase in the 311e +3He rate of a sufficient magnitude to bring the computed 
capturc rate in the 37('1 radiochemical neutrino experiment into agreement with 
the measurements; interestingly, this resulted in changes in sound speed and 
d(~nsity  which might well be detectable in the oscillation frequencies, at least if 
01 her uncertainties ill tilt' strllCture of the model could be eliminated. 

11<-1'1' I largely (,llIplo)" uuclcar parameters from Parker (1986). 

2.2.4 Microscopic diffusion and gravitational settling 

Minos("opic diffusion and gravitational seltling arc not norma.lly considered part 
of a "standard model calculationn. Indeed, crude estimates (e.g. Eddington 
1926) suggest that the average e!iffusive time scale far exceeds the typical lifetime 
of sIal'S. 1I0wever, more careflll calculations show that the effect is significant in 
solar ('volut.ion (e.g. No(·rdlinger 1977; Wambsganss 1988), particularly in view 
of the high precisioll with which solar models ("an be tested. 

An initial study of the effects of diffusion and settling on solar oscillations 
was carried out by Demarque & Guenther (1988). Cox, Guzik & Kidman (1989) 
considered detailed effects on solar models and oscillation frequencies. The dom­
i nant effect is the settling of helium out of the convection zone. Solar models with 
diffusion were also computed by Proffitt & Michaud (1991), while Christensen­
Dalsgaard, Proffitt & Thompson (1993) showed that helium settling, causing a 
st.eep gradient in the helium abundance at the base of the convection zone, very 
substantially improved the agreement between the sound speed of the model 
and the solar soune! speed as inferred from helioseismic inversion. In addition, 
there was a significant effect of the accumulation of helium in the core. These 
results are discussed in Sections 4.3 and 5.1. 

Settling similarly causes the heavy elements to sink, slightly depleting the 
convection zone and tht outer parts of the radiative interior and enriching the 
core. This mainly affects the structure through a modification of the opacity in 
the radiative interior. Also, the current photospheric value of ZI X is smaller 
than the initial value. Proffitt (1994) found that when this effect was taken 
into account, the resulting sound-speed profile below the convection zone, but 
excluding the core, was rather similar to the result obtained with helium settling 
and diffusion alone. It should be noted, however, that different heavy elements 
diffuse at different rates. With diffusion and settling the relative mixture of 
the heavy elements therefore varies with position. This causes very substan­
tial complications, which so far have not been dealt with consistently, in the 
interpolation in the opacity tables. 

2.3 Macrophysics 

2.3.1 Outer convection zone 

There seems little doubt that most of the solar convection zone is very nearly 
adiabatica.lly stratified: herc a minute superadiabaticity is sufficient to drive the 
convective motion required for the energy transport. The calibration of solar 
models to the correct radius essentially fixes the structure of this region, and 
hence the depth of the convection zone (Gough & Weiss 1976). In the uppermost 
part of the convection zone, however, the density is so low that energy transport 
requires a substantial superadiabatic gradient. Only here do different treatments 
of convection result in significant differences in solar structure. 

In general, prescriptions for convection include free parameters, such as the 
mixing-length parameter 0< in mixing-length theory. One such parameter is 
required for the calibration, controlling the change in specific entropy s from 
the bottom of the atmosphere (where 5 is essentially determined by atmospheric 
structure, as fixed by theoretical or semi-empirical atmospheric models) to the 
nearly adiabatic interior of the convection zone. This calibration fixes the inte­
gral of the superadiabatic gradient \l - \lad, where \l = d In Tid In p and \lAd is 
its adiabatic value. However, the detailed behaviour of \l - \lad differs between 
different treatments of convection. Canuto & Mazzitelli (1991, 1992) developed 
descriptions based on assuming a full turbulent spectrum, and using as mixing 
length the distance to the top of the convection zone; this formulation resulted 
in a substantially higher and sharper \l - \lAd in the superadiabatic region than 
for traditional mixing-length models. Lydon et a/. (1992) based their treatment 
on correlations obtained from hydrodynamical simulations of turbulent convec­
tion, finding \l - \lad similar to, although slightly lower and broader than, the 
results of mixing-length theory. In this treatment, as well as the in the work of 
Canuto & Mazzitelli, adjustable free parameters were not explicitly used. Mon­
teiro, Christensen-Dalsgaard & Thompson (1995ab) made an extensive survey 
of various types of convection formulations and their effects on the computed 
oscillation frequencies. 

These convection treatments are all/oeal, in that they assume that the con­
vective flux at a given point is determined by the conditions, including the 
superadiabatic gradient, at that point. In reality convective eddies must sample 
a range of positions within the Sun, and the energy transport is determined 
by eddies originating over a range of levels. Procedures for taking such effects 
into account were developed by Spiegel (1963) and Gough (1976), although the 
application to solar modelling has been slow. Exceptions are the work by Xiong 
& Chen (1992) and by Balmforth (1992) who in addition considered effects of a 
time-dependent formulation of non-local mixing-length theory on solar oscilla­
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III Ih" strongly s\lpcradiabatic rt·gion the convcrtivt: velocities reach a sub­
sle\lliel fractio1l vf 1I,c sOllnd speed ...\s a r..."rlt, the convective momf'ntum 
tran:;port mekes a ,ignificiint cOJltriblltioll to hydrostatic balance in the aver­
iig" 1IIod,·!. "Joncthcl"ss, I his :;v-ralled I url'lrl"nl pressure is usually ignored in 
COlllpu!.atioll' of solar lllod"ls. IIl,kl'd, ii consis\"nt treatmellt of turbulent prcs­
,"r,' ill local IIlixing·kngth Ill"'''''S is I'lii/?,u"d by luathc,niiticil-l difficulties at the 
IWlllIelMi"s of t.11I' «)u\Tcli\·,·ly unstabl,' r('gioll ((;ollgh 1977b). Thesc problems 
arC' iivoided in 1I01l-local t [,<,iit.1I1<'1I1S wlH're titer" are no such sharp boundaries. 

Th" near-surfacE' pari of t.hl" convect ion wne has also heen modelled through 
d('laikd hydrodynaulical silllulal.ions (f.g. Stl·in & Nordluud 1989). These show 
a s(rollg asymmet.ry of t Ill' flow: rapid rauiative cooling at the surface causes 
strong nMroW rold downdmfts which pE'rsisl lhroughout the comput.ational cIo­
Iliein, with slow up\\'"llinl\ in het.we('n. Fronl sllCh simulations mean model~  can 
h" constructed t.hrough horizont.al and temporiil ilveragillg. These models con­
firm t hat the stratificatiotl heconws uearly adiabatic at depth, with an ediabat 
which is relatiwly close to that oht.ained in calibrated lIlixing-length models. 
I'ml Ir"rttlore, t.he lIludels clearly uelllotlstrale thc illlportance of turbulent prE'S' 

:;lIff'. 

('ondition~  at the base of the convection zone remain uncertain. It seems 
inevitable that motionl'xtend~  beyond the unstable region. Simple models ISha­
\'iv &. Salpeter 1973; Schmitt, Rosner & Bohn 1~84; Pidatella & Stix 1986; Zahn 
1991) prcdict a nC'drly adiabatic extellsion of the convection zone with relatively 
vigorous motion, followed hy all abrupt transition to the radiative gradient. As 
discussed in more dclail in Section 4.5 the resulting near-discontinuity in tbe 
sound-speed gradient might have observable effects on t.he oscillation frequen­

cies. 

2.3.2 Mixing in the solar interior? 

A potentially serious uncertainty in solar modelling concerns mixing caused by 
material motion in the solar interior. It is plausible that. penetration beyond the 
convection zone inducps weaker motion. possibly in the form of internal gravity 
waves, in the radiative interior. Such motion could have substantial effects on 
the composition profile resulting from microscopic diffusion and gravitational 
settling. Indeed, the reduction of the solar photospheric lithium abundance 
by roughly a factor 100 relat.ive to thp solar-system abundance indicates that 
mixing well beneath the convection zone must have occurred at some phase of 
solar pyolution (e.g. rhrisl"nsC'n-l)al~gail.rd. (;ollg;h &. Thompson 1992); lithium 

depll'tion in the pre-main-sequence pha~"  mav also hav... been an inlportil-nl fa, ­
tor (, .g. Ahrens, Stix & Thorn 199:2; Swenson (I nl. 199·1). Sdlat21l1ann el al. 
(!<)Sl) ,onsidered the erreds un solar evolution of substaJltialturbulent diffusion, 
finding that this might lead to a significant reduction in the pledicted neutrino 
flux; the physical basis for the assumed diffusion coefficient was somewhat ques­

tionable, however. 

ThE' solar spin-down from a normally assumed initial rapid rotation is likely 
to ha\'(' caused rf'gion:; of s( rong shear in the solar radiative interior which cuuld 
have led to in~tabilities  and hence mixing. In an ambitious effort, PinsonnE'ault 
el al. (1989) have computed modE'ls of such E'ffE'cts, with approximate expression~  

for the transport resulting from th" instabiliti"s, The results showed substan­
tial efff'cts on the photospheric lithium abundance, reproducing the observed 
depletion, while the effect on the central hydrogen abundance was small. De­
tailed analysis of models including rot.ational instabilities indicated no significant 
changes in the oscillation frequencies (Chaboyer tI al. 1995). It should be noted, 
however, that the computed rot.at.ion profiles seem to be inconsistent with he­
lioseismic determinations of solar internal rot.ation (e.g. Duvall et al. 1984; 
Tomczyk, Schou & Thompson 1995). Zaltn (1992) developed a procedure to 
evaluate mixing due to turbulence induced by meridional circulation. DE'tailed 
results for the Sun have apparently so far not beE'!l obtained, however. 

2,4 Structure of the solar convection zone 

The fact that the bulk of the convection zone is nearly adiabatically stratified 
considerably simplifies th" analysis of solar oscillation data. Here to a very good 
approximation pressurp p and density pare rela.tpd by 

din p J
 
dlnp ~  r;-' (I)
 

where r I = (a In piaIn plad. As a result, the structure of the convection zone 
is independent of opacity: it is determined by the value of the specific entropy 
5, by the composit.ion (uniform, because of the very efficient mixing) and the 
equation of state. COllsequently, modes of oscillation that are trapped in the con­
vection zone are ideally suited to test the properties of the equation of state and 
to determine the solar composition (see also Christensen-Dalsgaard & Dappen 
1992). 

From equation (1) we may easily obtain an approximate expression for the 
adiabat ic sound speed c. Introducing u = pip we have from the equation for 
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hydrostatic support thitt 

~ == ~~ (1 _din p) ~ _G'm (I _~) (2)
d.,. ['e1,. dlnp - ,.2 f,' 

where' (; is the gravitation,,1 fOnstallt and 1ll is the mass interior to radius r. 
III {'(illation (2) WP Iliay toke' m ~ l\f, the total mass of the Sun, since the 
collve'ctioll zone cont.ain>; ollly about 2 per n'nt of t.he solar mass. Outside the 
domillant iOllization zones of hydrogen and helium, which are confined to the 
out"r'2 - 3 per cent of tlw r"dius, w" can furthermore assume f l to be constant. 
Within this rathf'r nlld" approximation w" can therefore integrate equation (2), 

to ohtain 

It ~  (;M (I - ~J U- ~.) , (3) 

or 

(2 == l'lll ~  G'M(r J - 1) (~-~) ; (4) 
r R' 

hN(' J!". which serves as a const.ant of integration, is approximately equal to the 
photospheric radius R of the st.ar. Thus in the deeper part.s of the convection 
zone' «r) is pssentially determined by the total mass and radius of the Sun, as 
\\'ell as hy (a suitahle average of) f J • It should also be noted that equation (2) 
r"lall's the derivative of u, which can be determined from the observed oscillation 
fr('quPIKies, to the thermodynamic properties of the gas as described by fl. 
This relation may therefore be used to determine the helium abundance of the 
convect.ion zone (Dapren &: Gough 1984, 1986) or to test the equation of state 
(Dziell1bowski, Pamyatnykh & Sienkiewicz 1992). 

2.5 Overview of solar structure 

Figurp 1 provides a summary of t.he physics iind uncertainties of solar internal 
structure. In the radiative interior the situation is complicated by the simulta­
neous dependence on the equation of state, opacity, energy generation rate and 
composition profile. On the ot.her hand, since matter is essentially fully ionized 
in this region the uncertainties introduced by the equation of state are sub­
stantially reduced. Also, I indicated in Section 2.2.3 that the details of nuclear 
reactions have modest effects on the oscillat.ion frequencies. Thus in this part of 
the Sun we expect. that the oscillations will be used predominantly to measure 
aspects of the opacity and the composition profile. As argued in Section 2.4 the 
convection zone, on the other hand, depends on composition, specific entropy 
and the equation of state. Furthermore, the composition can be assumed to be 
independent of position in the convection zonp; t.his offers some hope that uncer­
tainties in the composition and t.he equat.ion of st.ate can be partially separated 
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Figure I: Schematic representation of solar strurl uI'e. The thin hashed area near 
the surface indicates the region where the physics is uncertain, because of effects 
of convection, nonadiabaticity, etc. At the base of the convection zone, convec­
tive overshoot and diffusion introduce additional uncertainty. The structure of 
the adiabatic part of the convection zone is determined by the equation of state 
(EOS) , and the constant values of specific entropy s, and composition (given by 
the abundances X and Z of hydrogen and heavy elements). Beneath the con­
vection zone the structure also depends on opacity K and the energy generation 
rate (. 

(Gough 1984a). It is obvious, however, that one cannot exclude errors in the 
equation of state which essentially mimic a change in composition. 

Much of the uncertainty in the physics is concentrated very near the surface. 
This is true of the dynamical effects of convection, since convective velocities are 
likely to be very small elsewhere, and of the details of convective energy trans­
port; furthermore, unless the interior field is much stronger than the observed 
photospheric field, effects of magnetic fields on the average solar structure are 
similarly concentrated. Also, as discussed by Leibacher (this volume) potential 
errors in the treatment of t.he oscillations, associated with nonadiabatic effects 
and fluctuations in t.he turbulent pressure, are concentrated in this region; in 
contrast, the oscillations are expected to be adiabatic to very high precision in 
the solar interior. These near-surface uncertainties have a substantial effect on 

..
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tll(' ,,,,,illal iOI1 f'T'I'I<'I1"i,'s which Inay il1fllJ('ll'T tl", analysis of the observations. 
F"rllll1at(.h', as argl1<'d ill S,'cLioli :l.-I.~ il is to a lerge extpnt possible to s('l'­
ar<it" t.11(' ~ff('cts of Ih" S111'l'rfirial "rrors, hl'l1cl' isolal il1g those aspects of thf' 
fre'1'1<'l1cies which IHO\'i,,,, r('liahl~ informal,ioll ahollt the solar interior. 

3	 PROPERTIES OF ADIABATIC OSCILLA­
TIONS 

3.1 Introduction 

The ha~ic  properties of ",1M oscillatiolls are descril)('d in the chaptf'r by 
I,l'ihach"l". Howl'\'f'l". for COlllpldeness I hf' rresent chapter cOlltains certilin basic 
ddinil iOlls a.lready giVl'll th"re, Also. in the following analysis of thf' st'nsitiv­
il} of til(' oscillat.ioll f""'1']('lIcil's to il~pects  of strllcture wp shall need ildditional 
illsight. Milch of thl' matel'ii'll prl'sent.ed herf' has \'l'f'n adilpted from Christensen­

Ihlsgaard (199~),  

!\ltllOugh claillls for deif'clion of g mudes have been milde, the existing iden­
I ified observations of sol ill' oscillation are confined to p and f modes. Thus I shall 
restrict. nlyself to lIlf's(' modes. Furtllf'nnore, I generally assume the oscillations 
to I", ildiabatic. It was not.ed hy Leibacher t.hat nonadiabiltic effects on the 
f,..,qul'ncies Me import.ant very neilr the surfilce; however, the physical nature of 
1hf'se "ffects is still hadly Ullderstood, and so they must at present be regarded 
i'lS il source of uncertaint.y in the ana.lysis of t.he observed frequencies. 

As usual. the modes are described in terms of spherical harmonics }/"; the 
degl'ee , is related to the the length h of t1w horizontal component of the 

wilvellumber, at distance r from the centre, by 

k h =	 ~ with L1 =/(ltl). (5) 
r 

We nl'glect rotiltion and other departures from spherical symmetry. ThE'n the 
ilngular frequencil's Wnl depend only on the degrf'f' and the radial order n of 
I.he modes III ilddition to Wnl, we shilll often consider the cyclic frequencies 

LIlli = ""'nl /2rr. 

The frequencil's of il solar model ilre complicated functions of the structure 
of the model. However, all ilvailable evidence indicates that our present solar 
models are fairly close to the actual solar stru<'lure. This motivates analyzing the 
observE'o frequencies in terms of depar'/ures from the frequencies of some reference 
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1ll0c!"1. If the differen(es !wtw('el1 the Slill alld t.he model are sufficienlly small, 
t.h"re is an approximately linear relatiull bel wepl1 the O1odl"l and the freqlll'ncy 
differellres (see also Sectioll ~4).  SimilMly, the effects of changing some aspect 
"f the model physics is cOllvenif'ntly df'scribf'd ill terllls of the corresponding 
model alld frequf'ncy diffen'nces. Several examples of this Me givpn in Section 

~.  

Computation of adiabatic frequencies for a given model is relatively straight­
fnrwaro, However, the results are not immediiltely easy to interpret. Insight 
into the relation between the frequencies and the structll1'f' of the model can be 
obtilinf'd from thl' asymptotic properties of the modes. Most of the obsprved fre­
qUE'ncies correspond to acoustic modE'S of relatively high radial order or degree, 
for which the asymptotic description is fairly ill' curate. Although the asymp­
totic t.hf'ory cannot replace precise numerical computatioll, it may still be used 
to ohtaill quantitat.ive results. Examples of this are given in Section 5. I. 

The f-mode frequencies dE'pend only weakly 011 solar structure. To leading 
order, t.bey satisfy 

",} c:: g,k", (6) 

where g, is the surface gravitational acceleriltion. To this accuracy the infor­
matiou content in the f-mode frequencies is clearly limitpd. The observed fre­
quencies show departures from equation (6) which are substantially larger than 
the corresponding departure~  for computed frequencies for normal solar models; 
the origin of these departures is so far uncertain (e.g. Rosenthal & Gough 1994; 
Rosenthal & Christensen-Dalsgaard 1995; Rosenthal e/ ai. 1995a)_ Thus in the 
following I shall predominilntly consider p modes. 

3.2 What do the oscillation frequencies depend on? 

The adiabatic oscillation equations (see thl" chapter by L ibacher) obviously 
depend on the structure of the equilibrium moclel. A clost.:· inspection reveals 
that the coefficients are determined solely by the set of equilibrium variables 

p, p,	 r l , g, (7) 

ilS functions of r. However, the equilibrium model satisfies the stellar structure 
equations; in addition it may be assumed to hilve a given mass and radius, which 
at least in the case of the Sun ilre known with high precision. If p(r) is given, 
the interior mass and hpnce g(1") can be determined from simple integration; 
given g, the equation of hydrostatic support may be integrated from the surface 
to provide p(r) (the surface pressure is known from empirical models of the 
solar atmosphere). Thus of the set (7) only the two functions p(r') and [,(1") 
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'He independent, and the adiabatic oscillation frequencies arc determined solely 
by tlwse two functions. ('onversely, if no othrr constraints are imposed, the 
o!Jsel'\'pd frequencies give direct independent information only about p and 1'1; 
from p, I' may then he delpl'lllined from the constraint of hydrostatic support. 

The equation of slale relates 1'1 to p, p and I he chemical composition. To 
it fair d"gree of approxilTlitl ion the chemical composition can be specified by a 
singl!' IJararneler. snch as t.1)(' abundance )' hy mass of helium. In this approx­
imation just three quantitips shollid su!tic(' to spl'cify fully the thermodynamic 
st.ate. Given that p, I' and 1'1 can be obtained from the oscillation observa­
t.ions, knowledge of the ('<iuation of state should ('nable the determination of 
any ot.her thermodynamic variable, including}', from these observed quantities. 
Olltsid.· the major ionizalion zones 1'1 is very nearly constant and hence gives a 
poor d<'lerminat:on of the thermodynamic statl'; however, it varies sufficiently 
iTI th{' helium ionization zones to allow a determination of }', provided that the 
properties of the equation of slate arc known with sufficient accuracy. Indeed, 
procl'<!ures for such a determination of the helium abundance of the Sun have 
Iwen proposed (f.g. Dappcn & Gough 1984, 1986; Vorontsov, Saturin t: Pamy­
a.tnykh 1991; h:osovichcv rI al. 1992). Altematively. such analyses provide a 
lpst or the equation of stale, if the helium abundance is otherwise constrained. 
As discnssed in Section 5.2, an apparently quite efficient technique can be ob­
tained on the basis of the asymptotic behavionr of the oscillations ill the helium 

ionization zone. 

Tire preceding discussion was made in terms of the pair (p, rd. However, 
any other independent pair of model variables, related directly to p and 1'1, may 
he lIsf>d instead. Since most. of the observed solar oscillations have essentially the 
natlll'e of standin!( acoustic waves, their frequencies are largely determined by 
t.he Iwhaviour of sound speed c; hence it is natural to use c as one of the variables, 
combined with, e.g., pol' 1'1. As discussed iu Section 5.1 below, the observations 
are sufficiently rich that the observed frequencies may be inverted to obtain an 
estimate of the sonnd speed in most of the Sun. It follows from the equation of 
state, approximated by the ideal gas law, that this essentially provides a measure 
of TIl-', T being temperature and I-' the mean molecular weight. However, it is 
important to note that measurements of adiabatic oscillation frequencies do 
not by themselves allow a determination of the temperature in a star. Only jf 
the mean molecular weight can be otherwise constrained (e.g. by demanding 
that its variation in the stellar interior results from normal stellar evolution) is it 
possible to estimate the stellar interior temperature. This limitation is of obvious 
importance for the use of observed solar oscillation frequencies to throw a light 
on the apparent deficit of observed solar neutrinos (e.g. Christensen-Dalsgaard 
1991). 
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3.3 Simple p-mode asymptotics 

The asymptotic properties of solar oscillations were discussed by Leibacher (this 
volume). Here I repeat and extend a few simple aspects of the asymptotic 
description, for use later in the present chapter. 

3.3.1 Simple derivation of Duvall law 

A relation central to the understanding of p-mode behaviour is the Duval/law. 
This can be derived very simply from the dispersion relation for plane sound 
waves: 

2 w = c2 1kl 2 , (8) 

where k is the wave number. I write Ikl2 = k: + q, where k h is given by 
equation (5). Thus 

w2 £2
k; = 2' - 2" (9)

c r 
This equation describes the geometry of the ray along which the wave propa­
gates; propagation, with real k" is confined to the region outside the turning 
point r = r" where r, satisfies 

e(7',) w 
(10)-;;- = L 

A more careful analysis (briefly summarized in Section 3.3.5) shows that the 
waves have an outer turning point R, located just below the photosphere. To 
obtain a standing wave (i.e., a mode of oscillation) we must require, roughly, an 
integral number of oscillations in the radial direction between the lower turning 
point and the photosphere, although taking into account the phase shifts at the 
extremes of the propagating region; thus 

{R krdr = n(1T' + 0) (Jl )Jr, 
where a- takes care of the behaviour near the turning points. From equation (9) 
we therefore obtain 

{R (I _£2c2) 1/2 dr = [" + a-(W)]1T' 
(12)ir, w 2r 2 C W 

which is the Duvall law. 

It might be noted that analysis of the asymptotics of low-degree modes in­
dicates that in the asymptotic relations L should be defined as 

L = 1+ 1/2, (13) 
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illsl<'ad of ti,e definitioll gi\(,11 ill eqllation (~).  (Not.(' t.hat. t.hr dist.inct.ion between 

II".s<, two d(>fJlliliolis is onl\' signiGcitlJt for \ow·(kgrce modes.) In t.he following 

ilpplicillions of tllf' as.""lpl"l.ic Ihcory PlluatiOIl (l:lI will be lIsed. 

3.3.2 Effects of changing the dispersion relation 

To in\'rsligat(> the elfecls of ch".nges to t.h(· model ill the itsymptotic approxima­

tiOIl, liT rpplner "'lUatioll (S) by 

,,} = c'lkl~ +bf(') , (14 ) 

wllt'rr hJ is a small modification which, as indicat.ed. is assumed to be given as 

il flilinion of r. IlIst."",1 or (''I"ation (J) wr tlwrdore obtain, to leading order in 

hr, 

~.~ L.2 I.) l/"l
Ic, - - -- -oj( (,"2 r2 c2 

"" r( LI c~) 1/2 1 ( L'c2)-1/2 ]- 1 - - - - I - - bJ ( 15) 
c w2r2 LW'l w 2r 2 

By slibstit.ut.ing e'luat.ion \ 15) into th" condit.ion (II) for a standing wave we 

ohtitin 

(I/to)7f jfi( [,lc.2)'/2 dr 1 jR( UC,)-1/2 dr ___ ~  1-- --- 1-- oJ- (16) 
u,) - rl w'lr 1 C 2w 2 w 2 r'2 C .TI 

lIt>re t.he last t.erlll shows till? effect of the perturbation on the Duvall law. 

We can now find the efft>ct on th(' oscillation frequencies of the perturbation. 

We assume t.hat the result is t.o change th(> frequency from"" to w + Ow. Also 

it should be recalled that 0 = o(w) in general depends on w. Finally, we note 

that. the perturhat.ion, in addition to oj, may involve a change 00 to the phase 
f"nction o. :v1uJtiplying equation (16) by wand Jinearizing in Ow and bn yields 

2 
7I"do bw 

R( L2C2)1/2dr jR( L'C')-I /' L c20wdr
0"" 1--- -+w 1--- ---­jTl w'lr'l C T, ,..)2 r 2 w 2r 2 w cdw 

I jR( L'C2)-1/2 dr 
-- 1-- OJ--7I"00.. ( 17)

'2w TI w'lr'l (' 

From this we finally obtain 

Ow I jR ( £"C2)-112. (h· ~n 

S-~- 1-- oJ-+/f-, (18) 
W 2w2 w2 r 2 C..vT\ 

20 J (,rgell ('JJrislcll~(,II-J)i1lsl{ililr<I 

W)WrI' 
1/"2'. jli( U( 2 

)- d" do.) = 1 - -- - - 7f-. ( 19) 
r l w 2 r 2 c d......; 

This is the desired general expression. 

If the terms in do/dw and On are neglected, equation (18) has a very simple 

physical interpretation: the equation shows that t.he rdative change in ",2 is just 

a weight.ed average of OJ/wi, wit.h t.he weight. function 

W(r) = ~ (1 _Uc') -I/"l (20) 
c w 2r' 

It is easily seen that W(r)dr is just the sound travel time, corresponding to 

the radial distance dr, along the ray describing th(' mode. Hence the weight in 

the average simply giv('s the time that the mode, regarded as a superposition of 

plant> waves, spends in a given region of tI](' star. 

3.3.3 Asymptotic effects of changes in structure 

To investigate the effects of modifications in solar structure, we consider a change 

in the sound speed from c to c +oc; as a result, t.he dispersion relation for sound 

waves is changed to 

2 
w = c2 1kl 2 + '2coclkl2 = c2lkl' +2w2~.  (21) 

C 

This is of the form given in equation (14), with of = 2w'oc/c. It follows from 

equat.ion (18) that the frequency change is given by 

2
L

2
SOu) ~ jR (I _ c ) -11' ~dr  + 71" On . (22)

W r, w'2 j 2 C C W 

Note that equat.ion (22) is of the form 

o (w·S: ~1f.1 ,I) +1f.2(w), (23) 

where 

1f.,(11') = jR(1 _ _c_, )-' /2~dr  (24) 
TL r'2 w2 c c ' 

and 

1f.,(w) = !:.oa(wj . (25)
w 
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Some properties of this equation were discussed by Christensen-Dalsgaard, 
Cougl, ,I;: Perez Hernandez (1988) and Christensen- Dalsgaard, Gough & Thomp­
son (1!-J89), As pointed out in the lalter reference, 'Ht(wl L) and 'H2(w) can be 
outained separately, to within a constant, by means of a double-spline fit of the 
expression (23) to P-1110<\" f""'Iuency differencf's, The dependence of 'HI on wi L 
is delennilled uy the SOlllll]-speed difference throughout the star, whereas 'H2(w) 
<!f'!ll'lllls on dilferf'lIces in the upper layers of the 1Il0dels, 

3.3.4 Effect of perturbation in gravitational potential 

Tht' derivation of th;' Dnvilll law implicitly Illilde the Cowling approximation, 
n<>glect ing the p<>rturhation <1>' in the gravitational potential. It is very ~imple  to 
estimate the elfert on the frerjllf'ncies of including <1>', For plane acoustic waves, 
including the effect of self-gravity, the dispersion relation is 

""I = ('1Ik[1 -	 4rr(:p (26) 

(.JP""S 1~29),  This is again of the form (14), with 6f = -4rrGp. It follows from 
f'Cjllatioll (16) that the modified Duvall law is 

rr(11 + 0) j/l ( C1(2) 1/2 dl' 2rrG' jR ( UC2) -1/2 dr 
~----'-----"~  1-- -+- p 1-- - (:.17) 

u..' - TI "",,1 1,2 C w'2 1'\ w2 r2 c . 

Note that., as 1', is a function of wi L, equation (27) may be written as 

rr(1I +0) = F (~) + ~F~ (~) , (28) 
w L w2 L 

where the functions F(w) and F'!>(w) are defined by equation (27), An expression 
of this form, with additional correction terms, was obtained by Vorontsov (1991), 

From equations (18) and (19) we obtain an approximate expression for the 
difference owl'!» = w(F} - wIG) between the frequency w lF ) obtained taking the 
perturbation in the gravitational potential into account, and the frequency wIG) 

obtained in the Cowling approximation. The result is 

R ( L2c2 ) -1/2 dr 
2rrG p 1--

2 2 
­ow(~} ~ _ j, w c1 r 

- w R (1- L2C2)-1/2 dr 
(29) 

j, w2r2 c 

Thus the frequency change induced by the gravitational potential pertllfbation 
depends on an average of the density structurc' of the equilibrium model, over 
the region where the mode is trapped, 
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Figure 2: The thin lines show scaled frequency cOI'l'ections ov(~) resulting from 
the inclusion of the effect of the pedurbation in the gravitational potential, for a 
normal solar model, Points corresponding to a gIven degree have been connected 
with a continuous line (I = 0), shorl dashes (I = 1) or long dashes (I> I), In 
accordance with the asymptotic expression (29) ov('!» has been scaled by -vlVrel, 

using a reference frequency vr.! = 3000 JlHz, and the results have been plotted 
against vl(/+ 1/2) (lower abscissa) and rtl R ref. equation (10); upper abscissa). 
The heavy continuous line corresponds to the asymptotic frequency difference 
ovl '!» = owl'!» 127r computed from equation (29). 

It might be noticed that equation (29) directly relates the frequencies to 
the density structure of the modeL However, the effect is evidently strongly 
diminished for modes of moderate or high degree, which do not penetrate into 
the high-density region near the core. This is illustrated in Figure 2 which shows 
the asymptotic and computed frequency corrections resulting from including the 
perturbation in the gravitational potential. 

3.3.5 Refinements of asymptotic theory 

The preceding asymptotic a.nalysis was highly simplified, although sufficient for 
much of the following. For completeness, I here note some extensions, 

It was shown by Gough (cf. Deubner & Gough 1984) that a more accurate 
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~'\'llpl()lic  repr<'st'lll.atiulI, \'alid both for p ami!!, Illodes, is 

j"[ L"r/ .V/)]'/idJ'j ("" I - ---l._ - 1-- - :c= rr(n - 1(2) . (30) 
r\ _ w~ .,.2w 2 w 2 (' 

",Iwrt' ", and "1 ~r<>  arlj~c<'nt  Z('ros of llll' illte,e;rand. Her<' the cha.racteristic 

acoustical cut-oj] jrequlnrv w\· is uefineu by 
l 

I c ( dll)
w'. = T0 I - 2J; , (J I ) 

",h('re ",e ha\'(' illtrodnced 1.1". dellsit.y sc~k IlPigllt fI by 

dill (J
fl- I = -- (:l2)

dr 

also, S is the hnoyancy frt''IuPllcy. Near the smfM/', the t.erm in "".. dominates 
and defines the point,. = Rt, with wc (fl t ) :c= u.:, where the mode is reAect.ed: 
this OC<'llrs essentially at. the photosphere ~.Ithongh  for frequencies below about 
20UO ,dlz th(' reA('ction poillt shifts deeper wit.h decreasing frequency. Waves 
",il h freqnencies /'x('eeding tile (nearly consta.nt) valu(' of We in th" at.mosphere 
(cO!T('spOllding to a cyclic frequ"ncy II", :c= ::i:lOO ,<lIz) are essentially free to 
t rav('l Ollt illto t.he sol"r aJl1losphere, alld hen«" do not form normal modes (see, 

how"",,!'. the cltitpl.er by 8rown). 

Olle may obtilill t.he original form of the Duvall law, equation (12), from 

"'Ination (:W) by neglecting the term in NI itlld expanding the bracket in the 
illt.pgral on the left-hand sidp to take out the dependence on u.:; (e.g. Christensen­
Da.lsgaa.rd & Perez llprnandez 1992); the cOlltribution from w; is ess('ntially 
absorbed in o(w). A morp careful analysis (Brodsky & Vorontsov 1993; Gough 
,(,. VOlOntsov 199"') results in a further refinement of the Duvall Jaw. The result 

ma.y h" writt"n itS 

l
F (1:) + ~2  fi (1:) = [n + a(w) + (~) 2Q2(W)] (33)rrw­

lIere F(w) is defined by equations (27) and (18), while F2(w) is analogous tof" (11') int roduced in those equations, but inc! udes also a contribution from N2 as 
well as other terms. The term in Q2(W) on the right-hand side arises because the 
wit,l'es prnpagate obliquely at the upper turning point. It becomes of substantial 
importance for modes whose degree exceeds a few hundred. 

3,3.6 Asymptotics of low-degree modes 

Por low-degree modes one may show. \,y expanding the Duva.11 la\\', that. 

I 1 I i:lv l 

Vnl:c=(n+;:;+-+Q)~v-(Al, -6)-, (34)
1 11,,1 

where 

6/1 = [2 f d(rr' (:l.~ ) 

is til<' ,nverse uf twice the sound travel time bet w('en the «'[Itr(' alld the photo­

sphere, and 

1 [C( R) iRdc dr]A = -- -- - - - (36)
4rr 26v Rod, r 

(t.g. Tassoul 1980; Gough 1986). ~eglecting  the term in A, equation (34) 
predict.s a uniform spacing !.lv in n of the frequencies of low-degree modes. Also, 
modes with the same value of n + /(2 Me predicted to be almost degenerate, 

Vnl ~  lJn-l ,1+2 . (37) 

As discussed by Leibacher (this volume) this frequency pattern has been ob­
serveo for the solar five-minLlte modes of low degree and may be used in the 
search for stellar oscillations of solar type. The deviations from the simple re­

littion (37) have considerable diagnostic potential. They may be expressed in 

terms of 
611 rR dc dr 

bnl =c lIn/ - Jln-l.I+/:C= -(4/ +6) 4rr2/ln/ io dr -; , (38) 

where we neglected the term in the photospheric sound speed c( R). This equa­
tion indicates that bn , is predominantly determined by conditions in the solar 
core. It should be noted, however, that the accuracy of equation (38) is ques­
tionable: it appears to agree fortuitously with frequencies computed for models 
of the present Sun, whereas it is less successful for models of different ages or 
masses (Gabriel 1989; Christenspn-lJalsgaard 1991). In fact, t.he normal asymp­
tot.ic approximation breaks down in the core where conditions vary rapidly, and 
the dprivation of equation (34) neglected the pertnrbittion in the gra\!tational 
pot.ential which, as we have sef'n, is important for low-degree modes. Nonetheless 
it remitins true. that bn , is a useful diagnostics of the structure of t.he core, 

3.4 Perturbation analysis of effects of model changes 

So far I have considered effects of solar structure only in terms of the asymp­
totic description of acoustic modes. To obt.ain more precise results, which in 
addition are valid for f and g modes, we must return to the original equations 
of adiabatic oscillations. In t.his way we obtain relations, precisely valid in the 
linear itpproximation, b"tween changes in the sl rllcture and the corresponding 
frequency changes. In addition, th" itnitlysis provides further insight into aspects 
of the oscillations. 
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3.4.1 Reformulation of the oscillation equations 

:\ grl'at deal of insight into the properties of aeliabatic oscillations can be ob­
t.ained by rl'garding the equat.ions as an cigenvalul' problem in a Hilbert space 
(Eisenfeld 1969; Dyson & Schutz 1979; C'hrislensen-Dalsgaard 1981). The start­
ing point is thc pf'rturbed equations of mot.ion (see the chapter by Leibacher). 
:\ fte'r '''I)ariltion of the tillle dependence' as exp( -iwt), these can be written as 

w16r = .1'(61') , (39) 

wh, '1".' 

c 1...."...." p'
.1'(or)=-vp-v<l> --g. (40) 

P P 
lIf'rf' 61' is thl' displaccment "ector, p', p' and <1>' are Eulerian perturbations of 
preSSUrf\ density and gravitational potential and g is the equilibrium gravita­
t.ional accele'ration. As indicated, .1' is a linear fUllctional of 61'. To see this, 
110te that from the' continuit.y equation, 

p' + e1iv (p6r) = 0 , (41) 

1" is a linear funct.ional of 61'. The gravitational potential perturbation <1>' may 
I.hf'n 11<' obtained by integrating the pert urbed Poisson's equation. In the adia­
!.>a,tic case p' can be obtained directly from p' and 61'. This defines the adiabatic 
opemlOl' Fa' The nonadiabatic case is more complicated, but here also it is pos­
sihle to obtain p' as a linear functional of 61' (see Christensen-Dalsgaard 1981). 

I now introduce a spacE' 'H of vector functions of position in the star, with 
suit a.blE' regularity properties, and define an inner product on 'H by 

<e,,.,>= lvpe"·"dV, (42) 

for e,,, in 'H; here "*,, denotes the complex conjugate, and the integration 
is over the volume V of the star. I also introduce the domain '0(.1') of the 
operator .1' as those vectors in 'H satisfying the surface boundary condition that 
the Lagrangian pressure perturbation vanish. The central result is now that, 
as shown by Lynden- Bell & Ostriker (1967), the operator Fa corresponding to 
equation (40) for adiabatic oscillations is symmetric, in the sense that 

< eJa("l >=< Fate),,, > , for e,,., E '0(.1') . (43) 

From equation (43) a number of useful properties of Fa follow immediately. 
The simplest result is that the squared eigenfrequencies are real. I introduce the 

functional E on '0(.1') by 

E(el = < e,Fa(el > (44)
< e.e > 
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it follows from equation (43) that l:(e) is real. If -"6 is an eigenvalue' of the 

prohlem with eigenvector eo, i.e., 

Fa(eo) = w~eu , (45) 

then 

~(eo)  = "-'6 (~6) 

and hence wJ is real. Also, the eigenfunctions milY be chosl'n to be real at all r. 

As is well known, a se'cond property of a sYl11metric operator is that eigen­
vectors corresponding to different eigenvalues are orthogonal. Thus if 

Fa(6) = wtel; Fa (6) =W;e2; w; # w~ ' (47) 

then 

<el,e2>=0. (48) 

A very important result concerns the effect of a small perturbation to the 
oscillation equations. This perturbation could result from a small change to 
the equilibrium model, to the inclusion of nonadiabatic effects (Christensen­
Dalsgaard 1981) or to the inclusion of the effect of large-scale velocity fields, 
such as rotation, in the model. I characterize the perturbation by a change of 

in the operator defining the oscillation equations. If 61'0 and Wo are solutions to 
the adiabatic oscillation equations, 

W66ro'" .1'.(61'0) , (49) 

the change in w2 caused by the perturbation of can be obtained from first order 
perturbation analysis (e.g. Schiff 1949) as 

,2 < 61'0,0.1'( 61'0) >
"w ~  -.-::,:...--''-'''-- (50)- < 61'0,61'0 > 

Thus the frequency change can be computed from the unp,'rturbed eigenvector. 
Some consequences of this relation are discussed in the following sections. 

3.4.2 Effects of changes in solar structure 

As an example of the use of equation (50), we consider in more detail changes in 
the frequencies caused by changes in the equilibrium model. The effects on the 
oscillations of the change in the structure can be described as a perturbation oFa 

in the operator characterizing adiabatic oscillations. According to equation (50), 
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III(' corr"sponding l"('\aliu' (r('qupney change. for" lllodp (n./) with <'igenvector 

{HI ill 1i. i, I h"n 
(lWlIl I hW~r < {"I. ,IF, ({nrl > 

(51)
= 2 W~l :::: ·2w;/ < (Ill, ~lll  >u..'rrJ 

11 is cOllvelli"nl in t.1l<' (ollowing to express {n[ in lenns of it.s radi,,1 "nd 

horizolll,,1 amplitudes ~""I(I')  "lid ~h,,,/(r\  (ass\llned to b" real) in a spherical­

hrl1"lllOllic d"coll\position. chost'n such that 

r I' " < {".{,.: >=\rr, Iii 
!1 

<cnl('1 + ~h"dr)  '] /. pdr, (52) 
_Il 

\Vr ('rlll "xl'ress lhis cl'lillIl,ill in knlls of a nOl'lJlilli;l.ed inntia E"t, ddined by 

.1rr Jci l [<",,[( /')' + (h,,/(' )']I'u,'d,' AJ",orl. (!i3)
1,,,[ = M [<,n/(R)' -\- ~h.n/(H)'l = ~ 

",herr'" is the t.otal t1laSS of the st,M, and AJ"'url. is the so-called modal mass. 

:\Iso. we similarly r<'presc'nl ,IF, ou (,OlllpOIl<,Ut form as 

hF"({,,rl = (IP,!{n[ J, rPh[{"tl) , (54) 

whrr" 9,I(nt!(I') and rPh[{nt!(I') Me (unctions of ". Thpn we can write equation 

('> 1) "s 
,OW"I I1',,,/- = nr. (55) 

WId 

",hrrr 
J _ 2" {(:I [~'''I(r)rP,l{nl)(r) + (h"/(r)rPh!{,,J](7-l] pr 

2
dr (56) 

,,/ - ,\J"'~d(;'''I(R)  + ~~,"I(R)]  

Thus Inl gives the iutegrat.ed effect o( the pert.llIbation. normalized to the total 

I'llol,»;pllPric displa.c'?ment., 

Ther" is a close analogy between the "xact equations (55) and (56) and tbe 
asympt.otic expression (22). In both cases the factor multiplying Ow represent.s 
the fact. that modes with larger inertia are more difficult to perturb, The effect 

on the frequencies of the change in the model is described by the right hand sides 
of equations (22) and (56), and depends on the overlap between the eigenfunction 

and tllP change in the model. 

Equations (55) and (56) provide a somewhat formal linear relation between 
the change in the model and the change in the frequency, It follows from the 
discussion in Section 3,2 that t.he changes in t.he coefficients of the oscillation 

equations, and hence t.he ch"nges rP,[{nl)(r) anel rPh[{nl](r) in the components of 
oFa, can be expressed in terms of changes in two suitably chosen model variables, 
for exam pIp densit.y and sound speed, ror simplicity, I assume that the change 
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in the model occurs without a change in its radius (this would in geueral be \Jw 

case for models of the Sun, where the radius is known with h:l!,h accuracy) and 

let ,If' and oc denote the differences in p and <: between the equilibrium models, 

at fixed r. Then equations (55) and (56) c"n be expressed as 

OW"I = rR [l\~;'P)(,-)~(r)  + J<~'C'(r)oP(r)lJ dr (57) 
W"I)O c P 

(e.g. Cough & Thompson 1991), where the kernels h'~~'p)  a,nd l\~~,'J art' com­

puted from the eigenfunctions. Examples of such k"rne!s are shown in Figure 3. 

As implied by Section 3,2, th", pair (c,p) in pquation (57) can be replaced by 

other suitable pairs, such as for examplp (c, ['I) or (p, r\). Further transforma­

tions "re possible if the equation of state "no the hp"vy-element abundances are 
assumed to be known, Then ['I is determined by p, f' and tllP helium abundance 

Y. Also, since p can be obtained from p under the assumption of hydrostatic 

equilibrium, 0[', can be expr",ssed in terms of just bp and hY. Here p may be 
replaced by suitable quantit.ies obt.ained from p, p or their derivatives. A con­

2venient parameter is u = p!p, related to the sound speed by c = rlu, Thus 
equation (57) becomes 

OWnl = rR 
[I\'(UY)(I.)ou(r) + !\lr'")(I.)O}'(r)lj dr (58)

Wnl )0 nl U nl y 1 

here the kernds J(~;,u)(r)  are only of substantiallllagnitude in the regions where 

r I varies significantly, i,e" in the main ionization zones. 

3.4.3 Effects of sharply localized feature 

Equation (57) provides the general relation between differences between solar 
models and the corresponding frequency differences, We now assume that the 

Sun contains a sharply localized feature at some radius r = 1'0; examples of such 

f"'atu res are the sudden change in the slope of the sound-sved gradient at the 
base of the convection zone, or the rapid variation of r I in the second helium 

ionization zone. The effect of the feature on the frequencies can be estimated 

by introducing a suitably smoothed model which only differs from the actual 
model in the close vicinity of the feature (Monteiro, Christensen-Dalsgaard & 
Thompson 1994); cc and bp are then taken to br the differences between the 
actual and the smoothed structure, such that they would be non-zero only near 
ro· Hence the effects of the feature on the frequencies ilre essentially given by 
K,\7,p)(ro) and K,~")(ro)  

The behaviour of the frpquency effects (an bp unrlerstood by noting that 
the kernels arp, very roughly, prop0rtional to th,· square of the eigenfunction. 
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For high-order acoustic modes one finds that the amplitude {, of the radial 40. J 

displacement depends on rand w roughly as 

1 30 
~,~ COS[WT - (0 + 4)rr] , (59) 

"­
where V 20 

T = fR eJ!. (60) ~J, c 
10

is the acoustical depth, and 0 is the phase function introduced in equation (12). 
Thus the kernels behave roughly as COS(2WT + ¢) for some phase </>. It follows o1;." .. ", ..,. ,n' " ............- , ~
 

that thl;' frequency changes induced by a sharp feature oscillate as a function of 
1000 2000 3000 4000 5000frequency, with a "period" determined by the depth T at which the feature is 

1/ (ILHz)
located: features localized near the surface give rise to frequency changes vary­
ing slowly with frequency, whereas deeper features cause more rapid variations 
(e.g. Thompson 1988; Vorontsov 1988; Gough 1990). This is illustrated in Fig­�
ure 4, where kernels of low-degree modes have been plotted against frequency at Figure 4: Kernels l\~;,p)(ro)  at ro = 0.72R (panel a) ro = 0,98R (panel b) and� 

fixed locations corrl;'sponding approximately to the base of the convection zone ro = R (panel c), for modes of degree I s: 5, plotted against frequency. For� 

(Figure 4a), the second helium ionization zone (Figure 4b) and the photosphere clarity the points have been connected,� 

(Figure 4c).� 
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3-4,4 Effects of near-surface modifications 

It IV;" itrguec! in Section 2.'-, thi1t the near·~urfi1ce  region iotroduces sllb~l.antial  

IItt('l',1 itiut~, in the COTllptl1 ,Ll ion of oscillation f,equenrie~.  The eff~cts  of these 
errors on the frequcncies Ci1n he analyzed by tllf';U'S of an analogue of cquations 
(.');» and (So), wl,,'re nl'\\' the perturbation bF represents incorrectly treated 

f('i1tllr('~  in the model and the physics of thc oscillations. These may include 

"tTOrs in the hydrostatir ;trttc1.ttrc, such itS would J)(, introduced by the neglect 

or t mhulent pressm(', itS \\'1'11 a.; errors in the physics of the oscillations, e,y. the 

;'S'"tll1'1 ion of adiahaticity. I aSSutt1c that bF i; localized n"ar the solar surface, 

itl tit<' sen;e ll,at 

<lJ1~J(r) ~ 0, 'h[~](J')  ~  0 for R - r > 0 , (61 ) 

for sOttle small fl. Thus itt (,(ptation (.)6) for 1"1 the integration pxtends essclltially 

only ow'r the region [fI- h,II). \<!odes extending substantially more deeply, i.~,  

with II - r, :» b, corrcsl'0lJd to waves which prol'itgatf' almost vertically in 

I he region of modification: I,ltus at a given frt>quency the eigenfunctions are 

l'SSf,ttl.ially indepcndl'nt of I itt thi~ region: as a result I nl oepends little on I 

ilt. fixed.v. TIIP ;an1<' i~  I herdore true of /:;,,/OWnl' To get a more convenient 

rt'prt''''tltat.ion of I.lti; proj>c'rty, w(' introduc,' 

t.:rd 
(62)Q"I = £O(Wnl) , 

wh('re Fi(w) i~  ol,laitwd by interpolating to W in 1::nl at fixed I. Then QnIOW,,1 is 

inoep('noent of I, at fixed w, for modes such that R-r, :» O. This behaviour may 

1)(' u",cI to iOl'ntify, and eliminate, the effects of the near-surface uncert.ainties. 

Q", Itas been plotted in Figut't> 5 for selected values of I. Its variation with I is 

larg('ly clclerlnineo by the ,hange in the penet.ration depth, \10des with higher 

c1egre,' penet.rate kss o<"eply and hence have a smaller inertia at given surface 

Oisplacement. As a consequenre of this t.heir frequencies are more susceptible 
to changes in the tllodcL Thus uuscaled frequency differenct>s resulting from 

near·st" [<tce effects are expected to show strong dependencl' on I. An example 

of this is discussed in St>dion .'1. 1. 

It should also be noticed that, according to trapping of the modes near the 

surface as determined by the behaviour of w< [,I equations (30) and (31)J 
low-frequency modes are eVitnescent in the uncertain region, with much smaller 

amplitudes than in the int('[jor. Thus for such modes the near-surface effects 
are expected to yielo very small frequency changes. Finally, the discussion in 

Section 3.4.3 indicates that near· surface effects are likely to give rise to frequency 
changes varying slowly with frequency (see also Figure 4), unless, of course, the 
('ffecls are themselves rapidly· varying functions of frequency. 
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Figure 5: The solid Imes show the inertia ratio Q"I, defined in equation (62), 
for p modes in a normal solar model. Each C"(l'e curresponds to a given degree 
I, In panel (a) Qnl is shown against frequtncy /I, and selected values of I are 
indicated, In panel (b) the lower abscissa is 11/ L, related to the turning-point 
radius ", shown as the upper abscissa through equation (/0), Here the heavy 
daohed curve shows the asymptotic scaling Snl/TO (see text). 
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It follows from the preceding discussion that equittion (57) should be replaced 
by 

hu:,,/ = [Ii [/\"~~'P)(r)~(7')+ 1\·~j.,)(,.)'2.e(7')]  dr +Q~i9(w"d,  (63) 
wnl Jo c p 

\\'llC'r(> IliP fuuclion 9(,.:) itl'counts for the "ffeci of the near-surface uncertain­
lies. 9 I1lU~t therl be d<'termine<'i <IS part of the ilnitlysis of the frequency differ­
('rlCCS, or suppressed by nll'illlS of suitable filt"ring of the data. This equation 
is closcly equivalent to equiltion (23), where the term 'H2 (",'"d contilins the con­
I ri butions correspondi ng (0 9(w) Furthermore, Qn' corresponds asym ptotically 
to 8,,1, ilpart from a constant scaling fil.ctor. Indeed, in Figure 5( b) the dashed 
line shows .(;.,/1'0; h<;re,(;., is <'if'fined as in eqllation (19), but excluding the term 
in do/<'iw, ilnd TO is the lil1lit of 8", for 1', ~  0, corresponding to the acoustical 
rildius uf the still' evahlated frol1l equation (60), with r = O. 

TliP argul1ll'uts presented lwre assumed thilt the eigenfunctions of the modes 
were l'ssentially independent of degree in the region of modification. This ceases 
to be true at sufficiently high I, leading to departures from the simple frequency 
d"pcnd"nce of the SCilled frequency differences. i\ntia (1995) showed' 11at even 
for nJOd<'rate degr"e t.he resulting I-dependellce may be comparable with the 
obse'fI'iltional errors so that it might affect the results of inversion. Procedures to 
Ilandle such I'ffl'C'lS have' b"cn developed on the basis of higher-order asymptotic 
tre,,1 ments, such as equation (:13) (e.g. Gough & Vorontsov 1995). 

4� APPLICATION TO MODELS AND OB­
SERVED FREQUENCIES 

It was argued in Section 1.2 that the principal interest in the forward problem 
lies in the connection between the physics of solar models and their frequen­
cies. To explore this connection, the present section considers various examples 
of physics modifications and their effects on th" models and frequencies. The 
results are interpreted in terms of the properties of the oscillations presented in 
Section 3, particularly the asymptotic frequency changes discussed in Section 
:3.3.3. Furthermore, I briefly consider some aspects of the observed frequencies. 
More extensive results from the observations are presented in Section 5. 

The results discussed here are largely based on complete solar models, ob­
tained from evolution calculations starting at chemically homogeneous zero-age 
main-sequence models. These have been calibrated to have solar radius and 
luminosity, by adjusting the composition, chMacterized by the initial helium 
abundance Yo, and a parameter describing convection (cj. Section 2.2). To save 
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Figure 6: (a) 'V = din T/d In p for a mixing-length model (solid line) and a mod­
ified model (dashed line). (b) Logarithmic differences at fixed radius l' between 
the modified model and the mixing-length model, in the sense (modified) - (mix­
ing length). The following line styles have been used: 61n c: ; 6 In p: 
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cotllplltiltiullill drort., all all,·rllat.il'e is to cOllsider st.at.ic models of t.he present. 
Still: Iwre t.he "hlllldallce profile is hased on scaling tl)(' hydrogen-abundance 

profile .\'(111) for a gin'n rd<,p'nce modeJ, a, a fllnction of mass m, by a factor \: 
sllcll as to obtain t.he <'OITeCI hrnlinosity. This is oft.en adequat.e t.o obti\in insight 
i lit () <'ffe/'! s of lllodi fica I iOlls t.o t.he physics, as 10111\ 11S t.hese occur outside t.he 
1'lIer)!;y-p,ellf'riJl ing core. I.'illid!y, wh"n st.uclying the properties of the convection 
ZUllI', it is cC>llv<:llielll to (ollsid"r models of thf' solar "Ilvelope alon~.  In such 
Illod"k the slll'facl' iJlltlillosity itnd radius arf' chost>n t.o hit\·" solar values ilnd the 
cOlllposition is typicilily as""l1ed t.o he constant. Also, the convection parameter 
is typicilily adjll,t.ed such Ihal the model has a prescribed depth of convection 
zonl'. For physics moclificat ious t.hat are largely confined to t.he convection zone, 
sud I as those resll1ting frolll modifying the equation of st.at.e, t.his enstlres t.hat. 

tl", radii\t.ivl' int.<'rior is approximiltely ullchiwg"d. 

4.1� Effects of changes in the superadiabatic region of the 

convection zone 

To illust.rilte the crrect.s of near-surface uncertaint.ies, I first. consider a model 
whpt'f~  t h" t.reat.ln<'nt of t.he superadiabat.ic gradient. has bef'n art.ificially modified 
[se,' ('hristensen-[)illsgaard (I !.J86) for details]. In Figure 6, panel (a) compares 

tile rf'slllt.ing \' wit.h t.he rf'sldt of u,ing mixing-length t.heory, whereas panel (b) 
shows differences, at fixed r, between va.rious qUilntit.ies in t.he modified and the 
r,.[ercn(" modek llerf' sl at.ic models of the presellt Sun were used. The effect.s 
M(' confined to the outermost parts of t.he convection zone; the deeper parts of 

1.1"" (onvection zone and t.h(' racliativc interior are virtually unchanged. 

Frequency differences b"t.ween t.he modified and the reference model are il­
Imtrated in Figure 7. Panel (a) shows the original differences, which clearly 
depend strongly on both degree and frequency. It. was argued in Section 3.4.4 
t hat. the I-dependence should be mainly associated with t.he variation of the 
Illode iJ/ert.ia. fhis is confirmed by panel (b) where t.he frequency differences 
have been scaled by t.he normalized inertia Qnl defined in equation (62). The 

scaled differences are virt.ually independent of degree for I :s 300, corresponding 
t.o modes t.hat propagate essent.ially vertically in t.he region where t.he model is 
modified. It should also be noticed t.hat., in accordi\ncc with the discussion in 
Sect.ion 3.4.4, t.he differences are very small at. low frequency and vary slowly 

wit.h frequency. 

This example illust.rat.es the usefulness of sCilling frequency differenc('s to 
highlight effects of near-,urfan' errors in the models. Thus in t.he following] 
shall almost exclusively consider differences scaled iJ/ t.his manner. 
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Figure T: L'llscaled (panel a) and scaled (pand h) frcqutllcy differences cor­
responding to the modd dIfferences Illustrated m Figure 6( b). Modes of the 
same degree I have been connected, according 10 Ihe following line styles: I = 
0-30' ; I = 40 - 100: -------------; I = 150 - 400: ------­
I = .SOO - 1100. - - - -. 

The behaviour of V' - V' ad illustrated in Figure 6 was chosen with no phys­

ical bi\Sis. However, as not.ed in Section 2.3.1 refined versions of mixing-length 

theory have suggested that V' - V'ad might. be sharper i\nd higher than in mixing­

lengt.h models. Figure 8 illust.rat.es an example of such a.model and the resulting 

scaled frequency differences; it is based on a parametrizat.ion by Monteiro et al. 
(l995b) of the convect.ion treatment. developed by Canuto & Mazzit.elli (1991). 
Wit.hin the range of degrees considered, between 20 and 300, the scaled differ­
ences are essentially independent of degree, i\S shown by the small scatter of t.he 

points in the plot.. Also, as discussed in Section 5.3, the frequency differences 

for loglo(p,) = 3 bear i\ st.riking resemblance to t.he differ~nces between the ob­
served frequencies and those of a model computed with the normal mixing-length 
theory. 

4.2� Opacity increase near the base of the convection zone 

Thf' effects of modifications of t.he physics of the radiat.ive int.erior may be illus­

t.rated by considering changes in t.he opacit.y. Indeed, as ment.ioned in Section 
2.5, t.he opacit.y is likely t.o be a dominant. source of uncertainty in t.he deep 

int.('rior of the model. ;\Ithough t.he adual error in t.he opacity is likely t.o be 
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a. complicated function of tempera.ture and density, the effects are most easil) 
, 1 understood by analyzing the consequences of a localized increase. The analysis,3,0 r ) I 

f is based on static models with scaled hydrogen abundance. 
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Figure 9: Logarithmic differences at fixed radius ,. between the model with mod­..,N ified opacity and the reference model, in the sense (modified) - (reference). The::r: 
.5 '+ 

following line styles have been used: "Inc: ; "lnp: ---------- ,
-5 '+; 

"In p: -------,." In T: -'-'-'-.-. +. 
::. + 

'<:l \ ... I consider an increase in the Rosseland mean opacity" defined as a function 
J -10 .... of temperature by'" .......� "log/< =0 A.exp[-(yj..ilogTJ"j, (64)¥++ t

log,o(f/.)= 3 .~b) where 

-151 '" x -logT, for x < logT! 

1000 2000 3000 4000 Y =0 0 for log T, :S x :S log T? (65) 
lin! (!'-Hz) X - log T2 for x > log T2 ,I 

log being the logarithm to base 10. I confine the change near the base of the 
=0 =0 =0=0Figure 8: (a) \I din Tjdlnp for three diffenmt treatments of convection, convection zone, by choosing log T1 6, log T2 6.6 and tl.log T 0.15, 

rharacleri:ed by the parameter f3c. Res'ults are shown for a mixing-length model and take the maximum change to be A. =0 0.1. The resulting changes in sound 

(Pc I; solid line), a model approximating the Canuto £3 Mazzitelli (1991) speed, pressure and density are shown in Figure 9. The corresponding frequency 

formulation (f3c = 103 .. dashed line). and a model with lower and broader \1- \I ad changes are largely determined by the the change in the sound speed. This 

(fJc =0 10- 2 ; dotted line). (b) Scaled frequency differences, relative to the mixing­ is dominated by the increased depth of the convection zone in the modified 

length model, for I =0 20,30,40,50, 100,200,300 for the models shown in panel model, resulting directly from the increase in the opacity: since the gradients 

(a). The points have been identified by the vallie of loglOf3c. (Adapted from of temperature and sound speed are steeper in the convection zone than in 
Monteiro et al. 1995a). the radiative region below, there is a region where the sound speed increases 

more rapidly with depth in the modified model; therefore, the sound speed is 

=0 
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sllarply highcr iu the modihed {llodel jusl berlf'itlh the convection zone, as seen 

ill the figure. In ronlIasl, the sound-~pe"d  difff'Ience is very small in the bulk 

of I he COllvcction "nue: this is rousi~tent wit.h "quittion (4) according t.o which 

111(' sound srwpd in this r"l-\ioll, at. given ", depcnds little on the det.ails of tllP 

"I rucl urc. Thc only visible ('xC('pt.i"ll i, in 1he ionizilt.ion zones near the surface, 

1"1",1'<' I.!w chiluges iu mlllpo,iliou ilud {nixing kllgt.h required 1.0 caJibritl.e t.he 
Illodifj"d l1lod,,1 Cilllst' '11Iiill iiddiliollal di!fercuc<'s in the sOlilld sp(>C'd, 

The' correspondillg "iikd frpqllt'ncy diffeI('nc<'s are shown in Figure 10(a), 

'I'11<'y clearly reflect t.he o<'hitviour of the sound-speed difference and the region 
t.o which the modes are coufined, ilS determined by the location of the turning 

point 1', (cI equatioll 10), FOI low-degrce modes which penetrate w,,11 beyond 

I he hiis<' of t.lw convect.iou "ou,' t.lll" freqll('ncies Me inereased by the sound-speed 

iller,'asf' in tilE' olrln I'M" of tIlt' Iadiat.ive rf'gion, Iu contrast, high-degrf'f' modes 

iire tIapp('d iu the couv('ct.iou zone aud are domiuated by the small negative 
sound-speed diffl'r,'ncl's in I h,' ionization ZOIlf'S, For I == 20 - ,'>0 I.he behaviour 

depl'nds strongly on freq'H'ncy: higher-frequPllcy modes I'enptrate mort' deeply, 

according t.o "'Illation II 0), .wd hpllcr sen,c the positive sound-spef'd difference 

below t hf' convection zonl', whereas low-frequ('ncy Illodes are largely confined to 

the nl/wf'ction ZOll", 

TIlt' preceding discussion indicates the close link between the frequency dif­

ferences and thf' location of tile tuming point, This is clearly in accordance 

with t 11<' asymptotic relation, equation (2:3), bl'lween the sound-speed difference 

"nd thl' frequency diff('rences. It becomes obvious when, as in Figure 10(b), 
,c;dpc! r('I~live  dif[("f('nces orr "lotted against 1// L which according to equat.ion 
(10) detemrines r l , [I is o})\ious that the gent'ral behaviour of the frequpncy 

differellCes is indPed dominated by 'H I (",;/ L), with a sharp transition where the 

lllrning-point position r, of thr modes coincides with the base of the convection 

zone, ~t  r '=" 0,72R. For modes trapped in the convection zone, the frequency­

c!('pendent term 'H 2 (,,;) dominates; this comes predominantly from the negative 

so{rnd-spf'ed differf'ncp (hMdly visible in Figure 9) in the hydrogen ionization 

zone, enc1 hence varies slowly with frequency, A similar contribution is visible 

for the df'eply-penetrating modes; here an additional rapid variation with fre­

qlwncy is induced hy the sharp difference at the base of the convection zone (cI 
Section 3.4,3), 

4.3 Diffusion and settling of helium 

Helium diffusion and settling cause significant changes in thf' abundance profile 

of models of the present Sun and hence in the structure aud frequencies of the 
models. Figure II shows differences hetwef'n a model with diffusion and a normal 
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Figure 10: Scaled f,'eqllency differences corresponding to the model differences, 
resulting from opacity increase near the base of the convection zone, illustrated 
in Figure 9, Modes of the same degree I have been connected, according to the 
follouingline styles: 1== 0-3:·; 1== 4-30: ; 1= 40-100: 
.------------; I = 150 - ,100, -------; I = 500 - 1100: - - --, (a) 

Absolule differences, plotted against frequency, Selected values of I have been 
indicated, (b) Relative difIc renees, plotted against 1//L (lower abscissa) and the 
corre-<ponding turning-point poo,tion [cI equation (10); upper abscissa). 
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soliir lllod,,1 (Christens('n-J)abgitard tI al. IOYJ). Sptlling of helium causes au 
inrrea,," in the hydrogen abundance by about 0.0:1 in th., convection zone, with 
it shiil'p gradi"nt at. iLs h,~s". In the outer pitrts of Lhe ritdiative interior X is 
still sOlllewhat. higher than in Lite normal mod"l, while the central abundance is 
J'<'duced. as a result of Ihe accumulat.ion of heliulll. The increase in X near the 
has<' of the con\'"rtioJI zon(' !"ads to an iner"iis,' in t.h., d"llLh of the convection 
Wile, itnd hence a sllhsliinliitl in<Te"""e in sOllnd sIwecl in this region, jnst as in 
th(' cas" of the opacity inn"as<' discussed in SpctiOl1 4.~. As in that case 6c/c is 
slIlall in most of th.· cOIlv<'cLion zone, wher"as the rhange in composition results 
in a considerable change ill c in the ionization zones of hydrogen and helium, 

dne to the chang!' ill 1'1' 
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Figure 11: Differences, at fixed r, between n model of the present Sun includ­
ing diffusion and gravitational sel/ling of helium and a normal model without 
diffusion, The dotted line shows the difference oX in the hydrogen abundance, 
and the continuous line shows the fractional difference oc2 /e2 in squared sound 
.,peed. Adapted from Chrislensen-Dalsgaard et al. (J 993). 

As in the case of the opacity increase discussed in Section 4,2 the change 
ill the frequencies is largely controlled by the location of the lower turning 
point. Thus Figure 12(a) shows scaled frequency differences, at selected val­
ues of I, between the diffusive and non-diffusive models, plotted against v/ L 
(with L = 1+ 1/2). Here the scaling has been done in terms of the asymptotic 
factor Snl, normalized by TO, such that it tends to unity at low degree (note 
that, as indicated by Figure 5, 8nl /To is closely equivalent to Qn,). Hence the 
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Figure 12: Scaled frequency differences e07Tesponding to the model difft renees 
shown in Figure II, plotted against v/(/+ 1/2). The upper abscissa shows the 10­
calion of the lower turning point, which is related 10 v/(/ +1/2) through equation 
(10), Points corresponding to fixed I have been connected. (a) Original scaled 
frequency differences. (b) Scaled differences, afle,' subtraction of the junction 
'H2 (w) oblained from the spline fit. 
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sCRlc'd frcquency differenc('s (Ol'!"spolld in nlagnil lid" to the differences for 1011'­

r1q~r,,('  Illodes. ,\s in Figur" IO,b) the dependellCe of SfJVlv on vi L is dominated 

hI' 0 ,uhslantial positive Sou lid-speed difT('rellc" at the basc of the conwction 

mllc JllOdt's with viI. > IOOltliz s"ns" this feature itnd hence display a posi­

l;v(' frc'quel)('y differ"uct'; iu contrast. for vl'- ~ 100JlHz thl" modes are entirely 
Iritpp"d ill Lh ... ('()JI,,(',tioll ZOIIt', and the frcquency differcllce corresponds to the 

1"1'111 H,( /1) arisillg froln ditfc'rell,es Ileal' the Sllrface, particularly the differen,e 

ill X. 

'[ iii, qllalitativ,- dt'scrip! iOll slIggcsts that tile frequency differences may be 

ollalyz"d ill dl"iai\ in tcrms o[ equation (23). To do so. I have determined the 
rllnctiolls HI alld H 1 Ly 1l\('RIIS of the' splini' fit of Christ.ensen-Dalsgaard et al. 
I J(lK~)). wilere details abollt the fittillg Inl"thod may be fOllnd. Briefly, the proce­

dllr(' i, to approxillli<te Hr(.,;/ L) and 'Hz(w) by splines, the coefficients of whi,h 

Me ,iEoterrnine'd through i1 least-squares fit to t.he scaled frequency differences. 

The kllots of the spline'S in tv == wi L arc distrihuted uniformly in log woveI' the 

ronge ('onside'red, whereas tire knots for the w-splilles are uniform in w. I used 

'28 knots in Vi and 20 knots in w. Figure 12( b) shows lhe result of subtracting 

tl'e fllnctioll H 1 (.,;) '0 ohtaillt'd from the scaled freqllency difff'fences. It is evi­

dent I hat what relJlains is ill [act very nearly it function of wi L alone, directly 

reflt'c1ing I.ilt' !wllaviollr of belc, as discussed above. 
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Figure 13: Scaled frequpncy dijJcrtncrs corrrsponding to thf model differences 
shou'n in Figure 11, after' wbtrac/ion of the fUllriion HI (wi L) resulting from 
the splint fit. 
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Tht' residual scaled frequenry differences aft"r subtri<etion of the tprm in 

Hdwll.) are shown in Figure 13. These are c1ei<rly largely a function uf fre­

Cjuency, although with sOllle scatter. The behaviour is dominated, at low fre­

quency, hy an oscillation with a 'period' of arollnd KOO 11Hz. According to Pig­

ur" 4 this corresponds to the effect of a sharp f"ature located Mound r :: O.'J8R. 
I.e., at till" second helium ionization zone: it is caused by differences in the ion­

izatioll zone resulting from the c.Jifferencp in h"liulll abundance. The remitining 

,low trend is associated with changes in tllf' hydrogen ionization zone ann the 

atmosphere. 
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Figure 14: Logarithmic diiJuences at fixed mdius r between the model with re­
duced central opacity and the reference model, in the sense (modified) (ref­
erence). The following line styles have been 7lsed: 51n c: ; oln p: 
-------------; oln p: ------- ,. oinT: --'--. 

4.4 Opacity decrease in the core 

The solar neutrino problem (see the chapter by Bahcall) has motivated a number 

of suggestions for modifi,ations to solar models designed to reduce the flux of 

high-energy neutrinos, by reducing the core temperature of the Sun. One such 

suggestion involved postulating the presencc' in the Sun of Weakly Interacting 

Massive Particles (WIMPs) whose' motion was assumed to contribute to the 

energy transport. In this way the temperat\ll'l" gradient re'quired for radiative 

transport, and hence the central temperatnre, could be reduced (Steigman et al. 
1978; Spergel & Pre'ss 19K'); Faulkner & Gilliland 1985). 
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Figun.' \.5: Sr'ult,1 freq-ucnry differences corresponding to the model differences, 
r('sul/iny fl'Om opacity drumse in the core. illus/mled in Figure 14- Modes of 
//,( :'nn/f' dp.grcp I havr btrn cormeded, according to the following line- styles: 
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1= 1!i0 - 400: -------; I = 500 - 1100: -'---. Selected values of I 

!In PI' be'l1 indicate-d. 

Here I model this effect through a reduction in the core opacity (see also 
Cbristensen-Dalsgaard 1992). Specifically, the opacity was modified as in equa­
tions (64) and (65). but. with A. = -004, 10gTI = 7.1, 10gT2 = 7.5 and 
-"'log T =0.04. The resulting model differences, based on scaled static models, 
are showlI in Figure 14. Clearly the central temperature has been reduced, lead­
ing to a decrease in the neutrino flux. This is accompanied by a reduction in the 
central sound speed and it. dramatic increase in the core pressure and density. 
The changes in composition and mixing length required to obtain the correct 
luminosity and radius induce additional modifications in the outer parts of the 
model, including a modest increase in the depth of the convection zone, visible 

in the sound-speed difference. 

Scaled frequency differences between the models are shown in Figure 15. The 
positi ve sound-speed difference just below the convection zone leads the the now 
familiar variations for the modes penetrating beyond the base of the convection 
zone. However, in addition the strong variations in the core cause a substantial 
dependence of the frequency differences on I, amongst the low-degree modes. 
This arises both from the depression of the sound speed and the increase in 

J"rgell (,'hrjstell~ell-l)al~gititfcl46 

density; according to equation (29) the lalter modification increases the effect 
of the perturbation in the gravitational potential and hence contributes to de­
creasing the frequencies. The resulting negative contributions to the frequencies 
itre largest for the lowest-degree modes, leading to the variittion in bv with I. 
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Figure 16: Parameters in least-square fit to the small frequency separation (cf. 
equation 66), using a reference order no =21. The small crosses show various 
normal solar models using varying physics. The filled circle and diamond are 
models with up-to-date physics, without and with helium settling, respectively. 
The filled square shows results for the model with reduced core opacity, illustrated 
in Figs 14 and 15, while the filled triangle is a model with a partially mixed core_ 
The error box shows observed values fr'om Elsworth et al. (1990). 

As a result of this I·dependence the small frequency separation b., (cJ. equa­
tion 38) is reduced substantially by the reduction in the core opacity. To illus­
trate the effect, and compare it with unmodified solar models and the observed 
values, [ follow Elsworth et al. (1990), approximating b./ as 

bnl:::: 6, +s,(n - no), (66) 

where no is a suitable reference order, and the coefficients 6, and s/ are deter­
mined through a least-squares fit. The results are shown in Figure 16. Normal 
solar models, particularly with the inclusion of helium settling in the core, are 
in good agreement with the observations. In contrast, the model with reduced 
core opacity is clearly inconsistent with the observed values. The figure also 
shows results for a model with partial mixing of the core, based on the hydrogen 
profile of Schatzman et al. (1981). This has a reduced neutrino flux relative to 
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jl",lIlb 'llch a, tliC,e c!('itrly arglll' ~gaillsl  all astrophysical solution to the 
"liar 11l'lItrino prohl"rn: Ih"r" is a strong ll'ndency that proposed models with 
J'{.ducl'd nell I rillo fluxes "1''' illconsistent with the helioseismic data. How('ver, as 
lIl<'ntion"d in St'ction :1.2 Ill<' observed freqllencies do not in thems.,lvcs cOllstrain 
the ,olar illternal IpIl11'.'r"l lire and h"nce the n,,"trino Allx. In fact. one might 
ill1ilgill<' COIIS1.f\lcting " In ode! illvolvillg hath reducE'd cor" opacity a.lld partial 
[llixing, Cl,oosillg th" Illagilillld(' of the e[pets slIch as to bring both oscillation 
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rl lliodcl wOllld clearly I,.. sonwwhal COlltri\'ed, iltld Ilardly plau,iblc; hut its 
",,"ihle ('xis!Cllce highlights Ihc IIced for furth"r a%umptions, if helioseismol"gy 
is to provide eOllStraini.s Oil th(' nE'lItrino prodtlctioll of the solar core. 
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figure 17: TemperatU7'e gradient \7 = din Tjrlln p in normal solar model (da-,hed 
Ime) and modelwilh ovu-,hoot oj 0.21Hp , fi p bf.ng the pressure scale height. 
(Adapted Jrom lv/onteiro fi al. 1994.) 

4.5 The base of the convection zone 

Normal solar models predict a sharp transition bet ween the lower part of the 
convection zone, where thf' tE'mperature gradient is very nearly adiabatic, and 
the radiative region below where the temp('rature gradient decreases sharply 
with the increasing temperature. This is illustrated in Figure 17. It is evident 

that t I", ,ound-speed gradient displays a vny similar b"haviour, r"slIltillg in a 
IIpar-discontinuity in the second derivative of soulld speed at. the base of the con· 
""ction zone. The re~ulting  inAection WaS visible eVE'n in ('arly determinations 
o[ the solar sound speeo tllrough asymptotic invprsions of ohs('rved frequencies 
(Christensen-Dalsgaard d al. 1985). Christen~f'II-Dalsgaard, Gough & Thomp­
son (1991) carried out car~ful  analyses to determine the location of th,· break 
in the gradient of the sound speed 8_' inferred from in\'ersion, and tC'stiltg the 
Inethocb on artificial data; in this way they determined the depth of the solar 

convf'ction zone as db = (0.287 ± 0.0031R. 
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Figul'f> 18: Oscillatory signal corresponding 10 Ihe base oj the convection zone, 
Jor observed solar Jrequtncies Jrom Libbrecht, Woodard f;i f\auJman (1990), plot­
ted against reduced Jrequency. The paramet( rs 1d and Td (the latter being the 
acolls/ical depth oj the discontl1luity) ha1Je been obtained from a fit to the data. 
(From Monteiro et al. 1994.) 

The discontinuity in the second derivativ(, is a sharp >!~ature,  in the sense 
introduced in Section 3.-1.3, and hence may be expected t" introduce an oscil­
latory signal in the oscillation frequencies. An even more extreme behaviour 
is predicted by simple models of convective overshoot (c1- Section 2.3.1). The 
resulting temperature gradient, also illustrated in Figure 17, is essentially dis­
continuous at the point where the motion stops. Thus at this point there is also 
a dIscontinuity in the sound-speed gradient, which again introduces oscillations 
in the frequencies. 

The detailed effects 011 the oscillation frequencies of these properties were 
analyzed by Basu, Antia &. \iarasimha (1994), \1onteiro et al. (1994), Roxburgh 
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Figu I'e 19: N01'lnaJi:cd amplilude of the oscillatory frequency signal induced by 
thc /UJSf of Ihe <:OlIvec/ion zone, as a function of overshoot dislance in units of 
lit" pre.-Sl11'e scale /lClghl 111" The solid line shows a fit /0 computed frequencies, 
lI'hen'as the dotled line lMS obtained from an aT/alytical approximation 10 the 
11111pJit "ti,. Thc sltaded {Lrea shows the amplilt,de infen'ed from the solar data 
(Libbl'trhl pi al. 1990), wilh a width con'esponding to an estimate of its error. 
(Fmm ('hl-islenscn- Dalsgaal'd et al. 1995a.) 

.\: Vorontsov (1994) and Christensen- Dalsgaard, Monteiro & Thompson (1995a). 
As shown by Monteiro et al. (1994) the signal in the frequencies is essentially a 
function of w -1dL 2 j(2WTd), where Td is the acoustical depth of the discontinuity 
(in the first or second sound-speed derivative) and 1d = fr~(cjr2)dr,  rd being 
the radius of the discontinuity, In Figure 18 the oscillatory component of the 
ohserved frequencies have been plotted in this form, There is indeed a clear 
signal, with a 'frequency' which corresponds to the depth of the convection zone 
as inferred by Christensen-Dalsgaard et ai, (1991). 

Frequencies of solar models without and with overshoot show a similar be­
haviour. However, the amplitude of the oscillatory signal depends on the extent 
of overshoot. Figure 19 shows fitted amplitudes, normalized to a frequency of 
2,5 mHz, as a function of the overshoot distance in units of the pressure scale 
height Hp , together with the similarly fitted amplitude for the solar frequen­
cies. It is evident that in the Sun overshoot of this form can at most extend 
approximately O.IHp (Basu et al. 1994; Monteiro et al. 1994). 

Although these results place interesting constraints on the structure at the 

base of the solar convection zone, it must be realized that the proposed model for 
overshoot is highly simplified. In particular, it assumes that the effects on the fre­
quencies can be characterized by a spherically symmetric .. nd time-independent 
structure. In reality, overshoot must display substantial variations as a function 
of position and time. The oscillations sense an average of these variations; thus 
it is no surprise that the observed frequencies indicate a relatively smooth struc­
ture. More careful investigations, involving also hydrodynamical simulations of 
conditions at the base of the convection zone, will be required to obtain firmer 
helioseismic bounds on the extent of overshoot. 

4.6 The equation of state 

It was argued in Section 2.4 that the convection zone is weil suited for studies of 
the properties of the equation of state of solar matter. Although conditions very 
near the surface are complicated by the uncertain structure of the strongly su­
peradiabatic region, in the deeper parts of the convection zone the stratification 
is very nearly adiabatic, and the structure is largely controlled by the equation 
of state and the composition. 
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Figure 20: Adiabatic exponent [, = (81npj81np)" plotted at the conditions 
(In p, In T) in a normal solar model. The lower abscissa indicates log T (log 
being to base 10) while the upper abscissa shows the corresponding fractional 
radius r j R. The solid line was obtained using the EFF equation of state, while 
the dashed line is based on the CEFF formulation. 

Much of the uncertainty in the treatment of the thermodynamic properties 
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Figur" 11: Logari/hmic differencps at fired radius r be/v'ecn models computed 
"'lIh the EFF and CEFF equations of ,tate. in Ihe sense (EFF) . (CEFF). The 
foll011'i7l9 line slylps hal'e betn used: olne: .. olnp: .... _- .. -.... ' 
~lnp. -------;bln7': _._._._; olnr,:-. 

4.6.1 Comparison of EFF and CEFF formulations 

The EFF and CEFF lreatments (see Section 2.2.1 for detitils) differ in the in· 
clusion in CEFF of Coulomb effpcts. These predominantly affect the stJ'llcturc 
of thf' convection zone through a change in th0 ionization balance. To illustrate 
this. Figure 20 shows 1', computed with the EFF and ('EFF equations of state, 

,r")'2 .Jprgell C'll ri,/,cn,;cn· Oa I,p,ai!.rc/ 

al conditiolls corrPsponding t(l a solar model. 'I'll<' ionizatioll zones Me reflf'cted 
by dips in 1'1: thf' riominant dip ncar the surface [('suits frolll the combined ef· 
fpcts of the hydrogen and firsl helium ionization zones, while thf' second helium 
ionization zone is visible as a separate dip, at r ~ 0.98R, log T ::: 5. Inclusion 
of Coulomb efff'cts, illustrated by the dashed lin/:', causes a shift of the spcond 
helium zone towards lower tf'lllperature. 
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Figurf' 22: Scaled freqllfncy differences correspondmg 10 Ihe differC1lces illus­
tmted m FigU7'e 21 between models computed with Ihe EFF and CEFF equations 
of stalp. Modes of the same degree I have been connected, according to Ihe follow­
ing lillt styles: 1=0-30: ; I = 40-100: .- ....... -.--; 1=150-400: 
-------; 1= 500 - 1100. ---­

DiffC'rences between models computed with tllf' EFF and CEFF equations of 
statf' are illustrated in Figure 21. The shift in the ionization causes an oscilla· 
tory feature in 01'1 which is reflected in the sound·speed difference. The effects 
in the inner parts of the model are considerably smaller. The corresponding 
scaled frequency difference~  are shown in Figure 22. These iire dominated by 
the model changes in the hydrogen and helium innization zones, leading the 
frequency differences whirh depend little on degree for 1.$ 100; here the vari· 
ation with frequency clearly displays an oscillation a~sociatp.d  with the second 
helium ionization zone. For higher degrf'e, the modes get trapped close to the 
surface and hence are affected predominantly by the positive sound-speed dif. 
ference in the hydrogen and first helium ionization zones. It should be noticed 
that the frequency changes itre cumparatively lar!le, up to about 10 J.lHz. Hence 
they are easily visible in the observed frequencies. Indeed, it was shown by 
Christensen· Dalsgaard, DiipPf'n & Lehreton (1988) that the obsp.rvations were 
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Figure 24: Frequency diffel'ences corresponding to the differences illustrated in 
Figure 23 between models computed with the CEFF and MHD equations of state. 

Figure 23: Logarithmic differences at fixed radius I' between models computed (a) Original scaled frequency differences. Modes of the same degree I have been 

with the CEFF and MHD equations of state, in the sense (CEFF) - (MHD). connected, according to the following line styles: I = 0 - 30: ; I = 
The following line styles have been used: .5 Inc: ; .5 In p: ----•...... 40 - 100: -------------; I = 150 - 400: -------; I = 500 -lIOO: -- __ . 
61np: -------,. .5lnT: _._.-._; .5ln r l : _. _00_.. Panel (a) shows (b) Scaled differences after subtraction of the function HI (wi L) resulting from 
the entire model, panel (b) the outer parts of it. the spline fit in equation (23). 
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cI"arl,' il\con,i~l<'nt  with t h" I,;FF equation of state (,ee abo Section 5,2 below), 

4.6,2 Comparison of CEFF and MHD formulations 

To ill'lslratf' th" cllnsirlprabk sensitivity of tilt' oscillati0f1 frequencies to the 
"'I uat iOI\ of statf' I Twxt cOllsid"r difTerf'nce~  betweell modf'ls computed with the 
CEI·'F 'llid i'vl H f) "'1'latiol\' of stal(', [,hese formulations differ mainly in the 
tfP'lllllf'nt of the I'artitioll function, The resulting model differences, shown in 
Fi~1I1'" 2:\. display a grf'al deal of structure, much of it evidently still associated 
"'ith the hydrogen 'lluJ Iwliurn ioni2atiofl zonps, Abo, the changes are roughly 
an order of magnitllde slllaller than those obt.ained between the EFF 'lnd CEFF 
11HH!ck The associat"d sulied frf'qllf'f1ry diffprf'f1ces, shown in Figure 24( a), are 
(l)1'l'("I'"ndingly sTllilller ilnd sfnl\f'wha.t more cOlllpkx than those obtained for the 
EFF ('EFF differences, !-:v'en so, the oscillatory signature of the second helium 
iOlli~atiol\  zone is clearly visible, I\lso, it should be notic('d that the ma~f1itude  

of II", dirrt'renc('s i, still 1\11lCh bigger thal\ the observational error; thus it is 
plall:;ihl(' that til<' obs('fvatioTls can distinguish betwe..n t.hese two formulations, 

III S,·ct.ion .">.'2 I ,IIOw that this indeed the case, 

The liner del aib in t.h" frequency differences can be shown more clearly by 
cMryill!; out a fit of the form given in equation (23), Here I concentrate on the 
fnlldion 'Hl(w), hI' showing in Figure 24(b) th" residuals after subtraction of the 
lilted f'lnction 'HJ\wj L), These residuals arc indeed predominantly a function of 
frequency and wry clearly di,play, an oscillation, with a 'period' approximately 
(,oIT('~ponding  to a feature al the location of tht' second helium ionization wne. 

5� ANALYSIS OF OBSERVED FREQUEN­
rIES 

In the preceding section I considered a few aspects of the observed frequencies of 
solar oscillation; t.hese indicated that the structurf' of the solar core is similar to 
t.hat of normal solar models. and placed stringent limits of a possible adiabatic 
extension of the convective p.nvelope through convective overshoot. Here 1make 
a more detaded comparison of the observed freqlwncies with the models. 

Two different sets of observed frequencies are used in the analysis. One 
is the compilation by Libbrecbt. el aI, (1990) which combines Big Bear Solar 
Observatory data for I 2: 3 with low-degree data obtained from whole-disk ob­
servations (Jimenez et ai, 1988). In the second (in the following BISON·BBSO) 
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Figure 25: Scaled frequency diJJe,-ences between Ih, UrSON-BBSO set of observed 
fre'luwcies and the normal solar model of Christensen-Dalsgaard et ai, (1993), 
in the "ense (observation.) (model), plolted against frequency. Modes of the 
samc degree I have been conner/ed, according to the following line styles: I = 0­
3: " 1=4-30, ; I = 40-100.' -----.-------; 1= 150-400' 
-------, 1= 500 - 1100, -'---. 

the modes with I ::; 3 were obtained from more recent data from the BISON 
network (Elsworth el ai, 1994), The observations are compared with models 
differing predominantly in the equation of statf', or in the inclusion or ,'eglect of 
diffusion and gravitational settling of helium. Except where otherwise noted, the 
models were computed as done by Christensen-Dalsgaard et al. (1993), This 
includes the ('EFF equation of state, OPAL opacities and the Parker (1986) 
nuclear reaction parameters. Calibration to the luminosity of the present Sun 
required an initial helium abundance Yo :::0 0,28, 

5.1 Asymptotic analysis of observed frequencies 

A first step in the analysis is evidently to consider differences between observed 
and computed frequencies, The suspicion of problems in the superficial layers 
of the models motivates the inclusion of scalillg by the normalized mode inertia 
Qnl Or the equivalent Snl/rQ (cf. Section 3.4.4), Typical results, for a normal 
solar model with no diffusion, are shown in Figur(' 25, It is evident that the 
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scaled differences do indeed depend mostly 011 frequency. a~  would be the case 
if the ('rrors in the model were concentrated near the surface. The departures 
frol1l this treno arc so small as to be barely visible in a plot of this form. The 
dOJllinant eff"rt is a separation between mod('s of degree I ~ 20 and I ~ 50, 
wit II a Iransition for int(,rIlwdiate modes. Tlris is strongly reminiscent of the 
hehaviour fonnd in Sect ions ·1.2 and ,1.3 \0 r/'sult frolll an increased depth of 
I he ('onvection ZOIl<' , suggesting that the convection zone in the model is 100 

shallow (this effect was first noticed by Christensen-Oalsgaard & Gough 1984). 
Nonl'tllpkss, it is clear that a more careful analysis is required to ullcover the 
dt" ails of \ his and possibl,' ot.her problems in the interior of the model. 

To isolate the more subt.le features I employ the asymptotic analysis already 
nsed on computed differenc/'s in Sect.ion 4.3. figure 26( a) shows the scaled 
diffe]'('nces (using now thf' asymptot.ic scaling) against v/ L and hence turning­
point. position. It is evident already from this raw difference plot that in this 
case the term in 'H, dominates, as WiIS also noted in Figure 25. However, there 
is also ('vidence for a cont.ribntion from 'HI. This becomes clearer if the spline 
fit is carried out and t.he contribution from 'H 2 is subtracted from the scaled 
di fferencf's. The result is sl,own in Figure 26( b), tog"tl,er with the fitted fuuction 
'Hd",,-jl,j. Ther<' is again a sharp step corresponding in position to 1', ~  0.7R, 
i. c, \ he base of the convection zone. This confirms the evidence from the simple 
inspection of frequency differences in Figure 25 that the convection zone in the 
Suu is slightly deeper than in the model. Indeed, the convection-zone depth in 
t.he monel is db =0.278R, somewhat smaller than the solar value of db = 0.287R 
ill f"rred by Christensen- Dalsgaard et 01. (1991). 

It. is evident that there is considerably more scatter in Figure 26( b) than in 
t.he corresponding Figure 12( b). This is due to observational errors, both random 
and systematic. In particular, it may be noticed that there is an apparent break 
at around v/L ~  151LHz. 1n fact, the observed frequencies were obtained from 
two seIJarate sets of observations, the merge taking place at I = 400j it has 
later been found that there were slight systematic errors in the high-degree 
set. Furthermore, there appear to be problems at low degree, corresponding to 
the highest values of v/ L. These difficulties are clearly reflected in the fitted 

'H1(w/L). 

The residual after subtraction of the fitted 'HI from the scaled differences, 
and the fitted 'H2 , are shown in Figure 27. The residuals are indeed largely a 
function of frequency. They are dominated by a slowly varying trend which, 
as argued in Section 5.3 below, reflects errors in the near-surface region of the 
model. However, there is also a weak but clearly noticeable oscillatory signal. 
As discussed in Section 5.2 this probably reflects differences between the Sun 
and the model in the helium abundance and equation of state in the convective 
envelope. 
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Figure 26: Asymptotically scaled frequency differences between the observed fre­
quencies of Libbrecht et al. (1990) and the normal solar model of Christensen­
Dalsgaard et al. (1993), in the sense (observations) - (mfldd), plotted against 
11/(1 + 1/2). The upper abscissa shows the location of the lower turning point, 
which is related to 11/(1 + 1/2) through equation (10). (a) Original scaled fre­
quency differences. (b) Scaled differences. afler subtraction of lhe function 
'H2(w) obtained from the spline fit. The heavy solid line shows the fitted function 
'Hdw/ L). 
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I, igur(' '21: .)0,{('(1 freqllfM!) difference> be/wI"" observations and model, showll 
"I !"i!)lll'{ .!6(a), aftE1' .'llb/mdwIl of Iht funetion H,(,.;/ L) resulting from the 
"Idi/l' fit. the Ii,a])!) sol"l IlIle shows the filled fu.nction 'H 2 (w). 

'1 iJ~ function 'H,(,.;/L) is related lo the sound-speed difference between two 
Illotl('ls. or bE'lw('eli thE' Sun ano a model. through equation (24). Given a 
ddprlllinalion of 'HI t.his equatioll is an integral equation for 6e/c, with the 

solut.ion 
be 2a d 2 2 1(21"�- = ---- (a - 11')- 'HI(u')ow (67) 
e rr diu r a, 

(CI,rist.en,en-Dalsgaard eI al. 1989), wheri' a = clr and as = a(R), This pro­
vilks oni' of the simplest. examples of an im'trsc analysis to infer properties of 
thi' solar inlerior from the observerl frequencii'~  (see t.he chapter by Gough). In 
fact, t.he asymptotic relat.ion (12) and refinements of it also lead t.o absolute 
inv",rsion methods whereby the solar sound speed is determined without refer­
ence to a solar model (e.g. Gough 1984b; Christensen-Dalsgaard et al. 1985; 
\'orontsov & Shibahashi 1~91), 

Tesb of the inversion method given by equation (67) show lhat it provides 
reasonably accurate result.s in the range O.2R < r < 0,95R, where the asymptotic 
de~(ri  ption is approximately valid (Christensen- Dalsgaard et ai, 1989). Here I 
applYll t.o the differences between the solar and the computed frequencies shown 
in Figure 26, The results are shown as t.he dotted line in Figure 28, The thin 
lines illustrate the effects of the error est.imates for the solar frequencies, as 
quoted by the observers. E,'idently the formal error on the result is extremely 
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Figure 28: The dolltd lillt shows the sound-speed difference 6e/e between the 
Sun and a normal solar model, inferred by applYing equation (67) to the function 
'Hdwl L) shown in Figure 26(b), corresponding to differences between observed 
and model frequencies, The solid line sholVs be/ c, similarly obtained, between the 
Sun and a model including diffusion and gravitational seliling of helium. The 
thin lines indicate 10' error limits, based on Ihe t ITors in the observed frequencies. 
Adapted from Christensen-Dalsgaard eI at. (199S), 

small. Also. the sound-speed differences are small, corresponding t.o errors in 
T I J.l in the models of generally less than 1 per cent. Nonetheless, the differences 
are clearly much larg~r  than the errors resulting from the observations. 

To illustrate the effects of improvements in the de~crip,.ion  of the solar inte­
rior the solid lines show the sound-speed difference obtained from the differences 
between the solar frequencies and those of a model including the effects of he­
lium diffusion and settling (Christensen- Dalsgaard et al. 1993). It is interesting 
that the relatively subtle, Imd previously commonly neglected, effect of gravita­
tional settling leads to a substantial improvement between the model and the 
observations, partly by increasing the depth of the convection zone in the model. 
This is a striking illustration of the power of helioseismology to probe the details 
of the physics of the solar interior. Furthermore, it should be stressed that the 
models were computed without any attempt to match the observed frequencies. 
It is remarkable that our relatively simple description of solar evolution, using 
physics based on laboratory expi'riments, permit~  us to reproduce the sound 
speed in t.he solar iaterior to within a fraction of a per cent. On the other hand, 
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it IllU~t be pointed out 1.hot the model is not unique: it is likely that modest 
Iliooificotions ill thc opacity. well within the plwision of cllfrent opacity tables, 
Inight inlroduce chanp;es in the sound speed of ~imilar magnitude. The sepa­
rot ion of opacity llllcNtainl.ies from errect~  of diffusion and settling is a major 
rhal1"ngc, whirh will nndoubtedly rC'Inire helter physical understanding of the 

I'roC('~'t'S  involved. 

The results of Chri~tensen-l)alsgaard  eI al. (1993) arc in apparent ronftict. 
with t hose obtained by Cuenther, Pin~ollneault  &.: BarlCall (1993), who concluded 
that rurrcut frequenri('s do not permit a definite helioseismic test of the efferts 
of diffusion. However, Gl",nther fl al. (1993) based their analysis on simple 
difkn'nccs between obsen'ed and computed frequenries. Thus their results were 
dOllliualed by the the effects of the near-smface llncertainties in the model, 
rallsing frequenry differenccs of ordcr iO 11Hz, which apparently masked the 
rallwr ~rnaller  efferts re~ulting  from diffusion. This provides a clear illustration 
of the need for careful analy~is  to isolate the sometimes quite subtle features of 
the solar interior in the observed frequencies. 

5.2 Test of the equation of state 

In Se'rtioll .l.() I demonstrated the sensitivity of the computed frequencies to 
desrription of the thermodynamics of the solar interior. A closely related issue 
is lh" ll~e  of the observed frequencies to determine the helium abundance in the 
(Ollvertion zone. Here I illll~trate  how comparisons with the observed frequencies 
may be' used to test the equation of state. 

i\ n early indication of the power of the frequencies in this regard was obtained 
by Chri~t('nsen-Oalsgaard. Dappen & Lebreton (1988) who compared observed 
frequenrif's with frequenrips computed with the EFF and MHO equations of 
state (cf. Section 2.2.1). Figure 29 shows corresponding results, although com­
paring instead the EFF and CEFF formulations. In both cases, the differences 
are dominated by a frequency-dependent trend, clearly resulting from errors in 
the near-surface layers. However, it is evident that in the EFF model there is 
a very considerable dependence of the differences on degree at given frequency, 
indicating a dependence on the turning-point position and hence a sign of er­
rors in the interior of the model. It should be noticed that thi~  spread is found 
even amongst modes of degree I ~ 50 trapped in the convection zone, where the 
equation of state is the dominant source of uncertainty. Also, the rlifferences 
are comparatively large at low frequency, again indicating a component of the 
error in the model outside the ~uperficial  layers. In contrast, the spread with 
I is much reduced in the C'EFF modeli also, much of it occurs for modes with 
turning points near the base of the conve<tion zone (compare, for example, with 
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Figure 29: Scaled frequency differences between the BISON-88S0 set of ob­�
se1'ved J7'equencies and frequencies of two solar models, in the sense (observa­�
tions) - (model), plotted against frequency. Modes of the same degree I have� 
been connected, according 10 the following line styles: I = 0 - 3:� 
1=4 - 30: ; 1= 40 - 100: - ....... _....; I = 150 - 400: ------- i� 

1= 500 - 1l00: -'_._-. (a) Model computed with the EFF equation of� 
state. (b) Model computed with the CEFF equation of state (this uses the same� 
data as Figure 25).� 

Figure 10) and corresponds to the comparatively large sound-speed difference 
between the Sun and the model already inferred from the inversion in Section 
5.1 (cf. Figure 28). Furthermore, the differences at low frequency are now quite 
small. Thus there are strong indications that the CEFF model provides a bet­
ter representation of the solar convection zone than does the EFF model. The 
improvement in the models resulting from the consistent inclusion of Coulomb 
effects was also noted by Stix & Skaley (1990). 

A more rletailed comparison can be made, as usual, by carrying out a fit 
of the form given in equation (25) to the differences between the observed and 
computed frequencies. Figure 30 shows the resulting functions HI(w/L) for 
models computed with the EFF, the CEFF and the MHD equations of state. The 
fit only determines HI to within a constant: in fact, it follows from equation (67) 
that the sound-speed difference is essentially determined by the gradient of HI' 
Thus the figure clearly confirms the improved agreement resulting from using 



I·'ignr" :;0: Funflio"" 'Hdw/ L) fitted to asymptotically -,calcd frequency dlffer­
II1n-.< bdll'eell the IJIS().V-IIBSO :iet of obstn'cd f"equencics, in tht· sense (ob­
"TI'alion~) - (modd), Illid thlee solar models: a model using the EFF equation 
of "fat, (dashtd lint), a nlOde! using the CEFF equation of state (solid line), 
""d " //lodel "smg lilt i'vfJlD equation of state (dot-dashed line). The physics 
otherwist c01"'Fspond~  to the non-diffUSIVe model of Chnstensen-Dalsgaard et al. 
1/99:i}. The upper ab"cl~sfl shows tht location of the lower turmng point, which 
i,- rc/rlled to v/(I + 1/2) through equation (10). 

the CEFF formulation. cOfllparrd with FFF. 011 the other hand, there is no clear 
distinction in this type of analysis between th" MHO and CEFF formulations 
(see "Iso Christensen-Dnlsg"ard &: Dapren 1942). The fnirly steep rise in 'Hd"-') 
nt. low v/(l + 1/2) may be associated with near-surface errors in the model and 
oscillation physics or witl. errors in the assumed asymptotic formulation. Also, 
t.h" rllfves c1enrly show the increase in 'HI near v/( IT 1/2) = 100 JlHz, associated 
with the difference in convection-zone depth between the models nnd the Sun. 
Th" effects of the equation of state on HJ(w/ L) were also investigated by Antia 
& Basu (1994) and Basu & Antia (1995). 

The phase fUllction o(w) appearing in the Duvnll law (equation 12), or the 
function 'H 2 (w) obtain<"d from the asymptotic fit, apparently provide even more 
sensitive discrimination betweell different equntions of state and measures of 
the envelope helium abundance }~.  Vorontsov tI al (1991) analyzed properties 
of o(w) to infer that }.~  ~  0.2.5 . .-\ similar value was obtained by Christensen­

(i.j .Jorgcn ('hristensen- /)il},gaard 

Dalsgaard &: Perez Hernand<'z (1991) from analysis of'H,(w). Also, Palllyatnykh, 
Vorontsov.'\; Dappen (1991) inv<"stigated the sC'Jl:iitivity uf f"nctions related to 
"(o.!) to various aspects of the cunvective env"lope. A serious problem in using 
thes" phase functions is t he fact that they are generally dominated by contribu­
tions coming from the ullcertain near-surface region. However, it WnS argued in 
Section 3.4.4 that these contributions are gf'nerally slowly varying functions of 
frequency, whereas contributions coming from somewhnt deeper parts of the Sun 
oscilla.tion with frequency (s<"e also Figure 4 and Section 4.1). Vorontsov, Baturin 
& Pal1lyatnykh (1992) developed a polynomial fitting procedure which provided 
a separation between the slowly and the rapidly varying parts of the phase 
function. Working in terms of phnse-function differences, Perez Hernandez & 
Christensen-Dalsgaard (1994a) introducf'd a filtered function 'H~(w),  obtained by 
passing H,( ... ) through a high-pass filter and hence suppressing the near-surface 
efff'cts. Here [ illustrate the nse of such procedures by showing in Figure 31 the 
result of applying this filt"r to the 'H 2 (w) resulting from differences between ob­
served and computed frequencies, together with the original 'H 2 (w). It is evident 
that the slowly-varying trpnd has indf'ed been eliminated, leaving an oscillatory 
function of frequency with a period corresponding roughly to the depth of the 
s<"cond helium ionization zone (cf. Section 3.·1.:1). 
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Figure 31: The solid curve shows the function 'H 2 (w) obtained in a fit to scaled 
frequency differences betwetn observations and model (see Figure 27). The 
dashed CUTve shows the result 'H~(,,-,) of applying the high-pass filter of Perez 
Herncindez fj Christtnsen-Dalsgaard {1994a} to this function. 

The signal shown in Figure 31 contains contributions from several different 
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Figurc :12: Hc.,idllal~, /IIith ;la "rror bars, from fits of the filtered phase functions 
H~(w)  r-orrespond1llg to d'l!erfnces between ob"erved and model frequencies. The 
fit" inl'olve eontnbutiuns fl'OlIl changes in the helium abundance, mixing-length 
paramfter and near-surface strll.clure. The solld curve corresponds to a reference 
//lodd 11."119 the MHD fquation of state, while the dashed curve COlTesponds to 
the CFFF equation of stair. (From Perez Hernandez & Christensen-Dalsgaard 

1994 b.} 

sour,es, including errors in the equation of state, differences between the com­
position and the spe,ific entropy of the solar and the model convection zones 
and residual effects of the near-surface errors. To separate these effects Perez 
lIemitndcz & Christensen-Dalsgaard (1994b) carried out a least-squares fit to 
the observed H~(w)  of a linear combination of three contributions: a contribu­
tion from a change in the envelope helium abundance; a contribution of a change 
in the mixing-length parameter (and hence the specific entropy in the adiabatic 
part of the convection zone); and a contribution corresponding to a change in 
the atmospheric opacity and representing effects of near-surface errors. The ef­
fect of each individual parameter was represented by a function r4(w) obtained 
from differences between an envelope model incorporating a change in the given 
parameter and a reference model. Figure 32 shows the residuals of such fits to 
H~(w)  obtained from differences between the observed frequencies and frequen­
cies for two reference models: a model computed lIsing the CEFF equation of 
state and a model computed with the MHD equation of state. It is evident that 
the MHO model provides a much closer fit to the observations, when analyzed 
in this way, than does the CEFF model. In fact, the residual for the CEFF case 
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is of the same order of magnitude as the oscillatory component of H 2 (w) for the 
differences between the CEFF and MHO equations of state (cf. Figure 24b); 
this suggests that there is relatively little cross-talk between the effects of using 
the CEFF equation of state and the remaining uncertainties in the model, in 
particular the helium abundance. It should be noted, however, than even for the 
MHO model the residuals are substantially larger than the 30' error bars shown 
in the figure, indicating that the MHO model is still not consistent with the 
Sun at the level of the observational errors. Nonetheless, these results suggest 
that the MHO equation of state provides a better representation of the thermo­
dynamic properties of solar matter than the CEFF formulation, at least in the 
second helium ionization zone which dominates the signal shown in Figure 31. 
This is hardly surprising: the CEFF treatment is relatively simple, compared 
with the complex handling by MHO of interactions between the constituents of 
the gas. 

A similarly detailed test of the Livermore equation of state (cJ. Section 2.2.1) 
has yet to be carried out. However, preliminary results indicate that the Hz(w) 
corresponding to the difference between models computed with the Livermore 
and the MHO equations of state differs in shape from the effect of a change in 
Y.; this suggests that the Livermore formulation Illay be less successful in fitting 
the observations than MHO. On the other hand, it appears from sound-speed 
inversions there may be problems with the MHO formulation at temperatures 
somewhat exceeding that of the second helium ionization zone (Oziembowski el. 

al. 1992). 

As a result of their fit, Perez Hernandez & Christensen-Oaisgaard (1994b) 
estimated the envelope helium abundance as Y. ~ 0.242, largely consistent with 
the value of 0.25 quoted above. Similar values were also obtained by Basu & 
Antia (1995) from analyzing HI and Hz, using either the MHO or the Livermore 
equations of state. However, these results may still compromised by errors in the 
equation of state, and by possible systematic errors in the analysis procedure. 
Kosovichev et al. (1992), lIsing non-asymptotic inversion techniques, made an 
extensive investigation of the uncertainties in the inferred value of Y. resulting 
from differences in the equation of state, the choice of mode set and the inversion 
procedure; the results suggest that current estimates of y. must be viewed with 
some caution. Nevertheless, it is interesting to ,ompare the results with those 
obtained from the calibration of solar models to the correct present luminosity, 
where a value of the initial helium abundance Yo of 0.27 - 0.28 is typically 
required. This i, probably inconsistent with the helioseismic estimates, even 
given the uncertainty in the equation of state. However, the results of Section 4.3 
on models with helium diffusion and settling (see in particular Figure 11) shows 
that these effects reduce Y. by about 0.03 relative to the initial value. Thus for 
calibrated models that include helium settling the present value of Y. is close to 
the values inferred from helioseismology. 



'1",1 illg i1 oOJilf 1l100r/: Ihe lorll"ilI'd prob/crll 67 

[)",p,i<' tl1<' prohlclll~ of S('piHilting effccb of composit.ion and equation of 
,till,'. t.he I"I's"ll; shll\V1I I,('re rienlon~t.ral('  that currellt ub:;ervations of solar 
'"cill" t iOlb "w s('lIsiti I'~  to I1Sp",·t s of the ('qUill iOIl of stat.e beyond the inclusion 
of til" ('lllliollil, "ff"c!s. Tlli; off"rs hop(' Lllilt Ih"s" dalil., and the substantially 
11IOfT "'Tural<' dilt.iI ,'xl)('('\(,d fmlll 11('1' ht'iiosciSillir cxp('riment~,  will provide 
lIew physicill in,;ighl illl0 I.hl' prol'('rti",; of the t.hermodynalJlics of hot partially 

;olli"ed gases. 

5.3 Matching the near-surface effects 

J·'igure 2/\ indicates t.hat lI'ith lhe inclusion of heliulll diffll:;ioll and settling the 
interior sl ructllre of solar lIluriels i, I,,.ry rlos,' 1.0 the thaI of the SUII. Also, the 

I"I'slilts ill Sect.ion .'U suggl'sleri t.hat the MilD equation of :;tate provide~  a rea.­
SOllil.hl,. r('pr"o;eJllation of I h,. thermodynamic:; of the solar convection zone. To 
i!lu:;1 rat" holl' I h('S(' prop"rl ies are reO"cted in t.he cOlJlpa.rison betweell ohserved 
"lid compuled frequellcies, Pigur" 33(a) shows ~caled  frequency difference's be­
tWCf'lI tl", Sun illid a mod,,1 j'lcluding helium settling, computed with the MHO 
"'1 u"l;on of state (HilSU "01. 1!i9.5). It is obvious that. there is little evidence 
liCIT for errors in th(' interior of the 1I10dcl, as would have been indicated by 
iln l·d~l'e'ndencc of t he ~caled  differences or a suhstantial difference at low fre­
quency. The only significilflt exception is probably at very high degree where 
ti,e iI~,umptioll  of verticill propagation in the near-surface layers breaks down 
(r:.g. !\ntia 1!J95; set' also equation :j3). The remaining scatter is likely to be 

predominantly observational. 

I argued in Section 2.5 that the frequency-dependent difference could derive 
from iI number of error~  in the model or frequency computations. As a simple 
ilillst.ration of the effects of Ill'ar-surface modifications on the comparison be­
l IVe'ell observations alld Illodels I here consider a model u~ing  the same physics 
ilS for Pigure 33( a). except that the opacity has been increased by a factor 2.34 
at. t.emperatures below about 81)00 K. The resulting sca.led frequency differences 
ilre sh,,., Il in Pigur" 33( b). The change in atmospheric structure resulting from 
! he opacity increase has clearly eliminated much of difference between obser­
vations and model; similar effect.s were also noted by Christensen-Dalsgaard 
(1990), Kim, Oemarque & Guenther (1991) and Turck-Chieze & Lopes (1993). 
However. it is evident that there remain significant variations. Some of these are 
undoubtedly associated With the remaining differences between the interiors of 
the Sun and the model, illustrated in Pigure 28. In addition, there is an indica­
tion of an oscillatory variation with freque!lcy which might be related to errors 
in the equation of state or convection·zone helillrn abundance, as well as a con­
tribution varying more slowly with frequency and hence prohably cOllcentrated 
ver" near the surface. 
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Figure 33: (a) Scaled differences between observed frequencies and frequencies 
of a model including helium diffusion and Stilling, computed with the MHD 
equation of state. Crosses indicated modes with I 'S 500, diamonds are modes 
with 500 < I ~  1000 and triangles are lflOdf.,s lVllh 1000 < I. (b) As (a), but 
f01' a model where in addition the atmosphe',-ic opacity has been increased by a 
factor 2.34­
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It should be stressed that opacity errors of this magnitude in recent tables are 
quite unlikely. Thus this calculation cannot bp regarded as a realistic attempt 
to ('x plain the frequency-dependent part of the difference between observations 
ilnd models. Instead, it. is presented hC'fe as a simple example of the effects of 
nrar-surface changes. Similar effects arise from other types of modifications. 
It. was shown in Section 4.1 that the observed behaviour can be mimicked by 
Illakiug the superadiabiltic· gradient steep<'r, as in, for example, the Canuto 
",. Mazzitelli (1991) formulation (t.g. Paterno eI al. 1993; Monteiro et al. 
I!HJ.'iab; cf. Figure 8). Snpf'dicially similar elfects arise when turbulent pressure 
is lak"n iuto account. in the equilibrium model, or from effects of convective 
fluctuations (e.g. Rosenthal et al. 199~b), while the effects of nonadiabaticity 
or the pf'rturbation in th<' turbulent pressure arr still somewhat uncertain, due to 
the di fficulties in modelling t II<' effects of convprtion (e.g. Christensen- Dalsgaard 
,\' fo'rands"n 1983; ('ox, Cuzik &: Kidman 1989; Ihlmforth 1992b; Guenth~r 19~1-l; 

Hos<'nt hal et al. I99.'>b ). 

The situation concerning the near-surface problems in thf> modelling is clearly 
I'dlller unsatisfactory at prt'scut. Howcver, hope is providcd by the availability 
of increasingly realistic hydrodynamical simulations of this region, accompanied 
by a bpl ter physical understanding of the relevanl proceSSf>s. Also, the expected 
Illor(' arcurate ohservations Inay permit US to distinguish between the different 
ll10dds proposed to account for the frequency hehaviour. Finally, potentially 
""ry illl portant informatiou concerning convective effeds might be obtained from 
obscl'\'ations of solar-like oscillations in other stars covering a range in effective 

1C'Il1IH'l'ature and surface gravity. 

TOWARDS THE STARS? 

It. is evident that observations of solar oscillations are providing extremely de­
tailed information about the properties of the solar interior. This gives a precise 
test of stellar evolution theory, including the physical information that enter into 
it, as applied to the Sun. However, the Sun is only a single specific example of 
a star, with a comparatively simple structure. It is obviously of great interest 
to obtain similar information about other stars. 

This encounters two problems. Detection of small-amplitude oscillations, 
such as those observed in the Sun, is greatly complicated by the low light-level 
available for stars other than the Sun. And the apparent extent of such stars is so 
small that essentially no spatial resolution is possihle; thus with few exceptions 
the observations are limited to modes of low degree, as in whole-disk observations 
of solar oscillations (see Leibacher, this volume). As a result, the data for 
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any individual remote star will always be much less extrnsivr than the data 
available for the Sun. This, however, must be balanced against the possibility 
of studying stars of greatly varying parameters. such as mass and age, covering 
a corresponding range of physical properties and phenomena. A very important 
example are convective cores which are only found in stars more massive than the 
Sun: the properties of such convective cores and the associated mixing, which 
may include overshooting or weaker turbulence, are highly uncertain; yet such 
processes playa major role for the evolution of the stars on the main sequence 
and beyond. 

The early analyses of this nature predates the first results of helioseismol­
ogy. For a long time there appeared to be discrepancies between the observed 
periods of classical Cepheids and evolution models of these stars; the problem 
was particularly acute for double-mode Cepheids, as first pointed out by Pe­
tersen (1973). This and other discrepancies between pulsation observations and 
evolution calculations were reviewed by Cox (1980). The new computations 
of opacities, where a more careful treatment of lines has led to very substantial 
opacity increases (see Sedion 2.2.2), have largely solved these so-called "Cepheid 
mass problems" (e.g. Moskalik, Buchler & Marom 1992; Kanbur & Simon 1994; 
Christensen-Dalsgaard & Petersen 1995). It is interesting that the effects in 
the Cepheids are dominated by the opacity at temperatures between 105 and 
106 K: this temperature range falls within the solar convection zone and the 
corresponding opacities have no effed on solar structure. Thus studies of the 
double-mode Cepheids complement the information that can be obtained about 
opacity from helioseismology. 

Extensive data are now available for pulsating white dwarfs (for a review, see 
e.g. Winget 1991), providing precise measures of white-dwarf masses, informa­
tion about the thickness of the outer hydrogen layer, constraints on the rotation 
rate and magnetic field and in some cases measurements of evoluti'Jnary effeels, 
visible as frequency changes. On or just after the main sequence observations of 
;3 Cephei stars and other pulsating B stars are providing information about the 
properties of relatively massive stars (e.g. Gautschy 1990); the recent opacity 
revisions have provided a natural explanation for the excitation of oscillations in 
these stars (e.g. Cox et al. 1992; Kiriakidis, EI Eid & Glatzel1992; Moskalik & 
Dziembowski 1992). Also, extensive sets of frequencies, which may even include 
g modes, are becoming available for {; Scuti stars (e.g. Breger et al. 1993; Bel­
monte et al. 1994; Frandsen et al. 1995; for a review, see Matthews 1993). Both 
B stars and {; Scuti stars have convective cores and hence promise information 
that is unavailable for the Sun. Furthermore, by solar standards the amplitudes 
are large, with relative intensity variations of order 10-3 , making the oscillations 
relatively easy to deteel; even so, the identification of the modes still give rise 
to considerable uncertainty. Finally, the rapidly oscillating Ap stars (e.g. Kurtz 
1995) display frequency speelra with some superficial similarity to the solar os­
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il1l'pstill;"liolls, it would "leMh' he of particlliar valuc tv dc·tect alld stlldy solar· 
like oscillations ill st."rs ollieI' tl,all t.he SUII, Th" diagullstic potential of slIch 
datil is rdittivC'ly well ulldt>rslood (Ulrich 1986; Christensen·Dalsgaard 198--1, 
1%8, 1993; Gouli,h So: NOI'otl1y 1993; Brown et Ill. 199·1; Audard, Provost &. 
('hrist"uspu.l)alsp;ilard !<)')!i), FlII'tllt'f1nor<', information on the dependencp of 
111l' Iliode amplitude,' and lil1e widths 011 stellar pitrameters would provide im· 
pori ~1I1  ;nfOf1l1il.l ion ~bonl tllP f'XCil,ittion and damping processes, eventually 
I'c'rhill" Ieadillg to it hetlcr nn(lPrsli\nding of I liP properties of outer stellar con· 
\'"ct;OIl zonf'S, The detectioll of such oscillittions has been elusive, however. So 

far a nUlllher of suggesti\'e results have been ohlilined (f.,g, Celly, Crec & Possat 
1!)S6; Innis" al 1991; l3rown et ai, 1991; Pottasch, Butchpr &. van Hoesel 
19~J:2),  ~Ithough  with no d"finitive identification of oscillations, Also, a very am· 
bition' projecl involving i1 'Ilbstantial uumber of largc telf'scopes reached a very 
low dptection threshold hilt still failed to make definitive detection (Gilliland 

""l, IV9:j), Basic probl(>lIls in these attempts hitv" heen atmospheric lIoise in 
hrond.hand int('n~ity  rtl~aSllrement5and photOJI 1I0ise and ,pcctrograph stahility 
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Pigure 34: Observed pOlllfl' speetT1lm of '7 Boolis, The inset shows Ihe window 
functlOlI. (From Bedding f;i II'jeldsen 1995). 

6.1 fJ Bootis 

The atmospheric effects can to a large extent be eliminated by making differen­
tial measurements, comparing the intensity in s!)pctral lines with the intensity 
in lhe neighbouring continuum, I<jelrlsen et ai, (1995) showed that the inte· 
grated intensity in t,he Balnler lines, expressed in terms of the equivalent width, 

!,rovidrs a sC'nsitive measlll''' of oscillations ill st"IIar atmospheres, III this way 
thpy w"re ithle to detert probable solar·like oscillitl.ions it. the suh·giant star 

'I Bootis, from 6 nights of ohservations with the Vi In Nordic Optical Telescope, 

Figur" :l4 shows the relevaut part of the resulting power spectrum, There are 
clear indications of pxcess power in the freqnpwy range 700 - 9,'i0 11Hz, of a 
shape superficially similar to the amplitude distriblltion iu the solar five·minute 
oscillations, 

Th,' interpretation of the spectrum is greatly complicated by th., presence 
of strong da.ily side lobes, Through a correlation analysis Kjeldsen el ai, deter· 

mined th" large frequency sepitration j.v (cf, equation 34) as j.v ~  40.31IH2, 

To determine individual fr<'quencies they carri~rl  out a so·called CLEAN anal· 
ysis on the spectrum, Surh techniques arc subject to considerable uncertainty 
in data with comparatively low duty cycle; in particular, tlierp is some risk of 
mistaking a side lobe for the main peak, !lowpver, J<jeldsen et ai, inferred 
frequencies of thirteen modes, including several closely·spaced pairs which they 

ident.ified as having I = a and 2, in accordance with the asymptotic expression 
(34). 
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Figure 35: Evolutionary tracks in Ihe HR diagram, for models with Z = 0,03, 

X = 0,7 and a mixing-length parameter calibrated to obtain the proper solar 
radius, Models a,'e shown wilh masses of 1.6 Ylc; , 1.63 M0 and 1.66 Me)' The 
error bOT indicates the observed I(lCation of '7 Roo/is, (Adapted from Christensen­
Dalsgaard et al. 1995b), 

The interpretation of these data was considered by Christensen-Dalsgaard, 
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Bedding &: h:jeldsl'n (i99 c)1». The star is sufficiently close that its distance is 
knolnl with reasonable precision; from this its luminosity can be determined as 
I. = (J.:) ± 0.7 L,;). Also, spcctroscopy shows that the effective temperature is 
7~fr = 6050 ± 60 h: and that the heavy-element abundance is somewhat higher 
tllall solar. Figure :l5 shows the location of the star in a Hertzsprung-Russell 
diagram, together with cvolutionary tracks for 7, = 0.03 and three masses. 
Tlwsc iclentify the star as being past the phase of central hydrogen burning, 
and with a mass of aboul 1.6 M,:>. Calculation of acliabatic frequencies shows 
I hat it is possible to Gild Illo<!els in the errol' box with a 6/1 which is consistent 
wit h t.lle observed value. This provides an cxcellent test of the consistency of 
II,,~  frequency observations with the more classical stellar data: 6/1 is essentially 
proportional t.o the the characteristic dynamical frequency Wdyn == (GM I R3 )1/2 

and h"ncc is predominantly determined by the stellar radius; thus it is largely 
fixed by the location of the star in the HR diagram. On the other hand, this 
prop(·rt.y also indicat.es that 6/1 is relatively insensitive to the details of the 
stellar internal structure. 
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Figure 36: Dimensionless buoyancy frequency N == (GMIR3)-1/2N plotted 
against fractional radius rl R for a model of the present Sun (dashed line) and 
a model of TJ Bootis (solid line). The dot-dashed lines show the dimensionless 
characteristic acoustic frequency 51 = (GMIR3t 1

/ 
251, where 5/ = cLlr, for 

I = 1 and 2 in TJ Bootis. The heavy horizontal line indicates the location of a 
mode in TJ Bootis of frequency 850 j.LHz, typical of the observed frequencies. 

To assist the understanding of the behaviour of the oscillations in TJ Bootis, 
Figure 36 shows the buoyancy frequency and characteristic acoustic frequencies 
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in a model of 'I Bootis, in units of Wdyn, and compare them with the buoyancy 
frequency in the present Sun. The dominant difference between the two models 
is the very large peak in iii near the centre of t.he TJ Bootis model. This is 
caused by two effects: during main-sequence evolution the retreating convective 
core leaves behind a steep gradient in the hydrogen abundance, leading to a 
highly stable stratification and hence contributing to a large value of N (e.g. 
Dziembowski & Pamyatnykh 1991; Audard, Provost & Christensen-Dalsgaard 
1995); in addition, the increasing central condensation as the core contracts after 
hyclrogen exhaustion drives up the gravitational acceleration in the core, further 
increasing N. As a result, the maximum value of N exceeds the acoustical cut­
off frequency in the stellar atmosphere. Thus all trapped acoustic modes may 
in principle be affected by the buoyancy frequency, taking on g-mode character 
in the core. 

It should be recalled (see Leibacher, this volume) that a given mode behaves 
like a p mode where its frequency W satisfies W > Nand W > 5, and like a g 
mode where W < Nand W < 5/; in regions where N < W < 5/ the mode is 
evanescent, either decreasing or growing exponentially. Thus, at the frequencies 
characteristic for the observations of TJ Bootis, indicated by the horizontal line 
in Figure 36, the modes have extended p-mode regions in the outer parts of the 
star and a small g-mode region near the centre. The separation between these 
two regions is quite small for I = I, leading to a substantial coupling between 
the two types of behaviour; with increasing I, the separation increases rapidly 
and the coupling becomes small. 

The effects of this structure on the oscillations are illustrated in Figure 37. 
The frequencies of the radial modes, shown by dashed lines in panel (a), decrease 
approximately with Wdyn as a result of the increasing stellar radius. The same 
general trend is shared by the I = 1 modes when they behave like p modes. 
However, the figure shows the presence in addition of g-mode branches, with 
frequencies increasing with age as the maximum value of N increases. This 
leads to resonances where frequencies of modes of the same degree undergo 
avoided crossings instead of crossing (e.g. Aizenman, Smeyers & Weigert 1977); 
on the other hand, there is no interaction between modes of different degree. The 
effect on the mode inertia E normalized at the photospheric amplitude, defined 
in equation (53), is shown in panel (b); for clarity two modes with I = 1 have 
been indicated in both panels by triangles and diamonds, respectively, at the 
points corresponding to the models in the evolution sequence. Where the I = 1 
modes behave as p modes, their inertia is very close to that of a radial mode of 
similar frequency. However, the g-mode behaviour corresponds to an increase 
in the amplitude in the interior and hence in E. At the avoided crossing there 
is an interchange of character between the two interacting modes. (It should be 
noted that the density of models in the sequence is insufficient to resolve fully 
the variations with age in E, leading to the somewhat irregular behaviour in 

H 
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pailI'I (b); however. the overall variation is clearly visible.) 
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Figure :.17: (a) Evolution of adiabatic frequencies for model of mass 1.60 M0 · 

'the lower abscissa shows Ihe effeetwe temperature Tetr , the upper abscissa the 
agc of the model in Gyr. The dashed lines correspond to modes of degree I '" 0, 
and the solid lines to I = I. The vertical solid line indicates the location of the 
model whose frequencies are illustraled in Figure .'19. (Adapted f"om Christensen­
Dalsgaard et al. /995b). (b) The changc with age 111 the normalized mode 
inertia (cf. equation 53). The solid lines sholl' modes with I = 1, each model 
beIng indicated by triangles or diamonds as in panel (a), whel'eas the dashed line 
.-holl'< Ihe radial mode with approximately Ihe same frequency. 

The properties of the oscillations are further illustrated by the eigenfunc­
t.ions shown in Figure 38, for the two modes with I = 1 undergoing avoided 
crossing at the vertical line in Figure 37 as well as for the neighbouring radial 
mode. The displacement amplitudes have been weighted by pt/2r , 50 that they 
directly shows the contribution at a given radius to the mode inertia Enl (cf. 
equation 53). The I = I mode in panel (aJ is evidently very nearly a pure 
acoustic mode, with an vertical displacement beha\'ing almost as for the radial 
mode, apart from the phase shift associated with the difference in frequency. 
III contrast, the second I = I mode has very substantial displacement ampli­
tudes in the core, leading to the comparatively large normalized inertia shown 
in figure :37; this is particularly visible in the enlarged view in Figure 38( c). It 
shoulJ be noted, however, that the separation between the g-mode and p-mode 
propagation regions is quite small in this case (see also Figure 36), leading to 
substantial coupling betwef'n the two regions and causing the large minimum 
sf'paration in the avoided crossing and a maximum normalized inertia which is 
still relatively small, despit.e the g-mode likf' behaviour in the core. In contrast, 
for modes with I 22thI' separation between the propagation regions is larger 
and the coupling is much weaker; as a result, a frequency plot corresponding to 
Figure 37( a) shows two sets of frequencies apparently crossing with no avoid­
ance, and the maximum inertia for, for example, I = 2 in the frequency region 
illustrated is around 3 x 10- 7 

. 

The normalized inertia may provide a rough estimate of the likely surface 
amplitude of the modes, at least if the modes are excited stochastically by 
convection (e.g. Houdek et al. 1995): in that case the mode energy is likely 
to be independent of degree, at fixed frequency. It. follows from equation (53) 
that kinetic energy of a mode can be expressed as A2 Enl , where A is the surface 
amplitude. Assuming that the energy is independent of degree, the amplitude 
Ani of a mode of degree I, order n and normalized inertia E"I satisfies 

AnI r Enl ]-1 12 
(68)

Ao(vnd ~ )!:o( vnd ' 

where Ao(v) and Eo(v) are obtained by interpolat.ing to frequency v in the 
results for radial modes. In particular, the modes with strong g-mode character 
in Figure 37 would be expected to have roughly half the surface amplit.ude of 
the pure acoustic modes. 

To compare the fine structure in the observf'd and comput.ed frequency spec­
t.ra it is convenient to use an echellt diagram (F.g. Grec, Fossat & Pomerantz 
1983). Here, the frequencif's are reduced modulo DV by expressing them as 

V"l = Vo + k!::J.v + linl (69) 
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Figure 38: Eigenfunctions of selected modes in the model indicated by a vertical 
line in Figure 37. In panel (a) the amplitudes of the vertical displacement are 
shown for the I = 1 mode indicated by triangles (solid line) and the neighbouring 
radial mode (dashed line). Panels (b) and (c) are for the I = 1 mode marked 
by diamonds: the solid and dot-dashed lines show the amplitudes of the vertical 
and horizontal displacement, respectively. 
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Figure 39: Echelle diagram with a frequency separation of 6.v =40.3 JlHz. The 
open -<ymbols show computed frequencies for a model with M = 1.60 M0 and 

Z = 0.03; here the reference frequency was v~mod)  = 856 JlHz. Circles are used 

for modes with I = 0, triangles for I = 1, squares for I = 2 and diamonds for 
I = 3. The size of the symbols indicates the expected relative amplitude of the 
modes (see text); symbols that would otherwise be too small have been replaced by 
crosses. The filled circles show observed frequencies from [(jeldsen et al. (I 99S} , 

plotted with the same 6.v but with a reference fl'equency of v~ob.)  =846 JlHz. 

(where Vo is a suitable reference fr~quency  and k is an integer), such that Vnl 
is between 0 and 6.v. In the echelle diagram Vo + k6.v is plotted against Vn/. 
The result is shown in Figure 39. The open symbols are for a 1.6 M0 model 

that was chosen to have 6.v ~  40.3 JlHz; the reference frequency was v~mod)  = 
856 JlHz. The sizes of the symbols have been scaled by the amplitude ratio 
Anl/Ao determined by equation (68). 

The model results for I = 0, 2 and 3 clearly reflect the behavior predicted by 
equation (34). In particular, the points for I =0 and 2 run parallel, with a small 
separation 6no ~ 3.3 JlHz resulting from the last term in that equation. For I = 1, 
equation (34) predicts an almost vertical series of points separated by roughly 
6.v/2 from those for I = O. The model frequencies deviate from this. Comparison 
with Figure 37(a) (where the location of this model is marked by a vertical 
solid line) indicates that this behavior is associated with the avoided crossings, 
which change the frequency separation and therefore shift the frequencies relative 
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to Ill<' locatioll eXI)('cl"O fro III p-'\100C asymptotics, As discussed abovC', "ven 
I = I u""Ie, behavillg part 11' lik,' g JllOdes still hit\'(· suffici(~ntl:> small 1I0rmaliz"d 
ilI('rt ia r;ol that th"ir ... ,1 i '\1rllcd amplitudes are "I""e to thust' of the pure p modes. 
(Th" figure shows a sillgk "xception: a mode at 7:\0 pHz shifted almost to the 
1= 0 lillc. with sOlllewhat redllced amplitude.) rn fOnt-rast. sillce th" g modes of 
d"l;re,' :2 alld :l aI''' trapp"d 'Illite eflici ... ntly in the deep interior. their estimated 
i1lnplilurks ar,' S<J "mall i1S 10 nlake Ih" poi\1ts virlually invisihle ill Fig1ll"C' 39. 

I'he filled eirel ...s ill 1·';l1;u ... · :1<J show I,he frC''1u1'"ries observed by I\jeklsen II 
1/1. (IIJIJ:")), agaill plolled I\ilh ~II  = ·IO.3/dlz. bill with the reference frC'queTl<Cy 

II~"I"I = ~Hj/,lIz. \V,. enll illll/leoi a tely id,·nLif... l110des with degrees I = 0 and 
'2, alld the ,mall frequeTl<y se["laralion foulICl by l\jf'ldsen et a!. (linD = :1.1 ± 
O.:\/lflz) is ill ('xeelknl agref'ment with the model value. The rf'lJlaining six 
o!Jsel"l'ed [requeueies coimide quile well with I = I modes in the model and 
displ,,)' an irrf'gul"rity similar to the modf'1 frequencies (although differing in 
(bail). This I/light indic"t,- th"l Lhe observatiolls of 1/ Bootis show f'viden('e for 
'Ivoi" ...d nossill!!,s invoh'ing g modes. f\ote, however, that some of tlw obsl'rvcd 

fl"l''1''''lIe;"s nl"} "rise fronl lllodes wilh I = :\, 

TIlt' in11'rprl'1al ion of till' ohs"rvatio!ls TlnISt clearly be regarded itS prelimi­
liMY, gi"f'11 the lIncl'rt"inty in extracting individllal frequencies in it single-site 
I,owpr sJwctru!1T com plica Led by side lobes. In particular, the indications in the 
"c1wlle diagram of dfe"s of g-mode t.rapping is clearly extremely tentative. On 
lite <)tlwr hanel, the close agn·ernent between the observed and computed value 
of I he I = 0 - 2 frequellcy separation is suggestive. The difference of 10 11Hz in 
the refnelKe frequency 1/ 0 re'Juired t.o obtain agreement between the location of 
Ihe modes ill Figure 39 is dearly a concerIl; however, it should be noted that. 
Illis is of h similar magllituc.le to the differences observed in comparisons of solar 
obs('rved "lid cUl1lpllted frequencies and attributed to f'rrors in the treatment of 
Ihe sllpern";al layers. Sill1ilar effects might be eX["lected for 1/ Bootis (see also 
{'hristellsen-O"lsga.Md (/ al. 1995c). 

6.2 Concluding remarks 

Tlw helioseisrnic investigations of the solar int.erior have undergone a dramatic 
development since the init.ial determination of individual p-mode frequencies of 
I he Sun more than 15 years ago, Inverse analyses now leI us determine density 
and sound speed in most of the solar interior with a relative precision exceeding 
10-3 Remarkably, the results are quiLe close t.o normal solar models, provided 
t hat gravitational settling and diffusion of helium are taken into account, al­
though significant differences remain, The frequencies have been shown to be 
sensitiv/' to fine details in I It I" physics uf thf' solar interior, particularly tllf' ther­

II10dYllalllic properties anrl the opacity, this was llsC'd early to indicate the need 
for opacity increases, later confirmed. and is pefll1itting tests of sophisti('ated 
forlllulations of the equation of state against. the Sun. 

The sl udy of solar oscillations is on the threshold of a new era, with the 
dl'["lloymentufthe GO~G  project (e.g. Harvey tI al. 1993; Leibacher el al. 1995) 
alld the illstrUTllentson Ihe SOHO satellite, expected to 1)1' lalln<ched towards till' 
('lid of ill 1995 (t.g. Scherrer et al. 199,5: Appourchaux II al. 1995: (Jabri,·j el 
nl 1991). Together with the existing I3IS0'J dnd IRIS networks (e.g. Elswurth 
tI al. 1995; Fossat 1995) these projerts will provide a major expansion of the 
helioseismic data, This shoulo result in greatly improved information about 
the structure of the solar core, of obvious importance to the unoerstanding of 
solar evolution and the neutrino problem, substantially better knowledge about 
conditions at the base of the convection zone, constraining possible overshooting 
and turbulent mixing in this region, and a much stronger basis for testing the 
equation of state and determining the envelope helium abundance. Furthermore, 
high-quality data on high-degree modes may improve our understanding of the 
properties of the near-surface region, including the effects of convection on the 

structure of the Sun and on the frequencies and excitation of the oscillations. 

With the possible detect.ion of modes in 7/ Bootis, asteroseismology of solar­
likE' sthrs may now be in a position similar to helioseismology 15 years ago, with 
a corresponding promise for the future development. The technique developed 
by Kjeldsen et al. (1995) is being applied to other bright stars; an important 
example where extensive observations have alrf'ady been obtained is Q Centauri. 
Also, it is obvious that further observations of 7] Bootis are required, to confirm 
and extend the initial results. Particularly important are multi-site observations, 
to reduce the complications of the side lobes in the spectrum. Also, the theoret­
ical analysis in Section 6.1 indicates the substantial richness in the oscillations 
of sub-giant stars of somewhat more than solar mass, compared with stars in 
the phase of central hydrogen burning. Combined with their intrinsic brightness 
this makes subgiants attractive targets for asteroseismic illvestigations, 

The effects of the Earth '5 atmosphere are likely to constrain ground-based 
investigations of solar-like oscillations to bright sta.rs, observed with large tele­
scopes. From space, however, the observations are limited essentially only by 
photon noise; here broad-band intensity measurements will allow the study of 
oscillations at solar amplitudes in fairly faint stars with modest-sized telescopes. 
An initial experiment of this nature, the EVRIS project (Baglin 1991), is sched­
uled for launch in :'Jovember 1996 on the Russian Mars probe MARS96. It will 
use a 9 cm telescope to observe a limited number of rather bright stars dur, 
ing the 300-day cruise phase of the probe. Two more ambitious projects are 
<currently under evaluation. The French COROT project (Catala et al. 1995) 
is aimed at providing extensive observations of a modest number of stars, to 
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obt aill highly accurate mPiisurements of frequencies and frequency spliUings. 
The STA RS project, which is currently undergoing Phase A studies within ESA 
wit h iI view towards possihlf' selection in 1996, will use an 80 cm telescope with 
n C('D detector to make simultaneous observations of several stars (Fridlund 
rI al. 1995). An important goal is to study solar-like oscillations of stars in 
OJW1I c1nsters: sincc st.ars in a duster can be a,sllmed to have approximately the 
salll€' ag<e, distanc<e and dleillical composition, measured frequencies for stars in 
a c1ustN provide far mor<e ,tringent constraints on the internal structure of the 
st.ars than do freqnencies of a single ,tar, whef(' tll<e basic parameters are often 

rathe'r uncertain. 

Ci\'('n the new helioseismic experiments, the continuing observations of "clas­
sical" pulsating stars and the growing potential for study of solar·like oscillations 
in ot hN stars I hert' seems littlt' douht that helio- and asteroseismology will reo 
main a \"t'ry active and fertile field of research for years to come. 
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