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ABSTRACT 

\Ve review the classical nRST cohomology of cOllstrained hamiltonian systc'lllS wh(~11 

the constraint set is a co-isotropic suhnmllifold of a finite dimensional symplectic manifold 

(AI, w). \Vc restrict our analysis to the case when the const mints arise fwm a Poisson action 

of a Lie group G 011 Af. In gauge theories the cOllstraint set is the inverse illlilgc of the origin 

in lic(G)* under the momentum map: C = ~1-I(O). \V(~  cXknd tlH' BRST formalism to 

the case of a hamiltolliall system with symmetry whell C = J-1(0), wllC'fP 0 is a gl~II('ric  

co-adjoint orbit in lic( G)*. 

Sur la plae(', chanm passe 

chaclIll vicnt, chacull va ; 
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Introduction 

In this seminar we discuss some of the classical aspects of the so-called DRST approach 

to constrained Hamiltonian systems. We restrict lour attention to the case in which the 

constraint set C is a co-isotropic submanifold of a m-dimensional symplectic manifold (M, w) 

arising from the Poisson action of a N-dimensional Lie group G on M. 

In section 1., we review the construction due to Kazhdau, Kostant and Sternberg in 

[KKS 78], of the reduced symplectic manifold (R, W1l), when C is the inverse image under 

the momentum map J of a co-adjoint orbit 0 in g., the dual of the Lie algebra 9 of G. 

The physics on the reduced phase space is discussed in section 2.. 

When the hamiltonian is G-invariant, the reduction arises from the existence of N constants 

of motion which are the components of the momentum map. 

When there is a gauge invariance of the system, points belonging to the same G-orbit are 

physically indistinguishable and the functions on the reduced phase space are the physical 

observables. In this case R is obtained as .1-1(O)/G, where 0 is the urigin in g*. 

These physical observabJes for gauge theories are described in section 4. in the language 

of (co)homological algebra, following the work of Kostant and Sternberg [KS 87]. 

Cohomological aspects in constrained dynamics were noticed originally by Henneaux [H 85], 

Me Mullan [McM 87], Dubois-Violette [D-V 87], Henneaux and Tcitelboim [HT 88] and 

Stashelf [S 88]. 

In section 4., following again [KS 87], the cohomology algebra of this description is 

interpreted as the quotient of a subalgebra of a super- Poisson algebra by an ideal in this 

subalgebra. 

This super-Poisson algebra in turn is associated to a symplectic super-manifold, the 

extended phase space, in section 5., following Loll [Lo 88] and Tuymnan [T 80]. 

In section 6. we propose a similar cohomology description of the functions on the reduced 

phase space in the case of a hamiltonian system with symmetry. 

1 This in spite of the claim ([HT 88]) that the group structure should not be emphasized 

to get a "full" understanding of the BRST symmetry 

In order not to extend too much the length of tllt'sc notl'S we ba\"!' lIl,t di",'\Iss(·d the 

approach to the DnST symmetry via the "vertical cohomology" pro\"i<lt-d Ily till' eXII'riar 

differentiation in the original phase space (M,w) along tIle gauge orbits. 

Also not discussed is the case when the constraint set C docs not arise fWIII a group action. 

The program then is more ambitious and the construction (tll(~ref()re)  is less lrallsplU'cnt. 

FUrther information about these topics can bc found in [0- V 87], [HT 88], [S 88], IFHST 80], 

[FK 90J, [FO'F 90] and [FO'F-K 91]. 

References which are essentially orientcd to the <juCiutisatiou probk1I1, bill which ('out <lin 

a uscful summary aud complemcntary information about the classical sd -UJl lIrt' : 

[T 89], [OET 90J , [OEGST 911 and [FO'F-K 01]. 

The Gcometric approach to Mechanics can be found iu various tl'xtiJooks ; 

[Ar 76], [AbM 81], [GS 84] and [LM 86]. 

.~ , \.j 
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1. The KKS reduction 

Let Al be a m-dimensional symplectic manifold with its closed and nondegenerate 

two-form w. The so-called musical maps w~  : TAl -. T· Af : v -. w"(v) = l(V)W , and its 

inverse w b = (w~)-l , define the Hamiltonian vector fields as the image of the map 'Ham from 

.1'(M), the space of Coo functions to Vect(M), the space of vector fields: 

'Ham: .1'(M) -. Vect(M) : f -. H(f) = w~ 0 (df) or l('H(f)W = df . 

The Poisson bracket on M is defined by : 

{f,g} = w('H(f),'H(g») = - I ('H(f» z(H(g»w = - z ('H(f»dg, 

and Ham becomes a Lie algebra homomorphism from .1'(AI), with {, } as bracket, to Vect(M) 

with minu-, the ordinary Lie bracket of vector fields: 

H( {I, g}) = - [H(f), 'H(g)]. 

The kernel of this homomorphism is given by the constant functions on Af which are the real 

numbers R, considered as a commutative Lie subalgebra of F(A!). 

There is thus an exact sequence of Lie algebra homomorphisms : 

0-+ R -+ F(M) -+ 'Ham(F(M») --+ 0 . 

Let ~  be a symplectic action of a connected N-dimensional Lic group G on (.M,w). 

This means a group homomorphism from G to Vif f(M), the diffeomorphisms of Al : 

~: G -. 'Diff(M): 9 -. ~g  ,such that ~;w  = w. 

The generators of the group action are defined by the differential of ~ at the neutral {II} 

of G, which is a Lie algebra homomorphism from the Lie algebra 9 of the Lie group G 

to the Lie algebra of Viff(M), i.e. Vcct(M). 

X = ~.11I : TII(G) ~  9 -. Vcct(M): lL -t XCii) , 

with X(!IL, VJ) = - [XC lL), X(0] 
These vector fields are locally Hamiltonian: 

l(X(u»)w = d(l(X(U»w) = o. 
If the generators are Hamiltonian, the action is called (almost) Hamiltonian and there exists 

a linear map : 

III: g -. F(M): u -. lII(u) such that X(U) = 'Halll(III(IL». 

FUrthennore: 'H({III(u), W(V)}) = - [H(W(u», H(W(V)] = H(III([u, vI)) 
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The action is said to be a. Poisson action ( in Arnold's [Ar 7GI knnillology ), if this linear 

map III can be choosen as a Lie algebra homomorphism i.e. slIch that: 

III( [u, VJ ) = {1II(ir), ll'( u)} . 

The following commutative diagram of Lie algehra hOlllomorphisllIs is t\i('n ohtain(·(l : 

0-+ R -+F(AI) -+ Ha11l(.1'(AI» -+ () 

'II '" IX 
g 

An equivalent definition is that an action is Poisson when there is lUI cCl'li\'ariant momcntum 

map J from the symplectic manifold M to the dual g. of the Lie algehra 9 : 

J: AI -. g. : x -. J(x), such that 1II(t1,x) = (J(x) I it} , 

where ( I ) is the canonical pairing between g and g•. 

The equivariance is relative to the ~-action  of G on AI awl its coacljoint action I( on g. : 

K(g) J(x) = J(4)(g, x». 

The orbit of the point x E AI is dcfillcd by : ~(G,.r)  = { c1'(g,.rJI y E G} , alld its isotropy 

group is the subgroup: G r = {g E G I ~(g,x) = x} . 

The action is called free if the isotropy grollp of each point is I ri\'ial : G r = {II}. 
It is called a proper action if 4>1: G x AI -+ AI x M: (g,x) -+ (~(g,x),.r),  

is a proper mapping, i.e. the inverse images of compact scls are compact. 

When the action is proper, the orbits are closed submallifolds immers('<! ill .\1. 

If the action is assllmed to be fn'C', the set of orbits AIIG has a manifold sl met 1111' slICh that 

the canonical projection: 7r : 11-1 -+ AIIG is a submersion. 

Let 0 = {K(g)~ I 9 E G} be a coadjoint orbit of G in g•. 

It is said to have a clean intersection2 with the momelltmn map, \\"hell : 

a) J-1(0) is a submanifold of AI ,
 

b) Tz(J-I(O» = J~:(TJ(z)(O») , V x E J- 1(0) .
 

2 This notion of clean intersection generalizes that of trans\·crsality. 
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When this clean intersection hypothesis is fulfilled, Kazhdan, KO~(~l1lt  and Sternberg, 

in [KKS 78], showed that: 

1) G = J-1(0) is a co-isotropic submanifold of AI with can(wic •• ! illjcctioll je : G --+ M. 

2) The distribution defined by the kernel of we = jew is integnlble and the leaf of its 

foliation, containing the point x E C, is the orbit under the action of tJj(~  connected component 

of the isotropy group G( = {g E G I K(g){ = 0 of the point G( = 1(x). 

3) Moreover, if the foliation is fibrating, the space of leaves 'R = C j K (; 1'(we) is a manifold 

such that the projection 7r : G --+ 'R is a submersion and it has a ulliquc symplectic structure 

given by the two-form WR. defined by : 7r-WR. = We . 

This theorem is essentially a rephrasing of the Marsdcn-Wcinstein, [MW 74], reduction 

procedure, the reduced phase-space 'R being diffeomorphic to the product of the co-adjoint 

orbit 0 with the Marsden-Weinstein reduced symplectic manifold J-J(~)/G(,  where ~  is any 

point of the co-adjoint orbit 0 . 

The proof goes as follows : 

The differential of the momentum map J: M --+ g- : x --+ ~  = J(x), at x reads: 

J_1%: T%M --+ T(g- ~  g- : V% --+ J_1%(V%). 

Evaluated at any it E g, it yields : 

(J_I%(V%) I it) = t(V%)d{ J(x) I it) = t(V%) dl1l(it,x) = w% (X(u,x), V%). 

Since 0% = T%cJI(G,x), the tangent space to the orbit at the point x, is spanned by the 

generators {X( it, x) , it E g}, and one has K-er J_1% = O/-, the symplectic polar of 0% . 

A tangent vector V % of T%M at a point x E C is tangent to C if and only if there is a vector 

'1( E T(O such that J_1r(V%) = '1(, but since the tangent space 1'(0 is generated by the 

vectors k(u) { = -f, K( exp( ta) ) { "=0 , u E g, it follows that: 

V% E T%G <==> 3 v E 9 ~ J_I%(V%) = k(ii)~ 
 

<==>3vEg ~  VitEg,w%(X(it,x),V%) = (k(v)~lu)  = (~I[t1,V]). 
 

The generators X(ii) satisfy : 

w(X(it),X(V)) = {11I(it),I1I(ii)} = 11I([u,v1) = (J() I [u,Vj), 

so that V % - X(v, x) belongs to O/- I which is the kernel of J-Ix' 
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The tangent space to C at x is thus obtained <l::i : TxC = Or + 0/ , ht'W't'
 

1'rC.l. = 0/ n Or and C is obviously co-isotropic: TrC.L S; 1'r(' ,
 

So Kcr(we)x = TrC n TrG.l. = TxC.l. , and TrCj1'rC.l. is a s)'lIlplcClic \"'1'101" span:.
 

Now, T%C.l. is generated by those vectors X(v, x) of Or such that:
 

"lit E 9 : 0 = wx(X(u,x),X(v,x») = (J(x) I [ii, VJ) = (k(ii)J(J') II-i), 

and k(V)J(x) = 0 meaning that vE YJ(rj, the Lie algebra of til(' isotropy gwup of J(.r) . 

Since [X(VI,X),X(V2,X)J = -X([iil,v:lJ,x) andi;l, V2 E gJ(r) ::=} [i;J,i71 J E ~'J(z) , 

the distribution defined by 1~C.l.  is integrable and the leaf [xJ through a poilll l' of C is its 

orbit under the action of the (collnected componellt) of tlw isotropy group of J( r). 

Points of C belonging to the same leaf, define an equivalence class ill C. 

When the set of equivalence classes, i.e. the quotient: R = C/K.a{ ....'c) is a II iii Ili fold , the 

projection: 7r ; C -t 'R, is a submersiou. 

The tangent space to 'R at a leaf [x] is: T(xIR ~  TrCjTrC.l. ,wbere l.rJ = Jr{l:). 

This isomorphism endowes R with a symplectic two-form WR, such that; Jr-WR = j(.w , 

The momentum map also factorises (on C) as: J 0 ic = JR 0 7r , 

where JR. : 'R --+ g", is equivariaut under the induced actioll of G Oil R. 

It can be shown that there is an open dense set of AI wbose points each have a neighbolll'hood 

U where the dimension of the orbit is constant. Tbis implies that J -I (0) n U is a slIbmanifold 

of Al, where 0 is the coadjoint orbit in g- colltaining { = J(x). 

The dimensions of the various subspaces are given by : 

dim{ge) = f , dim(O) = N - f (even), 

dim(Gz) = i dim(cJI(G,.r) = <1i711(Or) = N - i, 

dim(J-l(O) = dim(O;) = m - (N - i) , 

dim(J-1(0» = dim(TzC) = m - (f - i) , 

dim(1'xC.l.) = f - i , 

dim('R) = m - 2(/ - i) and 

dim(J-I(Oj~h)  = m - (N - /) - 2(/ - i) (e\'l'lI). 
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The picture below illustrates the procedure: 2. Physics on the reduced manifold 

J- 1(0) 

! 1r 

J 

-t 

g* 

-. 
I 

'"\0 
J 

JR. 

fig.1 The KKS constTllction 
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In the usual geometric fonl1ulation of Uechanics, the states of a dynamical systl'm are 

points of a symplectic J manifold, (1\1, w), the phasl~  spac:e of the systl'm. 

The Coo functions on this manifold, F( 1\/), besides their r(,le as physical ollsl~r\"allles,  are 

also the generators of infinitesimal transformations defined by the corresponding Hamiltonian 

vector fields. 

One distinguished function, h, called the Hamiltonian, defil1(~s  the tiuw coonlillate by the 

flow of its Hamiltonian vector field. 

In general, any vector field V defines a one parameter (local) group of t1ilfl'omorphisms : 

T/t : At -+ 1\1 : x -+ x t = T/t (x) , 

through the solution of the following Cauchy problem: 

Find the curve ')(x) : I ~ R : i -+ ')'(x, i) such that: 

')'(x,O) = x and 1; ')'(x, i) = V(')'(x, i)). 

When such a solution can be defined for all i E R, the vector field is said to be complete and 

defines a flow. The Hamiltonian vector field 1i(h), is supposed to he complete so that there 

is a dynamical flow: 71t : 1\1 -+ M : x -+ 71,(.r) = ,( r, t) . with 

did
7/,(X) = 1i(h)(7/tlr)). 

This flow is symplectic T/~W  = wand conserves hand 1i( It) : 

T/~h = h, T/~1i(h)  = 1i(h). 

The time evolution of an observable 1 is defilled lIy: I, 7/; 1 , awl olH'Ys : 

did I, = {It, Ii} = 7/; {I, Ii} . 

J For simplicity we restrict to autonomous systems. For the more gl'neral cww of contact 

structures or Poisson manifolds, we refer to [AI 911 and IrvlR 801. 
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Let us consider first the reduction arising from a Poisson action «P of a group G on M 

that conserves the Hamiltonian : ~;h == h. The Hamiltonian vector field 1t( h) is then also 

conservcd under the pull-back of cJ : cJ; 'H(h) == 'H(h), and its flow commutes with the 

action of G : '1' 0 «P g == 4'g 0 '1,. 

The functions l1'(u), are constants of motion: J];I1'(ii) == l1'(u), which yields 

~('I;iIJ(ii»)  == J];{iIJ(ii), Il} == o. 

A regular value of J is a point ~  of g. such that, Vx E J-1(0, thc differential J_I", is� 

surjective. Thus J-l(~)  is a submanifold of M. It is invariant under the flow '}I'� 

In particular, if this fixed value is zero, the point 0 E g., in itself, forms the trivial co-adjoint� 

orbit which the KKS reduction procedure can be applied to.� 

When ~  is not zero, it generates a coadjoint orbit 0 in g-, with its canonical symplectic� 

two-form wo, invariant under the coadjoint action of G and dcfincd by :� 

wo(k(u){,k(V){) == -UI[ii,V)). 

The Hamiltonian vector field of a function Jon 0 is givcn by : ('Ho(J»)(O - k(dfd~ , 

where the one-form on g. , df~,  is identificd with an elemcnt of g. 

The Poisson brackets are obtained as: {j,g}o({) == - (~I[dfe,d!J~J) . 

The coadjoint action of G on 0 is actually a Poisson action with momentum mapping: 

Jo : 0 --. g. : ~ --. Jo({) == - ~ . 

Let us, following Guillemin and Sternberg [GS 84), consider the product manifold 

if == Af X 0, with its symplectic two-form W == w EB wo . The group action on Al : 

+(g,(x,O) == (~(g,x),K(g){) ,is Poisson with momentum mapping: 

j : it --. g. : x == (x,{) --. j(x) == J(x) + Jo == J(x) - ~ . 

In this setting the KKS construction is applied to the trivial coadjoint orLit in g- . 

The inverse image of 0 E g. under j is the constraint set : 

C == j-l(O) == {(x,~) E if I J(x) - ~ == O} == U {.J-1(O x {} , 
{EO 

obviously diffeomorphic to C == J- 1(0) .� 

The canonical injection i e : (: --. if , defines the presymplcctic two-form: we == jt W.� 

Its kernel defines a foliation whose leaves are the orbits,.(G, x), of the points x E C .� 
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Let Or denote the tangent space at i to tile orhit, thcu (}i C;;; ()t ,HIllI till' orbits arc 

isotropic submanifolds in M. It follows that (TiC.l == Oi) ~  (TiC == ()n, aud (; is 

co-isotropic in AI, just as C is in AI. The set of G-orhits in C: forllls till' It'dun'd quotit'nt 

space, ft == G/ /{u(W{.). When it is a nJallifold, image of tlll' SUllllll'rsioll iT : C: -, i~,  it is 

symplectic with symplectic two-form wk defined by : ir-wk == ji:~ . 

This is the KKS version of the Marsden- Weinstein ~rmplt'ctic  reduction. 

Points of n are written as [i) == ir(i) , i E G awl the taugent space ll iJR is d('sClilH~d as 

the quotient of 1[i]G by Or, where i == (x,O is auy poiut of tlw orhit [.rl. 
Now, a vector Vx tV k( ii)~ of Ti Al is tangeut to G if iU1l1 01l1y if k( i;)~ = .1. 1,( \', ), i.t' wlwn 

Vx is tangent to C and vE g verifies the above equality. 

A vector \lrl of lli(R is representcd at i hy an eqllivalt'JH'(' dll~:-; (\'... ti' k(/;)O -+ (}i . 

At another point i' == 4>(g,i) = (x',e) E [i], the samc vector lii) will be n~IHt'~"lltcd  hy 

(V;, EB k(V')e) + (J r , , whcre l':, == /fig_I" V" and II == Ad(y)ii. 

The symplectic two-fonu wR is given by 

W-k(liil, ll[rd == we(V" t:D k(v)C W... W k(lv)O == ....(\~) 11'... ) - (.1(.1") I [I;,liiJ) 

Its value at [i] is illdependent of the choosen point i of the orbit [il alld (If till' dllH):-;t~U  

representatives in TiG / Or' 

The Hamiltonian 11 on .H, iuvariant under the grouJl adion, (It-filH':; 1I11 (·:;:/('I1.\.'d lLlIlIiltlllliau� 

on M by h(x,{) == It(x), invariant under the group action'~  .� 

Its Hamiltonian vector field, H(h)(x,O == 'H(It)(x) UJ 0, at the Jloillt .r = (..l',~) t: (', lit·s iu� 

Tx (J-l(O)EBO C TiC. It generates a flow ~t(x,O == (1/I(X), 0, comllluting witlt th.. group� 

action on AI: 4>g 0 iiI == iiI 0 4>g. This flow conser\'es not only ]-1(0): I/t 0 j(. = j{. 0 'it,� 
but also separetely each submanifold J-1(O x ~ (( fix(~d). 
 

So it induces a flow Pt on R, such that P, 0 iT == iT 0 'it . Tllis implies� 

'iT- P;wk == ij; ir-~k == ,i; jt W == jl:i7;w == jl'w = io*';"[t, 

and, since ir is surjective, it follows that p;wk = ~il alld tlw indwcd Hll\\" is Sylllp(l'rtir. 

The Hamiltonian h, being invariant under the group actioll, is COllstallt 011 tilt' 1('lI\'('s of the 

foliation, so it defines a reduced Hamiltonian by : hk 0 ir == i. 0 j(, , 

which yields ir- dhR == jt dh . 

10 



Taking the inner product with a vector Vi of TiC results in : 

l(iro1iVi)dhR([iJ) = U{;w)(H(h)(i) , Vi) = (ir° wR)(H(h)(i), \i) 

= w1l ( iroli H(h)(i) , iroliVi), 

This means that iroli'H(h)(x) is the Hamiltonian vector field of ilR. at Ii].� 

The derivation of 11- 0 ~I = p, 0 i with respect tot yields: ioli'H(h)(i) = %\I=O(ir(X»,� 

and the reduced flow p, is the flow generated from the reduced Hamiltonian h-k'� 

This reduced Hamiltonian h-k on ('R,w-k) defines thus a Cauchy problem of lower order whose� 

solution yields the flow p, ... It is then possible, in principle, to reconstruct the flow ~I • 

Following Abraham and Marsden ([AbM 81]), this proceeds as follows.� 

Given the flow PI! solution of: ~  ([xon = 'H-k(hR.)(p,([io])) , one aims to reconstruct� 

~I(XO)  = ('1I(XO)'~o),  solution of: *(xo) = 'H(h)(il,(xo», where i o = (xo,~o) is a given� 

point of ir- I ([xoD. Let set) be the image of p,([io]) undcr an arbitrary section of 11- : C -+ 'R.,� 

i.e. i(s(t» = p,([xoD, and such that s(O) = i o·� 

One looks now for a group element get) such that g(o) = II and 171(Xo) = <)(g(t), set»).� 

The derivative with respect to t yields: 'H(h)(<)(g,s» = <)goli(* + X(u,s») ,� 

where X( u) is the generator of the group action on if and u = Lg-101g *E g .� 

Invariiulce of 'H(h) yields : 'H(h)(~(g,s») = <)g.I.i'H(i~)(s), so that� 

- - ds
'H(h)(s) -  X(u, s).

dt 

This algebraic equation has a solution, since 

ds - - - - - - ds 
*01. dt = 'HR(hR(s) = iroli'H(h)(s) :::} 'H(h)(s) - dt E Ke7'*01.i = 0 •. 

Having solved this algebraic problem, one is lefft with the differential e<pmtion : 

dg(t) = Lgolvu with g(O) = II, 
dt 

whose solution (quadrature) is formally given by the anti-t-ordcrcd pro<luct : 

get) = (CXl'(l' ti(t') <It')) _ 

.. This however is not always easier, neither preferable as [KKS 78j shows. 
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Another relcvant dynamical problcm whcre the reduction pron~dun'  is t':isc'lItial, is the 

Yang-Mills gauge theory 5 of which a finite dimcn:iional analogll<! is gi\"t'll he·low. 

Let ¢ be a free and proper Lie group action of G Oil a configuratioll lipan' (J ami fl:i:illllie that, 

by definition, points of Q belonging to the samc G-orbit are physicall}' indistiuguishable. 

The "real" configuration space is thus the space of orbits i.e. thc quotient Qr = QIG and 

the "real" phase space is T·Qr' Points of Qr can be described as equh'alcncc classes of points 

of Q corresponding to the equivalence relation: q' 9:!Q q iff 3 9 E G ~ q' = 4>(g,q). 

With regularity conditions as above, Qr is a manifold and there is a canonical submersion: 

a : Q -+ Qr : q -+ [qj = a(q) , such that a 0 ¢(g) = a . 

The differential of a is : a o : TQ -+ TQr : (q, vq) -+ ([q!,aolq vq) , awl ,(U aol, is the 

tangent space at q to the orbit ¢(G, q). This kernel has a constant dimension so that 

Ker a o = UqEQ (q, Ker aolq) is a subvector bWldle of TQ. 

Let ¢TQ 9 denote the lifted G-action in the tangent bundle, it dt~fillcS  an l'(luivalt'lIce~  n~lation  

in the tangent bundle TQ : 

(V' = (q',v;,») ~TQ (11 = (q,Vq ») 
iff 3 9 E G I- {q' = ¢(g, q) and vq', - ¢golq v, E ,a,::er' a 01" } 

or iff 3g E G I- {ell' - ¢7'Q 
g l') E Kera.}. 

The space of equivalcllcc class<~s  forms the tangent bUl1<l1t~  : T(}r = TQ / ~'/'CJ . 

The dual bundle TOQr of TQr is the symplectic manifold of intcn~st. 
 

Those clements P = (q, p,) E TOQ taking a constant vallie Oil thc equi\'al<'lwe' c1as:i� 

(q, vq ) + Ker a 0\' , necessarily satisfy: 

(p, V) = 0 if VE Ke7'a o , or p, E (A.:(,.aol')o . 6 

The set (Kcrao)o = U'EQ (Kaaol')o is a subbundle of TOQ. 

The action ¢g is lifted to an action ~g  on the cotangcnt bundle TOQ with it:; canonical 

Liouville one-form (}o and symplectic two-form Wo = - d(}o 

5 See e.g. [M 80j for the gencral setting and 1~ld\l  871 for further <kwlopnlt'llts 1IIore 

directly related to this seminar. 
6 The annihilator of a subspace E of the vector space F is the subspace (£)0 of the dual 

space F· consisting in those linear fonns annihilating all vectors of E . 
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Such a lifted action is always Poisson with momentum mapping given by : 

(J(q,pq)It1) = .(X(t1jq,pq»60 (q,pq) = Pq·X(u,q), 

where X(il) is a generator of the group action rP on Q, and X( u) is the corrcsponding generator 

of the lifted group action 4) on T* Q. 

The 8ubbundle (~er  0'*)0 is given by : 

(~er 0'*)0 = ((q,Pq) IPq . X(t1,q) = 0, Vii E g} = J-1 (0) 

The group action 4) on T*Q leaves (~er  0'*)0 invariant and induces a group action on it. 

The quotient of this group action is the phase space looked for. 

It coincides with the KKS reduced symplectic manifold : 

T*Q'R = (Ker 0'*)0 /G = J-l(O)/G = n. 
For a dynamical system with a gauge freedom, the Physics is defincd only on the reduced 

manifold n = J-:-1(0)/G, i.e. the observables are the Coo functions on n. 
It may be that the description of the points of n in terms of local coordinates is cumbcrsome 

and that is is easier to describe the functions on n as equivalcncc classes of functions on M. 

Also in the case of the reduction for systems with symmetry, thc classical motion is 

restricted to J-I ({) and the dynamics reduces to solve for a HamiltoniiUl flow on 

J-J (~)/G(  ~  j-l(O)/G = n. 
The functions on n are the possible reduced Hamiltonians and can, in the same way as above, 

be described by equivalence classes of functions on if = M x O. 

In a certain sense, the gauge reduction can be considered as a particular case of a symmetry 

reduction, namely when the orbit 0 is the trivial orbit so that if = M x {O} ~ Af. 

The physical content however is different. 

FUrthennore, in the case of a system with symmetry, it is expected that thc rcduction and the 

quantisation are not commutable since there may be quantum tunneling betwccn constrained 

submanifolds corresponding to different coadjoint orbits. 

In the case of a gauge system the question of this commutability remains largely unsettled 

(see e.g. ILo 90),ILo 911). 

In the sequel, we mainly COllcentrate on thc gaug(~  syStC'IIIS, kil\'iug till' ColS,' of the 

reduction with symmetry to a separate paragraph. 

To describe the set :F(R) of Coo functions on R = J-1(O)/G, 0111' ol,SIT\"I':-) tbat tbosc 

functions on 111 whose difference vanish on the cOllstraiut manifold, C = J-I(O), /lctually 

define a unique function on it. 

Also the functions vanishing on C form an ideal in the ring F( 111) of C"'"' fuuctiolls Oil J\1. 

Let {eo, a 1,2, ,N} be a basis of the Lie algl:bra 9 with dual basis of g. givclI by: 

{fa, a 1,2, , N} 

and structure constants defined by : 

!fo,ep] = e"y lo"YtJ. 

Define wo(x) = (J(x) I eo) , then equivariance impli('s: 

{wo , w~} - w"Y I:p , 

so that the constraint manifold : 

C = {x E MI'lJo(x) = 0,0' = I,2, ... ,N}, 

is obviously co-isotropic in 111 (first class in Dirac's terminology). 

The origin in g. is a regular point of the momentulIl map if and only if tl1l' "xtl'rior product 

dWI A d'lJ 2 A '" A d'lJ N 

does not vanish wlJcn restricted to C. 

In algebraic terms, oue says that the elements {'lJ 1, 'lJ 2, ... , WN) of till' rillg F(.\1), form a 

regular sequence. 

This means that, if II.; is the ideal in F(M), gcnerated by {'lJ 1 , 1V2, ... , WI.;), 

then, for k = 1,2, ... , N : 

W" is not a zero divisor of the quotient ring F( 1\1 )/II.;-I 

or, in other words, if I. 'lJ I.; E I"_I then f E II.:-1 . 

Let IN be the ideal of functions vanishing on C, thl'1l onc idcutiti,,:-) : 

F(C) F(M)/IN . 
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To define a function on the reduced manifold, the functions on C must be constant on the� 

leaves of the foliation.� 

These leaves are the G-orbits so that :F(R) is identified with the set of G-invariant functions� 

on C:� 
:F(R) = {f E :F(M) I {I,w o } E IN, Vo} 

IN 

The reduced manifold itself is also given by a quotient: 

R= {XEMlwo(x)=O,Vo} 
G 

However the important difference between the two quotients is that the numerator in the� 

expression for :F(R) is not given by a set of equations as in the expression for R.� 

Naturally {I, Wo } E IN implies that {I, Wo } is some linear combination of thew's with� 

unspecified functions U! : fpar {I, Wo } = Wp U!,� 

The classical BnST approach aims to describe the observables also as a quotient of a� 

numerator which is a subalgebra of a super-Poisson algebra, given by equations, by� 

the equivalence relation defined by an ideal in this subalgebra.� 

This is achieved through the cohomological constructions in the next two sections.� 

15 

3. The cohomological description of the physical observables 

3.a) Let I{ be a N-dimensional :F(Al)-modllle, with basis (t), C1- ... ,~,,}, all<l� 

let K* be its dual with dual basis {f), f2, ... , fN} .� 

To the sequence of elements {WI, '1'2, ... , WN} of the ring :F(AI) one associaks� 

IJ1 = E~=) f 
O '1'0 E K* . 

The exterior algebra, 

(AK= ED AkK) ,+ ,A 

teZ 

is a Z-graded algebra over the ring :F(Al), with the usual conventions that: 

AO K = :F(Af) and Ak K = {OJ ,when k < 0 ,or k > N . 

The Z-grading obviously induces a Zrgrading by dividing /\ J{ in ('\'('11 awl odd e1«-lI\('nts. 

It is graded commutative, i.e. 

V X tEAk]( and Ii E AI I{ one has : 

XA;AI'i = (-I)HliAXk. 

A graded derivation of grade 9 is a local, linear lIlap D g : /\ K --+ /\ K , such that each 

homogeneous component AA; K is sent in Ak+ 9 I{, and a graded Leilmiz rule holds : 

Dg(Xk A }'i) = (D9XA;) A I'i + (_1)9 k Xk A (D91i) . 

It can be shown that a grnded derivation is cOnlpktdy ddilled by its aclioll 011 

A°K = :F(AI) and on A) K = K, which together generate all of /\ K. 

The graded commutator of two graded derivations is defined as : 

[D) , D 2 1 = D. 0 D 2 - (-1)9192D'l 0 D) . 

It is also a graded derivation and its grade is (9) + 91)' 

This commutator endowes Ver(/\ K), the set of all graded dnh'atiolls, wil h tIll' sl rtIdure of 

a graded Lie algebra, satisfying the (graded) propcrties : 

a) antisymmetry: [D) ,D2 ] = _(-1)9192 [D'l,Dd 

tb) Jacobi identity: [D) ,[D2 ,D3 ]J = [[D. ,D'lJ, D3 1 + (-I )91 g2 [D! t [D) Ddl . 

The derivations of even grade form by themseh'es an ordinary Lie algebra, of whkh 

VerO(/\ K), the set of derivations of zero grade, forms a Lie subalgchra. 
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The interior product of an element of AK with an element IJI of !{* is the derivation of grade 

minus one, defined by : 

VI E .r(M) .(IJI)I = 0 

VX E K : z(IJI)X = (IJIIX) . 

The commutator of z('1') with itself vanishes: 

(.(IJI) , .('1')] = 2z(IJI)2 = 0, 

80 that z( IJI) defines a boundary operator on the complex AK. 

The k-cycles form an .r(Af)-submodule of I\"K: Z,,(K,z(IJI») = 1\11\ n Kerl(IJI) , 

and the k-boundaries are defined by: B,,(K,z(IJI») = 1\"1\ n Iml(IJI) , 

Obviously B,,(K,z(IJI») ~ Z,,(K, .(IJI») and the k-th homology module 7 is. the quotient: 

H,,(K,z('1'» = Z,,(K,z(I{I») / B,,(K,z(lJI» . 

Using the algebraic formulation of the regularity condition ou IJI, it is easy to show that for 

all k different from zero, every k-cycle is a k-boundary and the homology is trivial: 

H,,(K,z(IJI») = {O}, Vk:f: O. 

When k = 0, the cycles and boundaries are respectively given by : 

Zo(K,z(lJI» = .r(M) and 

Bo(K,z(IJI») = {z(IJI)XIX E K} = {E lJIoXalXo E F(A!)} =IN . 

The zero-th homology module is thus obtained as : 

Ho(K,z(IJI») = .r(M)jIN� = .r(C) . 

3.b) So far the module K may be any N-dimensional free .r(M)-module but, in order 

to define a Lie algebra action on it, K is taken as the tensor product of the Lie algebra V 

with the ring F(M) : K = V ~ .r(M) , so that 

I\"K = I\"v 0 F(M) and AK = Av 0 F(1vf). 

This .r(M)-module carries a representation of Vinduced by the adjoint representation of V 

in itself and by the action of the generators of the infinitesimal transformations on .r(AI) . 

The representation is a Lie algebra homomorphism : 

D. : V-. VerO(A K) : 11-. D.(iI). 

7 This construction is known as the Koszul resolution of the ring F(!II) relative to the 

sequence {IJI), ... , IJIN} (see [K 50] and [OV 87]). 
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The derivation DIl'(il) is defilled on I E F(M) by :� 

DIl'(iI)1 = {1JI(t7),j},� 

and on X = eo XO E I{ by :� 

DIl'(t7)(eo XQ) = ad(iI)eoXO + eo {'1J(u),x"} , 

whith the adjoint representation of V in 9 given by : ad (it) ii = [ii, i/j , 

The graded commutator of this derivatioll D. (11) wilh the boulldary opt'rator l( 'lJ) is a graded 

derivation which vanishes obviously 011 :F( AI) : 

(DIIt(iI), l('lJ)J! = O.� 

On K it yields:� 

[D.(t7), l(lJI) J (eo X O 
)� DIl'(I1)(IJI"XO) - 1(1JI)(117, (~.JX" + t" {'lJ(ii), X O 

}) 

{ IJI(t7) , III 0 X 0 } - IJI ([17, en J) X" - 'lJ n { III (17) , XU} 

( { '1J(ii) , 'Ito } - 1JI([11,e"j) ) X" = (). 

It follows that these two derivations DIl'(t7) alld 1('1J) (,()IllIllUte Oil all A1{ so that� 

the representation DIl'(iI) induces a representation of 9 in the homology algebra.� 

In particular Ho{I{, l(I{I») = .r(C) carries a representation of 9 .� 

In general, when there is a representation D of a Lie algebra 9 ill a IllOdlllc V, O)!e defines� 

the Chevalley cohomology of 9 with value~  in l' a~  follows.� 

The i-eochains are the alternate i-linear fonns Oil 9 with vailles ill 1':� 

C~hev((i,  V) = f\,tv* (9 V , 

with the convention that C~hev((i,  V) = 0, wllt.'11 l < 0 or ( > N ilwl q';)",.W, \') \' . 

The direct sum 

EB C~"ev((i, V) = /\ g* 0 \' 
t 

has a coboundary operator, 6 : C~"CV((i, l") --+ c~,t\u;,  \') C -> be ddilll'd I,)' : 1 

o".,tit) .-"-..� 

(6c)(t7), 11'2, .. " 17l+d ""' ,t I -' - - -)�L.,..(-I) D(U,)C(UI,"., III "",11(+1 

i=) 

'+1� 0".. 1OIlHt 

.~....... IIJ " • • ---:-- ~  ,�
t� L.,.. (--1) (llI h Il J I,III,"', II, .' '. II) " ,,11(11) 

i<j 
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An alternative definition of this coboundary operator fJ on 1\ g. 0 V is : 

6( e ® a ) = 60 8 0 a + (fO' 1\ 8) 0 D( eO') a , 

where fJ o is the derivation of grade + 1 Oil the graded algebra 1\ 9· ovcr the real Ilumbers, 

defined by its action on R and on g. : 

60 (1) = 0 and 60fO' = -lfO'fJ"fffJ 1\ f"f. 

The square of ~  vanishes and one defines : 

Z~hev(g, V) = Ker b n C~hev((;, V) , the f-cocycles , 

B~h"v((;' V) = Im6 n C~h"v((;'  V), the l-cobollndaries. 

The loth cohomology module is : 

H~hev((;'  V) = Z~hev((;,  V) / B~hev(g, V) . 

In particular, the zero-th cohomology is obtained as : 

zghev((;, V) = { a E V I 'v' u E g, D(u)a = O} and 

Bghev ((;' V) = {O}, so that 

Hghev ((;' V) = zghev(g, V) , 

and these are the elements of V annihilated by the Lie algebra g. 

They are invariant under the Lie group G, obtained by exponentiation of the Lie algebra. 

Choosing Ho(K, 1(1Ii) ) as the :F(M)-module with its induced representation of g, the physical 

observables are obtained as : 

.1"('R) = Hghev(g, Ho(K,I(IIi)). 

3.c) It is "natural" in homological algebra (see e.g. [BT 82]) to associate a bi-graded 

complex to the above two, homological and cohomological, complexes: 

L = EB L l" ,where Ll" = I\lg. 18 I\"g 0 F(1I1) . 
",l 

A "horizontal" boundary operator is defined on each homogeneous term by : 

at" : Lll: -+ LI"_1 : 8 l 0 U" 0 f -+ Sl 0 1(1Ii) U" 0 f . 
And a "vertical" coboundary operator: 

I I6l" : L l" -+ L : : 8 1 0 U" 0 f -+ fJo Sl 0 U" 0 f + (fO 1\8l ) 0 Dw(en ) (U" 0 f) , 
with, as before: 

Dw(eO')( U" ® f) (ad(eo)U") 0 f + U" 0 {lIi o ' f} . 
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Since 1( iii) cominutes with D w(eo) , theS(~ operators also l'onlllllltl' : 

6
l 

6l ala~+1  0 " = "_1 0 " . 

Reshuffling the direct Slllll, one \\Titls 

lL = EB L h ,with L h ED L ". 
h •• 1 

l- •• A 

The difference (e - k) = h is called the ghost number awl varies frolll - N to + N . 

On each Ll", one defines the operator 8 : 

6. l
" = 1/" + (-1)'D

l
" , 

whose image is in L l: I fB Ll"_1 eLL-HI. 

Taking the direct sum of these operators over all e and k SlIch that tIle difference 

e- k = h remains fixed, defines an operator: 6.h : Lh -+ Lh+ I , such that tih+I 0 6. h = O. 

There is thus a (L, 6.) cohomology, with 

Zh(L,6.) = k-er·6. n L h ,the h-cocycles, 

B h (L, 6.) = Im 6. n Lh , the h-coboundaries, 

and the h-th cohomology module is : 

H h(L,6.) = B h(L,6.)/Zh(L,6.) . 

An h-cocycle l' is nil dement of Lh sllch that 6. h l' 0 , for example tlu' SIIIIl 

I = A + B + C of fig.2 below, with A E Llk~1 ' DELL" and C E Ll:~1 sllt"h tlmt : 

(_I)l-1 al,,--!, A = 0, 61"--!1 .4 + (-1)l il" D = 0 . 

fJl" B + (_1)l+1 al,,+~,  C = 0 and 6l:~,  C = 0 . 

An h-coboundary ;3 is a cochain of L h such that ;1 = ~ ,,- I a, wit Ii a E L h - I , 

for example 13 = A + D + C , and a = A' + D' + C' + D' such tlmt : 

(_1)1-2 alt:1 A' = 0 , fJl"-.!1 A' + (_1)l-1 [/,,-1 lJ' = A,� 

l�6l,,-IB' + (-1) l a Hl c' = B , 6l
HI C' + (_1)/+1 Dlt~2D'  C,� 

and ~1:~2  D' = 0 .� 

8 For the coholJlological considerations below, other liul'i1r ("olllhilliltiollS would also 110 the 

job. 
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tThe figure below exhibits an h-cocycle and an h-cobo\llidary :� Since et 
0 rr rrt+ 1 0 6~ , the extended diagrcun : 

T 

61 /i/
e� 

. /l/i'ih .� 
t /1 ./ B-~C'  

,. /d::Jtf
/e--J~  I,/� I� 

I� 
I� 

I 
t- o 

• II 
ek· 

ftg.2 The bigraded complex L 

Since 0 does not act on the first factor in the product /\tg. /8) /\kg /8) F(M) , the k-cycles 

and the k-boWldaries, with t fixed, are just tensor products: 

Zt(/\',r @ K, 0) = /\'g. /8) Zt(K,I(IJI») and 

BI; (/\t{r 09 K, a) = /\'g. /8) BI;(K,I(IJI») . 

In the quotient the factor /\'g_ cancels and the homology is : 

Ht(/\Ig. /8) K, a) = Ht(K, 1(1JI») . 

When the sequence IJI,. is regular, the homology is, as before, trivial for k > 0 : 

Zt(/\Ig- /8) K, a) = Bt(/\19· 09 K, a) . 

For k = 0: Zo (/\Ig_ @ K, a) = /\'g_ /8) F(M) and 

Bo(/\'9- /8) K, 0) = /\'g. @ IN . 

The canonical projection of the o-cycles of Zo(K, 1(1JI») , i.e. the functions of F(Al), on their 

cohomology class, i.e. the functions of :F(C), defines the projections: 

1f1 : /\'g_ /8)F(Al) = L'o -+ /\'g_ (8) Ho(K,I(IJI») = Cthev(g,Ho(K,l(IJI»)) . 

With this projcction the bigraded compies L of fig.2 is extendcd to thc left by thc column of 

Chevalley f-cochains, on which the coboundary f/ has been defined above. 

c~t~v l 7I" t tl __ Lt+l 
0 t- a t +1 

I 
Lt+1 

I 

16' Tet 
o Tet 

l 

Cthev l rrt Lt 
o t- at 

I 
_.-- Lt 

I 

T 1 T 

is commutative also in the first two columns.� 

The exactness of the complcted horizontal scqucIICt':i of IIlHlloIIIOrpbi:illl:i illlpli":i tilt' followillg� 

proposition:� 

, if 11 ~	 () ;Hh(L,~)  = {1l~hcv(9,H~(l\'I(IJI)))  

{ 0 } , otherwise. 

The proof, an "elementary exercise in diagram dmsillg" I will be skdchc(1 below. 

1 : To each cohomology class c of H~hev(g,Ho«(l\,l(IJI)))  , where h ~ () , there 

corresponds a cohomology class of H h ( L, ~).  

Indeed, let c be a representative Chevalley h-cocyde of C , tltell bh 
C - 0 lllld, sillce rr h 

IS 

surjective, 3 A E L ho such that rr A = c .
" 

The commutativity of the extended diagram implies: 

rrh+l(6~(A»)  = bh (rr h (.4») = o. 
So 6~  A is a boundary and 3 B E L~+I such that 

6~A  + (_l)h+l a~+1  B = O. 

If 6~+I  B = 0, thcn 'Y = A + B is a h-cocyclc defining a cohomology class hiE 1J I. ( L, u). 

Even if 6~+1  B t= 0, thcre still holds: 

o~+2(6~+1(B))  = t5~+l(a~+I(B))  = _(_1)"+1 b/~tl(b'o(  ..l)) = (). 

so 6~+1  B is a I-cycle and, the homology being trivial, it is a I-bollndary . 

There exists thus a chain eEL ;+2 such that 

6~+IB  + (-I)/'+2a'~+2c  = O. 

Again, if 6;+2 C = () , a cocydc Ai' = A + B + C is obtained ddillillg ;1 colllllllulogy class 

b'] of Hh(L, u). 
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If 6~+2  C =I- 0 , one proceeds as above and, after a finite number of steps, the sequence� 

{ .4, B,' . " Z} will eventually reach the top of the diagram9 
, where lz = Nand 6(- .. ) = 0,� 

obtaining a cocycle "(Jira = A + B + ... + Z and a cohomology class h Jin ].� 

It is left as an exercise for the reader to show that the various choices involved in constructing� 

the cocycle "(Jin define ultimately the same cohomology class of Hh(L, 1:1) .� 

2 : Conversely a cohomology class of Hh(L, 1:1) is represented by a lz-cocycle : 

"(� = A + B + C + ... with 1:1"( = 0 .� 

E Lh I�If h > 0 one has: A E L~ , B / , ••• and in particular: 

e5~  A + (-1)h+1 a~+1  B = o. 
So 6~  A is a boundary and 

e5 h(lI"h(A») = 8~+J (6~(A» = 0 , 

Thus c = lI"h(A) is a cocycle of Z~hev  (g, Ho(K, l('11») , and defines a cohomology class c . 
Again we leave it to the reader to show that this cohomology class cdoes not depend on the 

choices made. Furthermore, an h-cocycle that does not contain a component in L h 
o has a 

trivial cohomology class. 

Finally, when It < 0 , one hits the bottom of the diagram, where everything is again trivial 

so that H h (L,1:1) = to} 
Applying the proposition when the ghost Illllnhcr lz o, one obtains the set of physical 

observables as the quotient : 

{ r E LO 11:1 r = 0 } 
.1fR.) HO(L, ~) 

{ 1:1 (L-I) } 

9 This kind of proof apparently does not hold for oo-dimensional groups, which appear in 

gauge field theories, at least without further assumptions. 

4. The super Poisson structure 

Following [KS 87j, the complex L will be identifi,',1 with a supl'l".P,iiss(lIl lU algebra, P, 

with bracket { , }1.: • There are two distinguished cll'nll'nts in this al~l'bl"a,  the nilpotent 

BRST charge, H, and the ghost number, 4l. These clements arc such that tlw action of the 

coboundary operator 1:1 on an element in L amounts to take the bracket of the corresponding 

element in P with 0 : 1:1 r ¢:> {O, r} I; , and the ghost Ilumber docs what its name says: 

{4l, r }I; = h r if and only if r E Lh • 

This construction proceeds in several steps. 

4.a) Let V be a vector space ll over the real Ilumber field fl, endowed with a scalar 

product: TJ : V x V -. R: (a,b) -. TJ(a,b). 

The Clifford algebra associated with this scalar product CI( V, 11) can be defined a~  the <l'lOtient 

of the tensor algebra T(V) = REB V EB (V 0 V) 0··· , by the ideal I(l/) generated by the 

elements of t he form : 

(a0b) EB (beY a ) EU (-211(a,b)I) 

In other words CI( V, TJ) is the algebra over R, generated by a hasis (e I j i 1,2, ... , ~l)  of 

V with the Clifford product, denoted e, obeying: 

ei eej + ej eei = 211ij' 

The Z-grading of T(V) reduces to a Z2-grading of the Clifford algdml sinn~  the defiuing 

relations above involve only even elements. 

The decomposition of C/(V, TJ)12 into even aud 0<1<1 elements is : 

C/(V,I]) = Co + C1 : A = Ao + Al , 

where A o is a sum of products of an even number of gl'llI'rators, and A 1 is a sum of products of 

an odd IllIDlber of generators. 

Since the Clifford product respects the grading, (C/( V, 'I), +, e), 1>I'("ollll's au associative 

super-algebra. The super-commutator of two homog('I\('ous elelllents A and B , respectively 

of grade a and lJ (E Z2), is defined as : 

[A, B] = A. B - (-1 )4b B eA. 

10 The terminology "super" stems from the Physics litteratul'l' allllllwilllS Zl-gr'lIJ,.d.� 
11 Vectors of V are denoted by lower case boldface characters a, b, ...� 
12 Elements of the Clifford algebra are denoted by upper case boldface characters A,B, ...� 
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With this super-commutator, Cl(V, 7]) adquires the structure of a Lie ~lIpcr-algebra.  

The super-commutator is obviously bilinear and, for homogeneolls elements, it satisfies : 

a) lA, B] = - (_l)d [B, A] , super-antisynunetry , 

b) IA,IB,C]] = IlA,B],C] + (-l)dIB,IA,C]], super-Jacobi idcntity. 

A Z-filtering is introduced in both Co and C. by : 

Cn = {Ao E Co IA o is a sum of products of at most 2k vectors of V 1 
C2HI = {AI E C. IA. is a sum of products of at most 2k+l vectors of V } 

Clearly: 

CO C C2 C ... C C21 C "', e· c c3 c ... C C2k+. C '" ,and 

Co = UkC2k, C. = Uke2k+•. 

The super-commutator IA,B] of elements A E cm and B E C" belongs to cm+n-2 since 

the terms of the highest possible grade ( m + n ) cancel. 

Taking the quotient of cm by cm-2 yields an equivalence c1a~sI3  of clements of CIII which 

is determined by a sum of completely antisymmetrized products of vectors, since replacing 

a.ny product a - b by - b - a in the terms of highest degree amoullts to add a term where 

a. b is replaced by the scalar 27](a, b) and this is absorbed by Cm - 2
. It is thus possible 

to identify the quotient cm / cm-2 with Am(V) and this is in fact an algebra identification, 

since the Clifford product induces naturally a product in EBm cm /crn-2 which coincide with 

the exterior product in AV = EBm Am(V) . The exterior algebra AV is Z-graded (hence 

also ~-graded)  and the wedge product is super-commutative. 

FUrthermore, if A and B are representatives of Am E Am(V) and Ell E AII(B), then 

the quotient of the super-commutator lA, B] by cm+,,-.I does not depend on the choosen 

representatives and determines an element of cm+n-2 / c".+n-4 = Am+n-2(V). 

This defines the bracket of two homogeneous elements of AV : 

{Am' Bnls = i!A,B]/cm+n-4. 

This bracket is bilinearly extended to AV and yields a map : 

1\ V 1\ V - AV : (A, B) - {A, Bls , X 

obeying the axioms of a super-Poison algebra, given below. 

213 Elements of this quotient em / em - are denoted by Am , Bm , .... 
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For hOl1logcneous del1Iellts ..t", E A"'(V) awl iJ" E I\"(V), Ollt: bas:� 

a) {..i"" iJ .. L,:> = - (_I)nlll {D.. ,A".}.') , the slllwr-alltisYl1lllldry.� 

b) {..i""B.. /\ C'ds = {..t""D,,}s f\ CA; + (-1)"'''n" f\ {..t""C'd ..",� 
{A"" }s is a derivation of grade (III - 2) Oil till' Z-gr'IlI,·d algdl1'i\ 1\ V� 

c) {A",,{B.. ,C'k}S}S = {{.4""E,,}s'C:k}s + (_1)"111 {D",{.4 I11 ,C'A;}s}s'� 
the super-Jacobi idcntity .� 

Some rather easy calculations yield the following results, to be Ilsed below:� 

{l,BII}S=O. 
{a, D.. }s = 1(1/(a»)iJ", , 

where II" : \. - \0. is defined by: (,/(a),b) = II(a,b). 

{at\b,C'd = (_l)k(/(l/b(a))C'k)f\b + af\(I(I/(b))C'k)'s 

{a t\ b /\ c, bE} s = 
(1(71 b(a»)D l )t\bt\c + (-1)laf\(I(I/,(b)Dt )f\c + af\bf\(I(l/b(C»)Dt ). 

4.b) Let us now C(msidcr a Lie algebra A with 1m invariant, Iloll-d"g{'~!l'ra~  scalar 

product 71 In particular A is a vcctor space as abo\"!' allli the non-dcgl'neracy 1II('a11S that0 

TJb is all isomorphislll with iJivers(~  (7/~)-1  = '1;. 

Its Lie algebra structure is determined ill a \liIsis (e l ) I)y tile brackets: 

rei ,ej! = ek r i) . 

The invariance of the scalar product is wit h rl'spec! tot lit' adjoiut act iou of A ou it sdf : 

71(ad(a)b, c) + 'l(b, ud(a)c) = 0 . 

In terms of the ~trudure  constants defined .dJO\"(·,this reads: 

fl i) 7ltk + 7IJl fl ik = O. 

There is a distinguisllt'tl 3-form on tIle \"!:ctur space A , ddiunl I)y 

w(a,b,c) = - 'I {[a, bJ, c) , 

Iu terms of the basis (fl) of A·, dual to te,) , 0111' lias: 

w = - ~ fl,) 'Ilk t' /\ f) f\ fA; • 

Thc i~omorphislll  lib cxteuds naturally to au isoJllorphislll 1\ A· - 1\ A, so t JWl't· i,; a),.,o a 

distiuguishecl cll'lIlt'ut of A3 A namely nu = 'I t(w). 
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The reciprocal basis (ui) to (ej) is defined by : 

i'1(ui,eJ ) = fJi j , or u = ('1 b)ij ej and ej = '1ji u i . 

Using the V('elors of this reciprocal basis, Ou reads: 

0 0 = - -I! fk ij u i
/\ u j 

/\ ek . 

The exterior algebra (/\ A, +, /\) is a vector space with an invariant scalar product, 

so it has a super-Poisson structure as defined in 4.a) . 

The Poisson bracket of 0 0 with the basis vectors are obtained as : 

{Oo, et }s = -lr fit ij '1fct u i /\ u j = ft fit it u i /\ e" ,� 

"} _ 1 fit i /\ j�{ nuo, u s - 2i ij u u. 

The dual A* of the Lie algebra A can be identified with the left-invariant one-forms on the 

corresponding Lie group, on which the exterior differential induces a map)4: 

d : A* _ 1\.2(A*) : li _ dli = -1/2fi j " fj /\ fit . 

The isomorphism 1]b induces then the linear map: 

db : A _ 1\.2(A) : ei - dbei = -1/2fj /ct '1ij uk /\ ut . 

Let db also denote the derivation of grade + 1 on I\. A such that db 1 = 0 and dbei as 

above, then it coincides with the Poisson bracket {no, }S on all I\. A , since both are graded 

derivations: 

db A = {no, A} s ' vA EA. 

4.c) Choose now for A the semi-direct sum of g* and g, where g* is considered as a 

trivial Lie algebra and where 9 acts on g* by the co-adjoint representation : 

k: g-fnd(9*): t7-k(t7),with(k(t7)~Iv}  = -(~lad(t7)11)  = -(~1[17,VJ). 

A pair of dual bases (eO', a = 1,2,···,N) ofg and (fd,/3 = 1,2"",N) ofg*, yields a 

basis: (ei, i = 1,2"", 2N) == (eO', fP) , and the fundamental brackets of A are : 

[l,f0' P] -- 0 , [0' ,ev-] --f- ~ fa~v'  [-elJ,fP] -- + f~ fP~IJ' [-elJ,e v -] --+e"- f"f "V' 

The invariant scalar product '1 : A @ A - R is defined so as to vanish on the 

diagonal terms, g* @ g* and 9 @ 9 , and as the evaluation map on the off-diagonal terms, 

g* @ 9 and 9 @ g* : 

1](lO',l.8) = 0, '1(fO',ev ) = fJ~  , 1](e",lP) = fJe, 1](e",ev ) = 0 . 

14 In purely algebraic terms this map is minu" the dual of the Lie bracket [ , I seen as a 

map I\.2(A) - A. 
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It is obviously invariant under the adjoint action of A on itself. 

The super-Poisson structure on I\. A is defined by the fundamental hrackets : 

{f'\ lP} s = 0 {l°,ell} s = b~ , 

{- P} _cp {- -o} -0ell' f S - Up , e", ev 5 - . 

The reciprocal basis of (fa, ep) is (ep , fV) and the distinguished element of /\3 (9* tiJ g) is 

computed as : 

0 0 = - 1/2 fO "V f" /\ lV /\ Ca 

The Poisson brackets of the basis vectors with 0 0 , which are also given hy the action of the 

derivation db, are : 

- - {n -} - fll V /\ dbe p - uo, ell S - - IJV f eo 

d b",0 - {o III } - - 1/2 fO fP /\ fV 
<. - 0, S - "V 

Since I\. (g* tiJ g) == E9t,k I\. t(9*) /\ 1\."(9) , the action of no is determined hy its action on 

elements of the form : 

8 t /\Uk E 1\.1(9*)/\l\.k(9): 

{Oo,(el /\ Ud}s = db(8t /\ Uk) = (db8t) /\ Uk + (_1)1 H t /\ (dbUk ) • 

On et, db operat.es as the derivation of grade + 1 on I\. g*, determined us ah()n~.  

It coincides with the operator fJo introduced in 3.b). 

On Uk E /\kg it acts as : 

dbUk = fP /\ ad(e,.)Uk . 

Summarizing : 

d b(8t /\ Uk) = {Oo, 8 1 /\ ud = (0 0 8 1) /\ Uk + (e IJ /\Ht) /\ ad(e,.) Uk .s 

On this particular Lie algebra A == g* ED g*, there is another disl ingllislwd elc'lJlC'lJl of I\. A, 

independent of the choosen pair of dual bases {e lJ , ev }, namely : 

4'0 = fa /\ eO' E g* /\ g, 

whose action on 81 /\ Uk is calculated as : 

{4'o,e t /\ ud s = (l-k)81 /\ Uk. 
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4.d) The super-Poisson algebra (/\(g- EB g), +,1\, { , }s) is now tensored with the 

(ordinary) Poisson algebra (.r(M), +,., { , }) yielding a super-Poisson algebra: 

l' = (/\(g- (1) g») ® .r(M) , 

with associative multiplication, x, defined by : 

(A ~ J) x (il 0 g) = (.4 1\ B) ~ (I. g) , 

and Poisson superbracket, given by : 

{(A 0 I), (il ~  g)L: = {A, iI}s Q9 (I.g) + (.4 1\ iI) Q9 {f,g}. 

The BRST charge in P is : 

n = Ho ~  1 + fO ~  IIJ 0 

- 1/2 I"T op fO 1\ fll 1\ e.., ® 1 + fl' 0 IIJ" . 

It acts on r = (a l 1\ Uk) ~ I as: 

{H, r} E = (6a8t) 1\ Uk) 0 I + (fl' 1\ 8 t ) 1\ ad(el')Uk ) 0 f 

+ (_1)1 (a l 1\ '(EI')Uk) ~  (IIJI'· f) + (EI' 1\ 8 t ) 1\ Uk) ~ {1IJI',f} 

Upon identification of the exterior algebra /\ (g- EB g) = $l,k /\ t(9-) 1\ /\k(9) with� 

/\ g- 0 /\ g = $t k /\1(9_) ~  /\"(9) , through the correspondence at 0 Uk ~ 8 t 1\ Uk ,� 

the complex L is identified with 1'.� 

FUrthennore, the Poisson bracket in l' with H, corresponds to the action of ~  in L.� 

6(at ~  Uk ~ I) ¢> {n, (at 1\ Uk) ~ I}l;' 
A generic element of l' is a sum of terms of the form : 

r - 1 VI"'VA 1'1"'1"- k! i! gPI"'I" (x) f 1\ ev' '''Vt , 

where 

fl'I"'I" = fl'1 1\ ... 1\ fl" and e v, ... v • 1\ ... 1\ eVA •= e VI 

The Poisson bracket of n with such a r is giwlI by : 

1{n, r} ~ kT(e + 1~ .4''1''1+1 .I,.;i·(.r ) ("I "/+1 1\ t,i .i. 

1 

l 

+ __ - n iiI ·;i._, nl 
t . Itt 1\ t-:-~jl. ,.1"_1(k-l)!£! (J)"1'''/ 

where 

AOI"'Or,+1 P, ·..fJ. (x) _1_ P P,' P. 1'1 "/1/+1
2(£-1)! f PljJ1 YPIJ3'''I'/+1 (.r) /)01'''0/+1 

1 Vt (7&1" .. " .. (1/" . /'/+1 bill ;1.+ f!(i' - I)! f /' I t1 Y/' ~ /' It , ( J ) UI u, t l VI "'.iii 

+ 1 {,T. PI "Ii.}() /'1'''''/+1F! '*' 'I I , Y/1 ~. ""I +I of b01 ." t> / +1 

B01···Or/,"·P.-l(X) (-1)' 1IJ",(x) 901...0/",PI "fJ.-I(:r) 

Since (~)2  = 0, it is also expected that {H, {n, *}~} 1.: = O.� 

This is equivalcnt to {O, 0 } 1.: = 0 , which can Iw verified from t lw exprl'ssioll itbo\'t..� 

The ghost number operator is dcfined by :� 

<1l = <1lo C:) 1 = ((/1 1\ t,,) '::) 1 , 

so that, on r = (e t 1\ UA;) 0 J) , it acts as : 

{<1l, r} 1.: :::: (f - k) r. 

r is then said to have ghost number (£ - k). 

In particular, the BRST charge has ghost number 1 

{t1>,n}E = 0, 

and the ghost number operator itself has vanishing gltost 1lI11l11wr : 

{t1>, t1>}1.: = O. 
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The super-Poisson algebra P is Z-graded in tllC ghost number: 5. The extended supersymplectic phase space 

p ph,$ 
hE Z 

where ph is the eigenspace of the ghost number operator.� 

The associative multiplication x and the superbrackct { *, • } E are both additive in� 

the ghost number i.e. the images of phi x ph 2 both ly in phi +h2.� 

The BRST dUlrge n provides a coboundary operator:� 

{n'.}E : ph -+ pHI, 
giving P the structure of a complex, with h-cocycles : 

Z'(P) ~  {r E P' I {n, r}" ~ o}, 
and ~:;~~U:dF·E: P' I B ~ {n, r'}"r' EP'- '} 

The h-cohomology is the quotient: 

Hh(P) = Zh(p) / Bh(P). 

Since {'IIa} is a regular sequence, the cohomology with negative ghost number is trivial : 

Hh(P) = 0 for h < O. 

The O-cocycles form a Poisson subalgebra of pO 

f and f' E ZO implies f x f' and {f, f' }E E ZO . 

In turn the O-coboundaries form a Poisson ideal in ZO(P) : 

IB E BO(P) i.e. B = {n, f -I} E ' with f -I E p- and f o E ZO imply 

B x f 0 = {n, f -I X f °}E and { B, f 0 } E = {n, {r-I , r°}1: } E 

so that both belong to BO(P). 

This guarantees that the quotient of the Poisson algebra ZO(P) by its ideal BOP), i.e. the 

cohomology HO(P), has the structure of a Poisson algebra .: 

This Poisson algebra is isomorphic to the Poisson algebra of functions on the reduced sym

plectic manifold n : 
F(n) HO(P). 

The clemCllts of the super-Poisson algebra P = /\W· wQ) ® F(.\I) are identifkd with 

the sections of the f'xterior bundle /\ E -+ Al associatf'd to the (trivial) \'ector bundle 

E = (Q- ffi g) x M -+ M. 

A sheaf, denoted also by P, of graded cOJllmutative algebras is lIdiait'd ()\'(~r  .\/ by the 

association to each open set U in M of the exterior algebra of local sections : 

P : U -+ P(U) = EB k f(U , /\ k E) , 

with the obvious restriction maps.� 

A surjective map of sheaves from P to the sheaf F of smooth functions on ,\[ is given by th~ 
 

projection of eadl P( U) onto its component in E( U, /\°E) ~  F( U) .� 

F\.1fther~ore, a pair of dual bases (fo , etJ) in g- ED 9 provides a sheaf isomolllOrphism :� 

(1\ R21IJ<Pit' : PIU -+ <9 F) IV' 

The pair gkl = (AI, P) of the manifold Al and the corresponding sheaf P as abo\'e, is 

called a Berezin-Kostant graded manifold (see e.g. [Be-L 75],[1( 77]'[Le 801>. 

Although the graded manifolds defined in this way, arise naturally from the consider

ations of the preceding paragraphs, the supermanifold approach 15 skddwd below. is more 

familiar to physicists' methods. 

The basic ingredient is a Z2 graded, unital. cOllllllutative algebra m'IT till' rt'als H : 

A = Ao EEl AI, whose elements are called supernulllbers. 

A pure supernumber is either even (tt. v,' .. E A o) or odd (0, T.· .. E AI)' Furtllt'rlllore there 

is an algebra homom(llvhi:i1ll 11 A -+ n, wlto:ie image i:i I"alll·d tlw "body" of till' :ill I'IT II II 1Il

ber. The "soul" of the supernumber is what is left 0\'('1' after slIhtractillg the "body". 

Locally. the points of the sllpermanifold. SAl, are gh'cn by TIl ('\"('U coonlillat~':i  allli hy 

2N odd coordinates : (pA) = (u1, ... Um,OI •...• ()N.TI, ...• TN). 

The set (Xl = ,B(u i ») forms a usua] coordinate s)'stt'l1l for the undcrlyillg "hody" manifold 

of SAl which is an ordinary manifold M. 

15 A comprehensive introduction is given in de. \Vitt's book IdW 8·tl. The relatiou between 

various axiomatisation schemes. up to 1984, is discussed by Batchelor [Bat 84J. Recent results 

were obtained by Rothstein [R 86J Bud hy the Gmo\"ll group [BarBIi 8S] a1ll1 [BarBIIP 921. 
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As for any real manifold M of dimension m, defined by patching together opcn sets of nrll 
,� 

a 5upermanifold SM of dimension (m, n) is defined by doing patchwork with open sets of� 

(Ao)rIl x (Ad". The various approaches refered to in footnote 14 correspond to the various� 

topological and differential possibilities for doing this patchwork.� 

In the case of a Poisson group action, considered here, the supermanifold of interest can� 

be written as : SM ~  Meve" x (g. ED g):dd ,where Meven is the AD-extension of the� 

manifold 111 and where (g $ Cr)odd is the odd part of the supervector space (g (fl g.) of� 

dimension (2N,O) with pure even basis (eo, tp).� 

The elemellts of l' are now identified with F(SII1), the (smooth) A-valued flllu:tions on S.M.� 

Let f E l' be given by its value at a point x E !If :� 

N 1 
- ~' P.···Ii. (. ) "I A A 0,f( .r ) - ~ It k! go.,,·o/ x t A ep. A ... A eiJ.1\ ••• 1\ t 

1,1&:=0 

The corresponding element of F(SM), abusing notation, is givcn by : 

N 1 
f( 8 ) - ~ P.···;J.( )8°. 8°'ll, ,T - ~ llk1go."'<l' It .•• TiJl···TiJ. 

1,1&:=0 

The function g(lt) is the AD-extension of g(x) defined on A/eVer! with valucs in Ao. It is given 

by a Taylor expansion in powers of the "soul"of u i.e. (u - x) with x = P( u) : 

~ 1 D1rlg(x) (r) 
g(u) = ~ (r)! Dx(r) (It - x) , 

(r) .Irl = 0 

where a Illuti-indcx notation has becn used: 

(r) = (rl' ... ,rtn ) , I r 1= rl + ... + r m (,.)! = rl! ... "",1 and 

(u - x)(r) = (u l - x l ( • ... (u m - x m(",. 

In gCllcral, a superfullction f E F(SM) is called plII'e if for all p E S.;\.1, f(p) is a 

pure supernumber, in which case one denotes the grade of f by I fiE Z2. 

Supervectorfields on a supermanifold S M are defined as linear operators on F( S J\It) : 

X(J + g) = X(J) + X(g) and X(J .a) = X(J).a, 

for f and 9 E F(SM) , a E A, 

obeying Leibniz rule: 

X(J. g) = X(J). 9 + (_1)111191 X(g). f 

for pure functions f and g. 
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A supervcctorficld is pure of grade I X I whell 

I XU) I= I X II fl· 
For pure vector fields and pure fUllctions, the LeilHliz rule reads: 

XU. g) = X(f). 9 + (_l)lflIXI f· X(g) , 

In local coordinates : 

XU) = XA(p) a:A f(p) 

and 
u 

EA(p) = up'" II. 

1acting on the left (!:Q the right), are natmal basis vectors of the tallgt'llt :>l'ace 011 1 E S.\.If. 

The sllperCOmn1\llator of two superveclorfields is ddilll'd hy : 

[x, Y] (f) = X(Y(f») - (_l)lxIIYI Y(X(f)). 

A supervectorfield aels 011 the right 011 slljwrfllllcliolls as : 

(J)X = (_l)lflIXI XU) 

and in local coordiuatcs : 

f(p)D /' X(I') ,U)X apA 

with 

AX(p) = (_ljIXII"Q XA. 

The natural basis vectors acting on the right are: 

u 
..,E(p) = DpA III ' 

they are related to the natural left acting l>a~is  by : 

AE(p) = (-1 )1.-11 E .., . 

Covariant snpervcctorfields or super olle-forms an~  liut'ar 1l1i1p.~  : 

e : SVlet(S.\.If) -+ F(S. \'1) . 
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In local coordinates, they are given by : 

(e, X }p) = BA(p) AX(p) 

or 

(X, t)) (p) = XA(p) A8(p) , 

with 

e(p) = EA(p) AS(p) = SA AE(p) , 

where 

EA(p) = AE(p) = dpA 

are the diferentials of the coordinate functions. 

For pure super one-forms : 

(S,X) = ( _1)lxI16 1(X, 8)(p) . 

Modulo appropriate signs, the supertensor algebra is constructed as usual and we refer 

to de Witt's book ([dW 87)) for details. 

The exterior product of k (pure) one-forms is defined by : 

(-)1/\ ... /\ 8" = L (-1)0'(1')(-1)"(1")81'(1) 0 ... 081'(1:), 

PES. 

wlH're the Stllll goes over S", the pf'rmutation group of k clements, all<1 where the parity of 

the pennutation P is O'(P) and O'(P') that of P',the restriction of P to the odd one-fonns. 

A k-form is given locally by its components: 

f = ~(-ly::1,(I)ril'Ooi' i'E /\ ... f:. i'E, 

where 

~k(I)  = Lr<. I i r II i. I 
A k-foml is pure if its value f(X I ,···, X,,) for pure supervectorfields Xl,"· X" is a 

pure superfunction. 

For pure k-forms : 

If(X1'''·,XA:)I-IXII-· .. -IX"I=lfl 
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Let /\1:(5-',1) denote the set of k-forms.� 

The exterior product of supcrfonns gives� 

1\<5.'-'1) = L 1\"(5.'-'1) 
" 

the structure of a 21 x Z, bi-graded algebra.� 

The bi-grade of f E 1\"(5"\'1) is then (I f I, k) .� 

A (pure) (super)derivation D of bigradc (I D I, g) on /\(5.M) is a local linear map:� 

1 1+9 
D : 1\ (5.1'-'1) ~ 1\ (5.1\.1) 

such that 

0(8 1 + ( 1 ) = D(0d + 0(02 ), 

DI0.a) = D(0).a, 

and obeying a super Leihniz rule: 

D(0 1 /\ ( 2 ) = (D(0d) /\ O2 + (_I)IDII8 d+ 1 19(_)1 /\ D(H ).1 

The commutator of two derivations 

{D I , D 2 ] = D I D 2 - (_l)IDd ID,I +9' 92 D:l D 1 

is a derivation of hi-grade (I D, I + I D 1 I, 91 + 91) , olwyillp; : 

[D I , D:l] = _(_I)I D dI D ,I+919' [D:l' DJ], 

[D I , [D2 , DJ ]] = [[D 1 , D11, D:d + (_I)I D dI D2 1+Y' Y~ (1)1, [D., D.j] 
A derivation is defined by its action on /\° 5 .'-'1 = .1'(5.\-1) awl Oil /\1 5 .\.1.� 

The main derivatious on /\(5-,'-'1) arc:� 

1) Thc Lie dcrivati\'(' Lx of hi-grade (I X I, 0) defiued I,)' :� 

LXU) = XU)� 

(L(0), Y) = X((t), V)) - (-I)I<->IIYI (H, lX, Yj).� 

2)The exterior dcri\'ati"c of bi-grade (0, +1) <Iditll'd hy : 

df(JI) = !(p)D/UI'." dp", 

d(dp..1») = O. 

3)The interior product IX of hi-grade (I X I, -I) dt'filWd by 

lX(f) = 0 

tx(8) = (X, 0) . 
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Their coIlUDutators are easily calculated as : 

[lx,IY] = IXly + (-l)IXIlYllyIX = 0, 

[Ix,.cy] = IX.cy - (-I}IXIIYI.cyzX = z[X,y] 

[IX, d) = IX d + d,x = .cx ,� 

[.cx,IY] = .cxly - (-I}IXI/Y1IY.cx = '[X,y],� 

[.cx, .cy] = .cx.cy - (-1)lxI/Y1.cy.cx = £[x,y] ,� 

[.cx, d] = .cx d - d.cx = 0 ,� 

[d"y] = dlY - (-I}IY1Iyd = .cy ,� 
[d , .cyJ = d.cv - Ly d = 0,� 

[d,d] =dd+dd=O.� 

A supersymplectic structure on a supermanifold SAl is defined by un even, nondegenerate 

and closed 2-form WE, locally given by (using de Witt's conventions) : 

1
WE = 2i(-I)IAIIBl wAB(p} dpA 1\ dpB, 

where I A I denotes the grade of the coordinate pA : I A I= 0, 1 for even, odd pA. 

The Hamiltonian supervector field corresponding to a function F E :F(SM} is defined by : 

FfJ 
z(SH(F»WE = dF or, locally, by (SH(F))A(p) AWB = fJpB' 

where -f!.- is the left partial derivative of F with respect to the coordinate pB and where 

AWB = (_I)IAI WAB. 

Since WE is nondegenerate, the inverse B(w-J)C exists such that 

AWB B(w-I)C = AfP. 

This yields the local coordinate expression : 

(SH(F))A(p) = :p~  B(w-1)A. 

The Poisson slIper)racket of two fllllctions is defilled I»)' : 

{FI , F'.! L; = -/(SH(F1 I) I(S1t(F~») ...'~ , 

or, locally, by 

FI D ._\ _ I lJ ~ f~ 

{ FI , F'l } E(P) = - fJpA (w ) iJplJ' 

One obtains 1I0W an exact sequence of super Lie algebra hOlllomorphisms : 

() --+ AF(S.H) --I SHIIII/(S.\l)-. () 

and 

S1t(({FI , F'l}J = - [SH(Ftl, SH(F'.!)]. 

In the case of interest, the sUlJc:rsYlllpkctic 2-fonll is gi\,(~1l hy 

WE(II,O,T) = ~W'l(ll)dlli 1\ dill - d8" 1\ dT", 

wlwre Wij( u) is till' Au-extensioll of tlw sylllpln:tic 2 for II I ...,)'1(.1') Oil till' body IIwllifold :\1_ 

The components of the Hamiltonian supcrvector fields arc: 

FfJ 
(SH(F))' = B j(w- I 

)', (S1t(F))" FD , (S1t(F»)" 
FD 

1jj - - B(}Q'BTo 

and the Poissoll slIpl'rbrackct reads: 

, } F I a I _ I 1 DF'l PI D DF'l F I D DF1{F I , f'l E(II,8,T) = - aui (w ) au i + fJT B00 t D8; aT~'  

o 

The ghost J1uJll!>er and the DRST cbarge arc IlO\\' fUllctiolls 011 S.\/ : 

IP(Il,O,r) = OUT" 

O(1l,8, T) 1 j" lJ/' tJ" lJ/' ,T. (- :2 I'V u T" + U 't" I' II) . 

3831 



Their corresponding Hamiltonian supervector fields are: 

8 ° 8
S1t(-P) = _0° 880 + T 8TO� 

. 8 1 JO 0" 0" 8�S1t(H) = 0" X,,'(u) 8u i + 2 1''' 88 0 + (J"OIll 0" T" - 111,,(11») DT 
8 

' 
o 

where X,.'(u) and '1',,(u) are again the Ao-extensions of the corrcsponding functions on the 

body manifold M. These fWlctions (and their corresponding Hamiltonian supervector fields) 

form a subalgebra with Poisson (Lie) superbrackets : 

{~'~}E=O, 
 

{~,n}E  n,� 

{n,cJ}E -0,� 

{H,O}E = 0;� 

and 

[S1t(<IJ),S1t(cJ)] = 0, 

[S1t(cJ),S1i(n)] = -S1i(n) , 

[S1i(n),S1i(cJ)] = S1i(n) , 

[S1t(n),S1i(O)] = O. 

Let Ell (E.) denotc the abstract even (odd) gcncrator of the corresponding Lic supcral

gebra Sf- 16 then the supercommutation relations are: 

[Eo, Eo] = 0, 

[Eo, Ed = +E I , 

[E I , Eo] = - E I , 

[E., Ed = O. 

16 In general a Lie superalgebra has even and odd generators with sllpcrbrackets : 

[Ea, Eb] = E c c Fob , where the structure constants obey : 

cFob = - (_I)laI161 cF6a and 

~Fatl  t1Fbc + (_I)la l<lbl+lcD ~Fbtl t1Fca + (_I)IcI<la l+ 1bD ~Fetl t1Fab. 

The (left) adjoint representation of the Lie superalgebra is given by: e(A a)b c Fob, 

acting from the left on Eb as: A a (Eb) = Ee c Fab . 
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The adjoint reprcsentation of Sf- is given by : 

A o AI = ( 0 o0) .= (~ ~) -1 

These matriccs obey thc above supercollllllutation r<'lations with the slllWfCOl1lllllltator de

fined by : 

[A a , Ab] = A a Ab - (_I)la l Ibl Ab A a . 

This Lie superalgebra Sf- can be integrated to a Lie supergroup SL with elements a( s, (1) 

depending on one even (s) and one odd parameter «1) : 

*,u) = exp ( COu ~)) ~ (-u~(.) eXI~(')) 

where 
J( s) _ (~xp(  s) - 1 exp(s/2) sinh( ..,/2) 

s 8/2 

is a familiar function in Lie group theory. 

The composition law in SL is obtained as : a(8',(1')(1(''',a) a(,.,",o"), with 

./' ./ + ." 

and 
a' J(s') + exp(s')a J(s)

a" 
J(s' + s) 

It follows that : 

a(s,(1) = a(s,O)a(O,J(-s)a) = a(O,J(s)0)a(8,0). 

The group action of SL on SA!, denoted by: p --+ p(s,a) = a(s,(1)p, is obtained from 

the integral superCllfVCS of the SllPCfvcdof fields S1i( <1» and Sh'( 0), which n~spedi\'('ly  are 

the solutions of : 

~  =0 
ds 

(10Q 

-o(} 
ds 
dTo 

+T" ;lis 

and of: 
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i 
du = 0" X i(U) 
du " 

d 0° = ! fO (}" (}" 
du 2 "" 
dTo _ I" 0" .T.· )-;[; - 0" T" - '*"o(u . 

The equations defining the integral supercurve of SHe cl), of ev~n  type, read: 

iui(s,O) = u

(}O(S,O) = exp( - s) (}O 

To(S,O) = exp(+s)To 

and those defining the odd type integral supercurve of Sll(0) are : 

ui(O,u) = ui + u(}"X"i(u) 

0°(0 u) = (}o + ! a fO (}p (}" 
, 2 "" 

Tcr(O,a) = To + a(f"crpfP'T" \}Io(U) ) 

The SL-orbit of a point (U,O,T) is the (l,l)-dimcnsional supersubmunifold given by the 

equations: 

ui(s,a) = u i + u f(-s)(}p X/(u)� 

(}O (s, u) = exp( - s) ((}O + ~ a f( -s ) fO 1''' (}p (}" )� 

To(s,a) =exP(+S)(To + uf(-s) (J"Op(}'1 T" - \}Io(H))) 

As expected, the action of SL is trivial when projected on the body manifold.� 

By construction, it is a Poisson action with a super-momentum mapping given by :� 

S3 : SM -+ sr: :p -+ S3(p) = S3a aE , 

where (4 E) is the dual basis in St::' of (Ea ) and where 

S3o(p) = cl)(p) , S3t = O(p) . 

It is equivariant: S34(P(S,U» = S3b(p) b(A-1(s,a»)a ' or: 

cl)(p(s,u» = cl)(p) - O(p)u f(s) and O(p(s,a» = exp(s)O(p). 
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Thc h-cocyd,'s are uow id"utified with tlH' fuuctiolis r E F(S.\If) ~ucb  tbat 

{n,r}l; =-= -{S1t\I/J(I') = 0, 

{<fl,f}l; = -{SH(.I»(r) = /11', 

This can bc integrated to : 

(a(s,a)rr = (Bcra(s,a)r 
h r = exp(-h.s)f, 

wherc Be,. is tbe 13cn'ziuiau or sup"rd"knlliualll (SCI' [d\\' 87].[Lc Sill). 

The h-cobollndaries arc of thc form: 

LS'H(Il) 1J , 

where B can be chooscn such that .LS'H('I» B = - (/t - 1) B ,� 

In particular, til<' pbysical ohscrvahks ou tlH' rcducc'd pl1H~('  Sp'ICt' <trc hi\'Cll I,)' till'� 

SL-illvariant flluctious of F( SAIf) modulo tile 0- bouudarics,� 
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j-I(O)::::.1- I (O) ~.6. The cohomology description of the functions on the reduced phase space for 
~  

systems with symmetry 

In section 2., it was shown how a hamiltonian system with symmetry can be reduced to 

a lower dimensional problem due to the existence of constants of motion .1(x) = ~ . 

The dynamical flow of the G-invariant hamiltonian h is confined to .1- 1(0 and the dynamics 

is determined by the reduced hamiltonian he on the Marsden-Weinstein reduced symplectic 

manifold MWe = .1-I({)/Ge , where Ge is the little group of ~.  

The reduced hamiltonian he and the reduced symplectic twoform we arc defined by 

7re h{ = Ie hand 7r; W{ = Ie W 

where 

7re : .1- 1(0 - MWe is the canonical projection and 

I{ : .1-1(0 _ M is the canonical inclusion. 

This reduced dynanlical problem actually depends only on the coadjoint orbit 0 generated� 

by { and not on the particular ~  choosen on this orbit.� 

This follows from the KKS version of the Marsden-Weinstein construction, where the sym�

plectic manifold AJ is extended to if = AI x 0 with symplectic two-form W = WAf ED wo,� 

extended hamiltonian h given by proiM h = h and momentum mapping j = .1AI ED .10 .� 

The reduced symplectic manifold is then� 

R = j-I(O)/G 

with symplectic two-foml wil and reduced hamiltonian h'R defined by 

if" wil = i-wand if· h.k i- Ii , 

where i and i arc respectively the canonical projection and the inclusioll. 

The construction is shown in fig.3 below . 
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l" 
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R '" [yJP = ,r(y,O = ,r(y',()� 

flg.3 The KKS version of the :t-.Jarsden- \Veinstein constructioll.� 

The above picture should be compared with fig.I, which it is an extellsioll of.� 

Typical points of }-I (0) are (x, 0, (y, 0,'" where x, y,' .. E .1-1(0 ; ~ E (J .� 

The points x, y,'" E .1- 1(0 arc projected on ,.r], [y]' ... E }vHV{ by the projl·ctioll 7l'{.� 

These projections [x), [y)' .. . are identified with the projections of r, y,' .. E .1- 1(0) through� 

the projection 7r : .1-1(0) - R.� 

Now R is diffeomorphic to MW{ x 0 and its poiuts are projected 011 the q\lolil'ul of the� 

residual group action, proja : R - RIG: [x] - [.T]P = proj(;([.T]) , such that� 

[xl P = [x']P, if x and x' belong to thc samc G-orbit ill .1- 1(0). This lI11oti"lIl 'RIG is� 

identified with the reduced manifold n = j-I(O)/G and [.TI" = i(.c,O·� 
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To solve for the hamiltonian flow of hil on 'R, it might be useful to describe the functions 

on 'R as cohomology classes in the same way that was done for the physical observables in 

gauge theories. 

This leads to introduce a super Poisson algebra structure on 

p = I\(g. (B g) 0 F(M) 

with Poisson superbracket given by : 

{..i 0 j , iJ 0 9} l: = {A, iJ} s 0 j .9 + A 1\ iJ 0 {j, g} !I-I ' 

where the Poisson bracket on if is given locally by : 

- -} _( ~)  = - fJj(x, () ii( ~)  og(x, () _ ~  I'" oj(x, () og(x, (){1 ,g !It X,.. fJx i W x,.. oxi .. '" fh fJ{{J o~"r 

The BRST charge reads : 

o = -~/"'Ii"rfli 1\ f"r 1\ e", + fP(IJI,..(X) - {p). 

The ghost number remains unchanged : 

41 = fP 1\ e,.. . 

The Poisson superbrackets with the basic elements of P are : 

P olJlp(x) wii(.c){o, xi} l: = - fOX] 

{ O I {",} E = f'" ~II  I",..", 

1 
{ O , fP} E - 2" P'",{J f'" 1\ fll 

{O, ~} E - I'" "'II f" 1\ e,.. + IJI",(X) - {'"� 

{41, xi} E {41, {"'} E = 0� 

{41, f'" } l:� = f'" 

{41, eo} E -eo' 
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This super PoissoH algebra is identified with the algdlra of functiolls of til<' c'xtc'lldc·d super

symplectic supermilnifold : 

SAl AIC1,w x (9 ii, 9' ),,,IJ 

(AfevUl x Oevt .. ) X (9 t!J 9')uJ'1 . 

with points given by 

(m + (N - f) even coordinates (1£' I v'" (E Gee'en» and 

2N odd coordinates (8'" , T,8) 

The superbracket 011 F(5.'1 results fro1ll the supersylllplectic twofonu : 

wL;{u, v,O, T) = WM(ll) + W(l(l') - dO" 1\ dT" . 

The BRST charge and the ghost Humher are: 

o = - ~/"'iJ..,8iJ(PT",  + 0"('1',.(11) - II,.) 

'1' = •OPTp 

They obey the same relations as before; 

{IIJ,IIJ}};=O= {H,H}~ 

{'1', O}E = 0 = -{n, IIJ}~, 

so that there is still a H-coholllology 011 the Poisson algebra P, whieh is Z-graded Ily the 

ghost number. 

The set of h-codlilills is 

ph ={C EF( 5AI) I {IIJ, C}E =It c} . 
The h-cocycles arc 

Zh = {Z Eph I {n, Z} E = O} 

and the h-coboundaries are 

iJh = {B E pI, I B = {n, C'} E ' (," E ph} . 

The h-comology is then flh(p) = Z" / B h and the functions on the reduced llIitllifold 1'( ('(tIl 

be identified with the zc'co cohomology : 

FUl) = HUCi:') . 
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This description is still far from satisfactory since the supersymplectic manifold 

SAl = Alevw x One" X (g ED g·)odd 

is not easy to deal with. It can however be considered as a subsupennanifold of the following 

extended (m + 2N,2N)-dimensional supennanifold : 

Mut = Meven x (9 $ g·)et,en+odd· 

The grollp G with its Poisson action on AI can then also be extended to a supergroup Gut� 

acting on Aftxt .� 

This kind of program was (partially) realized in the so-called hosonir version of the BRST� 

formalism ([DEGST 91)).� 

A more detailed examination of this extension is postponed to later work.� 
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