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ABSTRACT 

A two-body relativistic equation, derived from Dirac's 

constr'aint dynamics. is used for obtaining the meson mass spectra 

not considered. Comparison with recentSpin-dependent effects are 
the results given by a nonrelativistic

experimental data and with 
widths andapprOXimation is made. The leptonic and harlronic decay 
mesons.radiative transition rates are also calculated for some 

Work partially supported by CNPq, fAPESP and fINEP. 

Hadrons are usually considered as being composed of quarks. 

The model descr'ibing the interaction among quarks is Quantum 

Chromodynamics (QCO) with symmetry group given by the colour SU(3). 

In t.his morlel mesons an~  Intel-pr'eted as quark-antiquark hound 

st al. pc; be> longir,p, to th~  color si nglet representation. The 

discovery of the famIlies J/~  (c~)  e T (b6) represented a great 

contr'ibution to the lInderstanding of the quark-antiquar-k bound 

stat.f's. Ihe ratios v/c few these systems are relatively small and 

consequently th" nonr'elativistic arproximation of the 

Betht'-Salpptel' equation can be used fOl' the calculation of the 

sreetr';) Ilclativist ic (~r)rTPctions  are added ttlT'ough perturbative 

calculations. The stat ic potent ial in the nonrelativistic 

approximation has one part related to asymptotic freedom and 

another part, purely phenomenological. related to confinement. 

l
Various potentials have been proposed and the calculated spectra 

are, in general, compaU ble. Motivated by the success of those 

phenomenological descriptions, many authors have applied the 

nonrelativistic calculat ion to systems composed of light 

quark-anti quark is a common place. The purpose of this paper is to 

calculate t.he meS011 spect.r-a using a relativistic equation and to 

confT'l)flt. the results with t.hose obtained through a nonrelativistic 

particles hence the spectra obtalned is spin averaged. 

approach. The ·el~tjvistic  equation adopted here is the one 

derived from Jirac's constraint formalism for two scalar 
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The Breit-Fer'mi equ<ilion, obtained through the instant.aneous 

appl'oximation of the Bethc:-Sal~,eter  equiJtion. is comfflunly lbl~j  il. 

the calculation of the oleson mass spectroscopy. That equat iorl 

plus spin-dependent and
provides a Schrodinger' eqli,lt ion 

spin-independent relativistic corr'ectlons; 

-~2  )E- + V(~)  + relativistic corrections ~  E~ ( 1) 
[ 1 2 2J.l
m + m 

These correct ions depend on the behaviour of t h,; potent ial under' 

Lorentz transformations. The Coulombian part of the potential. due 

to one gluon exchange, is vectorial. Nevertheless the confining 

potent ial does not have a Lorent z structure known from first 

principles. but only informations from a phenomenological point of 

view. The confining potential has been consider'ed as a mixture of 

vectol'ial and scalar' coupl ing, joe" 

V(l'l=:V (r)+V (l'l+C(qq) l~a)  

(oul coni d tj 

(2b)VIr) =: V (r) + V (p) + Clq ~  ) 
v s d b 

(2c)V (r) =: (1-f) V (l'l" V (r) 
v I.Jllt LUlJI 

(;'..1)Vl.')=f'-l (r') 
C.,jlti 

The confining potential is purely vectorial for f=O and pur'ely 

scalar' f,lI' f=l. Comparing t.he .'esults obtaineL1 using a 

3 4
nonndativht ie calculation with the experimental data one can 

conclude tL,d the scalar' contribution to the confining potential 

is cd' til...: (.f'(id' of 5Ll:~  to 601:. 

I ()/" I igl.t qua.·I; -ant i qU,'I'k systems the nom-'elat i visl i c 

aNJ/'oach is safe only if the ratio vic is small. As a matter of 

fact, only the btl system fits nicely in this approach. Although 

the cc system can also be considered as acceptable. For an 

alte!'native appr'oach it r'clativistic equation, derived through 

Dirac's COlbt raint dynal"ics, is consider'ed, Wi th the equal ion 

[-,., ') 2 
p~ -(c A) 2 + 2c 1 L'~ + (m + SJ� 

w� 

2 2)2"1 V InG + 4"1 (VlnG) 4> o (3) 

Crat~!'  and AJstine
2
0btained the light and heavy meson mass spectra 

consid~ring  only time-like veet!)!' couplings (A=O, G=1 and V~O)  and 

sCi.diJl C(JIJI,j lll~;'  n,e eXJ_J!'essioll for the inleract ions J/ and S wer'e 

obtailllod ,-Ilth the F,ichal'dsoll ~iotelltiall  This potential, ill the 

nonr'cliltiviSlic approximation, describes only the heavy meson 

spectruscol:,', not beir,g adequat.e for the light meson spectroscopy. 

(nd,;[' ,-,nd I',Jstin~ exlE-llded consistently the applicabilit.y of the 

2
HicrJ(tr-.J 1,"l"IlLi,,>1 to lilt: light meson spectre.. 

MlOther' potentia!, which has been used for descril.llng the 

I igllt and hc:avy meson spectra in a nonre]a.tivistic descriPtion], is 

used in this work in the relativistic equation for two scalar 

particles. The potentials which appear in Eg, (1) are defined by: 

3 
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40: 
s

it v (r) (4a)
Coul 3r 

(1 _~r1/2G (4b) 

l/(r) (t - f) V (I') (1 .. f) Kr' 1 /~ (,1,') 
"flll' 

S(r) r V (rl. r(fj ~  ) f KrI/;J • C('I :i I (lId) 
con f ," tl '. I, 

Witli Ill""", values Efl.(]) takes the form 

2 2 
r- 0: 5a

w[~?  s s (.~.o·P . 
.; 

- + --------- ----- • ?K r (1 - f I . fl"" • fC1,. I I. " 
r r 2 4r?( W,· • ?'a J?' W 

2 2]• K 12f - IJr • 2m C • C ~ b 
2 

1/1 (5) 
w 

The par'ameters of lhe potential and quark masses ar'e fiUed 

in a way slightly differ'enl from thai one of the nom'elal ivislic 

case. Instead of given as inputs, the quarks masses are fitted 

togethf'l' with the potenl ial par'ameter·s. Again UlP rnrarneter' K is 

univf'rsal for' all pairs of q'Jark-antiquar·k. The str'ong couplinp is 

not constant but dppends of the transferr'ed monl('nturn and the 

number' of flavors of the quar-ks: 

12rr 
- -_._~_.  -~._--a" (I)' (GJ 

(33 - 2N )In(Q~/A?) 

f 

5 

The scale parameter h is fixed by the bottomonium spectrum and N 
f 

assumes the values 5,4,3 and 2, for the systems bb, ce. ss, qq. 

respectively. Here q represents a light quark u or d. Using Eq. (5) 

one can obtain f=I, 1\=.118 GeV, K=,740 Gey312, and b. c, s. and u 

quark masses of tl,!:i, 1.11. ,337 and .16 GeV, respectively, whereas 

(l (b 1= IF!, O's (c )==. 2:l1. a" (s)::-, :124 alld 1t,,(u)=,316, C(q q ) 
s a a 

tak0 the valups -,275, -800, -1.129 and -1.207 GeV, for tho. bb, 

CC, ss <lIH1 UU, resrf'd i ve I y C(q ~  ) is fitted as 
~  0 

C(q 1 I 0004x? • O.OG9x - 0.894 (7a) 
" l> 

where 

x = I n [m 2 
01- • m m~] (7b) 

q" qb qa qb 

The r'('sul t i ng spectr'a are shown in tables Ia and lb. The 

exper'imentill results for the states ub and sc have a structure IS 
o 

and arn onlv ShO~l  as a hint to the values of the 3 S states. The , I 

masses 01' t he bound stat es uS, se, cb and sb were calculated by 

using (7), In table II we compare our results with those obt.ained 

by C!""fer and Alstine. and also with those obtained by using a 

nonrelaLivislic approach, 

rh'> expressiens for" the lept.onic and hadronic decays of the 

"l 
n"SI st'ltes, including prTttwba!.ive cOITectlons of QCD al'e given 

5
by 
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160:5)2 2 2 [ (Ba)r - +­ 16na e I~(O)/M -I 1 - --3-­
qq-.e e q ~ IT 

r(O)(l + (4.9:tO.5);] (Bblr ~-'>hdJr(JIlS 
rIO) [1 + (3.B!O,5)~J (Bc)

r I ~t.aLlrons 

wher'e 

r{O)_ }fiO (n 2 _ 9) (.(3 I~(O )/M2 _1 2 (Sd)
Bl s qq 

Our results are shown in Table III. For light meSO;-'IS, the hadronic 

decay width was calculated without perturbative corrections from 

QeD. 

The expressions for the electromagnet ic transi t ions in lhe 

electric dipole apprOXimations are given by6 

3 4 (2.1 + 1) 2 3 l'((J. 3 2r (23 5 ~ 1 + 1 p ) ~ ----- ae w I dr R Il'lrR II) I (9al 
EI I I 3 9 q 1/ 2:' 

+0023I3 3 4 1 2r (1 P ~ 1 + 1 5 I - ae'w I dl' H (rll'lt (I'll (~b)  

El 3 I 9 q -00 I~  IP 

wheI'e w is the emitted photon ener'gy and R(rl is the nOl'f/lalized 

radial wave funcl iun. The res\Jl ts for charmoni urn and bot tOffiuni um 

families are shO\m in Table IV. 

Lompal'isun of' the results obtained in this work with more 

4 
recent experimental results show that this model describes well 

the meson mass spectr'a. The greatest discrepancy takes place in 

the Uti and us syst ems. tor t he system UU, the resonances p( 1450) 

and p{ UOO) ar'e i nteqweted as 2S and 35 stales, . 
respectively, whereas for the us system the resonances K (1370) and 

K (16801 are interpreted as 25 and 35, respectively. Until 1988 

the expel'imenl<.d resulls had fUI'nished evidence that lhe resonance 

p(lliOO) W;,~  " 2:> slalt~ of the Ull system. Since theil, it is 

believed t hid this resonance is a superposi l ion of two at hers, 

[( 14S0) and [( 1700). Table I I shows that our resulls are 

compatible with some other approaches. 

For' the bottomonium, the leptonic decay widths present a 

bet IeI' agreement with the experimental results than in the 

nOnJ'elativislic case. The same do not happen wilh the results for 

charmoni urn. 

Ye do not obtain compatible results for the hadronic decays. 

(l11J" l't'C:lllts b'~(Unle  1010/'5<.': than tho~;e  obtained wit.h the relativistic 

Cippl·lld,:I, 

TtH..' le:l(.1i,d ive II·allsit.ioll r"L"s, in Ine eletr'lc JlpuJe 

appl'ox i ma l i Oil, fUI'nish pr'aticalJy the same resul ts for' the 

bot I orncHd lJlll when comphI'vc1 wilh t.he nom'elal i vi st ie case, 

Nevel'lhele,;s 1,)1' tt..· charmoni\Jm tt.,~  r'esults obtained willi the 

I'elat ivisllc ch;~;CI'ipllon  are imp/'oved, This fact show;J thaL the 

relativistic effects become more important for the charmonium. 

S7 
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RESUMO 

Uma equaGao relalivistica de dois corpos, derivada da 

dinamica de vinculo de Dirac e usada para obler os espectros das 

massas dos mesons. 
Efeitos dependentes de spin nao sao 

consider'ados. Fazemos a comparaGao com os resultados experimenlais 

recentes e com as resul tados obtidos por uma aproximaGao nao 

relalivist.ica. As lar'gUT'as dos decaimentos leptonico e hadronico e 

as taxas das transiGoes radiat i vas tambem sao calculadas para 

a I guns nlesons. 

C(qaq,,) 

15 tearia 
expo 

2S t ec)J' i :\ 
exp 

3s teorio 
e>:p. 

45 teol'i rt 
exp 

5S teo/'ia 
expo 

65 teoria 
expo 

I P teol' i:, 
exp 

2P teoria 
expo 

ID teoria 
expo 

2D teoria 
expo 

Table la. 

bb 

-0.275 

9.463 
T(9.460) 

10.010 
T(10.02J) 

10.353 
T(10.355) 

to. 61'1 
T( to. 580) 

10.838 
T(10.865) 

11.030 
1(11.019) 

9.838 
(g.gon) 

10.220 

10.138 

10.437 

Mass� spectr'a of 

cc 

-0.800 

3.097 
1/1(3.097) 

3.686 
1/'(3.686 ) 

4.092 
1/1(4.040) 

4.418 
1/,( 4.415) 

4.696 

4.941 

3.510 
(3.525) 

3.956 

3.795 
t/J(3.769) 

4.171 
t/J(4.159) 

the 1 ight 

5S uu 

-1. 129 -1. 207 

1.020 0.768 
1>( 1. 020) p(O.76B) 

1.679 1.451 
¢( 1. 680) p(1.450) 

2 171 1.953 
p(1.712) 

2.56'1 2.360 

2.906 2.705 

3.201 :~.  006 

t.431 1.176 
(1.4'16) (1. 262) 

1.996 1.774 

1.761� 1. 516 
p( 1. 691) 

2.249 2.030 

and heavy� mesons, in GeV. 

10 
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• 
'"'� 

Nonrelativ. - Relativ. Relativ. 
~~- -

bG 9.467 9.463 9.460 9.460 
sc lIC us ee 3.094 3.097 3.097 3.097ub ­

ue 2.008 2. OlD 1.990 2.010 
ss 1.020 1.020 1.020 1.020-1. 224-0.926 -0.928C(q q ) -0.511 us 0.892 0.882 0.892 0.892 

.. b 
OS) uu 0.770 0.768 0.759 0.768 

ub 5.271 5.156 5.311 5.271' 
5.156 , 2.11'1 • 2.01U • 0.89215 teoda� cb 6.329 6.330 6.337 

8(5.271) F (2.140) o (2.010) K (0.892)
expo� sb 5.383 5.318 5.414 

se 2. 140 2.117 2.140 2.140'2.600 • 1.56525 teoria 5.661 2.712� -- ----­K (1. 370)
expo bb 10.012 10.010 10.021 10.023 

ee 3.696 3.686 3.661 3.686 
3.143 3.0:3:1 • 2.0GB35 leoria 6.011� ue 2.694 2.600 2.575K (1.678)

expo� ss 1.727 1.679 1.706 1.680 
us 1.616 1.565 1.606 1.370 

5.493 2.509 • 2.392 • 1.309� (2S)1P teoria� uu 1.511 1.451 1.509 1.450o (2.459) K (1.430)
expo 2 2� ub 5.941 5.661 5.830� 

eb 6.904 6.887 6.879�1.8932.990 2.8792P teoria 5.887 sb 6.028 5.845 5.939 
expo sc 2.804 2.712 2.685 

2.684 • 1.64810 teoria 5.861 2.811� OS) lib 10.352 10.353 10.349 to. 353K (1. 780) 
cc 4.093 4.092 4.055 4.040 -----------------_._-----­
ss 2.208 2.171� 1.680in GeV.Mass spectni of the 1 i ghl and heavy mesons,Table lIb. uu 2.015 1.953 1.712� 
---_ ..-­

(4S)� bb 10.614 10.617 10.604 10.580 
ee 4.406 4.418 4.383 4.415 

--~. ._.~-_._------ ----- __ ------- -­

btl 9.815 9.883 9.935 9.900 
ee 3.516 3.510 3.556 3.525 
ue 2.415 2.392 2.457 2.459 
ss 1.48~  1. 431 1.564 1.476 
us 1.381 1.309 1.456 1.434 

(1P)� Illl 1.269 1.176 1.353 1.262 
ub 5."729 5.493 5.573 
cb 6 7'10 6.478 6.786 
sb 5.827 5.681 5.840 
sc 2.594 2.509 2.569 

TABLE II - t·l,,~.~; spc:ctr'a of tile light hnd heavy mesons, in GeV. 
Values \.Jill! a asterisk are IS slates. 

0 
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Nonre IaU v. Relativ. Exp. 
bb cc bb cc bb cc 

----",-----------_._-------------_._"- ----­
+ ­

r(15-lee) 0.88 5.26 0.99 3.70 1.34 4. 1? 
r(25 ~  e 

+ 
e 

-
) 0.44 2.37 0.54 2.57 0.59 2 14 

r(35 .~  e + e - ) 0.31 1. 56 0.41 2.10 0.44 o 1~) 

r( 45 ~  Po 
+ 

e 
-

) 0.25 1. 16 0.35 1 85 024 O. ·17 
r( 15 -l h::t.drons) 59.51 93.60 68.00 150.00 32.00 58.00 

Table I I 1 - Leptonic and hadr'onic decay \,idhts for' the 
bottomonium and charmonium 5-states, in KeV. 

~Nonrelat i v. Relativ. Exp. 

bb cc bb cc bb cc 

r (235 ~ 13p) 2.0 40.0 1.872 25.83 0.7±0.9 17±5
rt 1 r 2 

r (235 ~ r 13p ) 2.0 57.8 1.898 38.4G 1. 6±O. 8 19±5 
[1 1 1 

r (235 ~ r1 3p ) 1. 1 64.7 1.218 46.81 1. o±o. 7 21±6 
[1 1 0 

r (1 3 p --) r 135 ) 49.5 601.7 40.763 403.83 330±170 
[1 2 1 

r (1 3 p ~ 135) 43,2 436.7 :15.353 359.00 <700 
[1 1 r 1 

r (1 3 P ~ 135) 36.9 206.7 28.064 162.69 07±38
E1 0 r I 

TABLE IV - Radiativp transitions in Dnttornnniurn and char-moniurn. 
in KeV. 
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