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Abstract 

The equivalence between 2-forrn gauge pot.entials and torsion­

free non-linear a-models motivates us to study the possibility of 

coupling tensorial Jnatter to Yang-Mills fields, by gauging the isome­

tries of a a-model. We show that ihis coupling is actually possible; 

however: lnatter appears no longer as elementary degrees of free­

dom~  but rat.her as composite fields~  expressed in terms of the 

scalars that define tile o-nlOdel. A possible phenomenological ap­

plication is presented here that describes the interactions alTlOng 

vedor rnesons in terms of the geometrical quantities of the tar­

get manifold. Also, spin-2 meson resonances Inay naturally be 

accomnlodated whenever the a-models target manifold is a non­

symlnetric hOlnogeneous space with torsion. 
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1 Introduction 

Jt is well-known that 2-form gaugp fields. B.", that undergo the gauge trans­

formations bB = d( are equivalent to massless scalar intermediate particles 

[I, 2, 3, 4J. Starting off from the Abelian theory, we can iterate consistency 

conditions to build up th8 non-Abelian version where self-interaction terms 

"'ill be present. 

In a first-order formulation of this tensor gauge theory, it is easy to show 

that thpre is an equivalence between these non-Abelian tensor fields and a 

non-linear o-model without torsion [5]. On the other hand, a few years ago, 

A"deev an Chizlov [G] have proposed an interesting Abelian model where a 

2-form may describ~  charged matter that interacts via Maxwell fields. Fol­

lowing this idea, the works of ref [7] adopted this viewpoint and a nnmber of 

results were obtained in connection with this gauge theorv for tensor maHcr. 

Next, pursuing the investigation of 2-forms as non-Abelian fields, a no-go 

theorem wa~  proposed 18] that prevents tbe construction of a gauge theor), 

whereby spin-l gaugr bosons interact with 2-form non-Abelian potentials by 

means of the Yang-hIills prescription. 

In this letter, it is our aim to adopt the vicwpoint of considering anti­

svmmetric tensor fields to describe matter degrees of freedom. rather than 

gaugc mediatint', particles \Yith this purpose in mind, we establish a con­

nrction between the o-model geumetry and composite matter fields in the 

space-time. These are then identified with me:ion resonances. 

Wr actually propose that these matter fields are introduced in connectioti 

with the torsion on the target manifold. Depcnding on the isometrics of the 
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latteL we are able to mnstruct a phenomenological approach in which the 

interactions between multiplets of vector mesons are understood in t.erms of 

the geometrical prnperties of the torsion generated by the tensor matter fields. 

Vector and spin-2 f<'SOnilnces are associated to composite objects writt~n  

down in terms of the cOllllection, torsion and curvature of the u-lI1odel target 

space and their multiplet structure is determined by the group-theoretical 

properties of the homogeneous target space associated to the u-model. 

ON THE GEOMETRY OF (J-MODELS 

The action of a non-linear u-model is given by(9] 

S = Jd4x~iJ"'PmO",.,m, (1 ) 

,-vhere the set (.pl,./ .... , ,;,V) dpfines the coordinates of the target space. 

endow~d  with a metric g.".(y). These fields fulfilL for example, q non-linear 

constraint: 

'Pf+",~+  .. +",~  = 1. (2) 

This particular constraint inducps the mapping M 1,3 --7 S,v-I The global 

svmmetrv group (actually, tlw isometry) is SOreY). and it is straightforward 

[() obtain the metric of this manifold: 

() 
.. 'Pm'P. 

9mn'" = omn +-1--' . 
- ym'Pm 

(3) 

ConscquL'ntl,', lVe might rewrite our original action under 'he form: 

S -Jd"l (,)".m,," " - .l"2.rJrnn,y U/.''? U .p (4) 

The coset space in thio ca,e is S"'-I = 3~~.~:~1",  and the ~[aurer-Cartan  

equations define quantities like curvature and metric c0nnection with torsion 

on this manifold: 

de + e /\ e = 0, lj) 

de + 1V /\ e = T. l6) 

dw + w 1\ W = R, (7) 

where the forms e, U', T and R stand respectively for the vielbein and the 

connection I-forms and the torsion and the curvature 2-forms. 

The connection can be expressed as below: 

1 1_,ob = -nOble) oj- -e' J(Ob(T1. (8)m mcm2 2 . 

where nand J( are, respectivdy, the non-holonomicity coefficients and the 

contortion tensor [10]. This is the content of the Cartan-~·[aurer  equation 

.given by (6). 

"Ye now quote how Ya.ng-~lills fields aHd their corresponding field strengths 

may be identified with the pull-back of the SO(.V)-connection naturally de­

fined by the structure group of the target space: 

t';' = wc:.:.a"",m -+ F:~ = R~~n a~",miJ"'Pn  (9) 

where R'::.n(<P) is the Riemann curvature tensor of the target manifold and 

may be found by the second Maurer-Cartan equation: 

R~~~ = ami.N,~b - 8nwr:!: + u..1~~'~r: - <.l..'~CW~71c.  (10) 

.-\ctually, it ma\ reaJih be proven that t-:b and F;t in Eq.(9) transform 

respeetl"ely like an SO(N)-gauge field and its associated field strength. 

4 



3 

In order to introduce 2-form field, as matter, rather than gauge. degrees 

of freedom, we need torsio!l in thc target manifold, mainly because it is a 

tensor and its pull-back defines a rank-2 skew-symmetric tensor field over 

space-time: 

I'V:v T,~n  (",)8v."m8v;P"-� (11)=0 

T::'n is real, so, H::" are real anti-symmetric tensor matter fields, which de­

scribe spin-I particles belonging to the (1, 0)$(0, I)-representation of 50(1, 3). 

So, Eqs.(9) and (11) are the key elements for our claim: I~·b  ads as an 

Yang-Mills field with associated field strength F:,~,  and 11':" may transforms 

as massive spin-l matter fields. Therefore, none of these is taken as elemen­

tal',': incidentally, we already know of interesting examples of models where 

gauge potentials appear as composite fields in connection with non-linear 

a-models Ill]. Our model has the character of an effective theory describing 

some low-energ,' physics. A good application of this effective model might be 

in the interaction, among mesons: not only scalar mesons, as in the standard 

non-linear a-model approach, but also vector and possiblv spin-2 mesons, as 

we shall sec· latcr on, ma,' be a(;eomodateel in the framework of a-models. 

MANIFOLDS G/H ~TITH  TORSION 

To present a concrete application, it is crud a: to find manifolds of the form 

G/H, such that tllf embedding of H into G allows for non-trivial torsiOl,. 

The splittiug of the generaturs, which speed\' the emGedding of H into G 

is given as follows :10, 12]: 

:Q;, QJ] = f;jkQk, 

[Q,. Qo] = J;b.Qb, (12) 

IQ., Qb] = f;bQ, + f;bQ" 

'"hich yield a connection I-form and a torsion 2-form given as below: 

TO = kR,eb /\ eO, 
(13)

l<:t = - jg,ei 
- (1 + k)ltcec. 

The generators Q, lie in the subalgebra H of G, whereas the Qo's stanel 

for the generators that are in G but not in H. The non-symmetr,' of the 

embedding is the group-theoretic counterpart of the torsion on the manifold 

GI H. Examples of homogeneous spaces with torsion are displayed belo'" 

that may naturally account lor spin-I and spin-2 meson resonances. 

4 CONTACT WITH PHENOMENOLOGY 

In order to accommodate multiplets of vector mesons. we needed to search 

lor coset spaces with a non-symmetric embedding, since we need torsion to 

build up the 2-form W:v ' The superscript Q is a local frame index for the 

GIH and so it turns out thar the degenerac,' of the vcctor meson multiplcts 

corrcsponds to the dimension of GIR. With the help of the Particle Data 

Group we iuentil\' the following multiplets: 

1.� sE(J). 

G-dimensional manifold --> G-plct u\ (InOGd') and b\ (1235Gel '): 

G 



.J 50«) SU(?)0SU(2). 
o' sum SU(2) 

3-dimensional manifold --t 3-plet: p (770GeV): 

, SU(3) d 2El:!l- ~.
:3. U(I) an SU(2) - SO{3)' 

,-dimensional manifolds --t 7-plet: al(l270GeV), b1(1235GeV). 

fl(1285Gel/). 

For the timp being, we are only concerned with a merely kinematical classi­

fication. For this reason, we are not able to choose between SU(3)/U(1) and 

Sp'I/SU(2). However, introducing dynamics and interactions among differ­

ent multiplets, dAcay ratios, computed in terms of the structurr constants 

of G and H may impose appropriated constraints so that a particular space 

may be singled out. 

5 ON SPIN-2 RESONANCES 

With the geometrical objects we have at our dispo,;aL we wish now to pro­

pose a possible description for the almost-degenerate spin-2 resunances of 

the meson spectrum. Symmetric rank-2 tensor fields associated to massive 

spin-2 particles may be identified with the following composite fields: 

S"V = T%T}:a~,/av'r.J = Sv~ (singlet) (H) 

or 

s~v = R(tbTNa~'Piav~ = S~w (15) 

for non-trivial multiplets..~  close inspection of the meson summary tJble 

indicates the appearance of singlets, doublets, 3-plets and G-plets of spin­

2 resonances. So. the non-symmetric spaces SO(~)/SU(2),  G2ISU(3) and 

Sp(~)/(SU(2)'~U(l}nonmaxmav well SAt the geometry for the 3-plet and G­

plet of spin-2 mesons. Again, torsion seems to be the key element for t1w 

construction of composite fields describing resonances of a non-trivial spin in 

the case with spin-2. 

6 CONCLUSIONS 

This work shows that non-linear a-models defined on a coset space, G/ H, 

with a non-symmetric embedding of H in to G allow for the introduction of 

non-.\belian 2-form fields that behave like massive spin-l matter particles. 

These anti-symmetric fields are introduced by thanks to the torsion of a­

model target manifold. .\.s a consequence, it is shown that multiplets of 

spin-2 mesons can also be introduced in such a way that they interact with 

scalar mesons in rhe framework of an effective (therefore non-renormalisable) 

theory described by rhe a-modeL 

In this context. we claim that not only scalar mesons can be dfecti velv 

be described by non-linear a-models, but also the vector and tp.nsCJrial ones. 

For this, we must introduce torsion in the manifold. 

In this work, we restricted uur,;e!vrs to a classification procedure. :-Iext, 

we shall be concerned about the interactions among the '··arious multiplets 

classified above: calcnlfltion of decay raU's mnot be carried out and \\'e shall 

thereby set d"nalllicfli con~rraints  on the coupling constants that govern dw 
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interactions of the multiplets and on the isometry group themselves. These 

resnlts shall be soon reponed elsewhere )3J. 
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