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Abstract 

Thc reflection c1u~tcr algorithul proposed hy U. Wolff is t.csted in thc 0(4) SYll1111ct.ric 14 u}()(lel 
in 4 diIncnsiolls at illifinite barc quart.ic coupling (O(4) spin 1l10dd). It is dClllollst.rat.cd t.hat it. 
fights critical slowing down close to t.he phase transition and ill the hrokcn pha~e. The advantagc 
of using ilnprovcd estiIllators to lllcasurc physical obscrvablcs cspce.ially in thc Syuullct.ric. phase 
of t,he Blodel is shown. The nlunerical resnlt.s show that a reduction ill the statistical error hy 
factors of 2-10 is possible. As an applicat.ion we prescnt first results of an investigation of the 
ahovc Illude! at finite physical teluperatuIc. 

t Talk prcscntcd at thc 1989 Syluposiulll on Lat.tice Field Theory "LATTICE ~89 CAPR.r·, 
Capri, Haly. 
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8yrnnudr'ic ])ha..'fe b1'o~~en
 

pha.se transition ])ha.se� 
K, = 0.29 I" = 0.304 I" = 0.31 

= 00e=2 ~ e=2 

M 8.42(22) 77(-) 214(17) 
X2 RCllp 8.41(16) 76(2) 238(3) 

RCel 8.42( 4) 76(1) 238(2) 
M 5.0(5) 30(5) 120.0(10) 

T RClI]) 3.6(5) 7(2) 2.0(5) 
RCd 3.5(7) 6(2) 4.0(5) 

Table 1: Table of the s1Mceptibility X2, th.e autocorrelation tim,e T and their error.1f for the 
Metropolis algorithm, (M) and the reflection cluster algorithm, in the .'lpin representation (R.C~p) 

and in the clu.,ter representation (RCd ) in the .'ly17unetric and the broken phalw and close to 
the phase tra7M~ition. The head of the table indicates at which K, and which scalar correlation 
len,gtll. the data have been taken. The .'lym.bol "-" rnean.'l that the error plateau has not yet been 
reached. 

One clearly recogllb~f~s the advantage of the iInproved cstilllators in the correlation function 
at large distances. The signal can be easily followed up to distances 60! COlllpared t.o the 
Met,ropolis algoritlull the error of the c.orrelation function at a distance t = 5 is of about a 
factor 5 superior in favor of the cluster algorithill [3]. 

Applications 

As a first application we used the reflection clw;;ter algoritllll1 in a silllulation of the 0(4) 1J4 
theory in the synlluetric phase. The results of this work have hcen presented by MHnst.cr at 
this conference and arc published in ref. [7]. I want t.o prescnt. here SOUle first results we have 
ohtained in a collahoratioll with P. Seuferling in a st.ndy of the 0(4) 1J4 theory at finite physical 
telnperatnre [8]. 

The lllotivat.ion is given by scenarios of the early universe. There it is asslul1ed that at SOlllC 
critical telllperaturc a phase transition fICHU a sylllll1et.ric to a spontaneously broken phasc het.'; 
ta.ken place at a c:ritical tenlpcrature Tel where the exponential grow of the universe has set ill 
(inflationary universe). 

The luonel is defined in equation (1) and the finite teruperature is realized by choosing onc 
direction of the lattice lunch short.er than the others. A 1/N -expansion suggests that the ratio 
of spatial to time extent of the lattice should he of ahout 5 - 6 to have significant finite size 
effects for finite size scaling to be applicable. On t.he other hand we have chosen the tituc extent 
of the lattice to be 4 and 5 to avoid lattice cffects in tilllC direction. 

In particular we want to check the -iluproved- perturhative relation 

(9) 

where the renonualized luass rn,.m and the renonnalizcd coupling g,.m are to be taken at. zero 
t,cluperature. If this relation holds it, is possible t.o cst.iluat.e the critical tenlperature hy inscrting 
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lattice MC l/N� 
1635 0.3058(1 ) 0.3065� 
2035 0.3067(1) 0.3071� 
2435 0.3070( 1) 0.3076� 

Table 2: Table of c1·if.ical value., of K. fr07n the fit to the .'1ufceptibility and from, 1/N eXptZ71.M.on 
on 11ario1Ls laUice.f{. 

the value of the vaCUUlll expectat.ion value '11 ~ 250 GeV frOlll the electroweak theory. 
The way to obt.ain the desired infonnation is as follows: Det,ennine for a given extension 

of the lattice in tiIne direction the value where the phase transition frolll the sYlllllletric to the 
broken phase occurs, i.e. detennine ";'c' At this value of n, take t.he values of 1nrcn and gren 

eit,her fronl the work of Liischer and Weis7. [9] or froln large scale Sill1l1lat.ions [5, 10]. In this 
way the relation (9) can be checked. 

In our nUlllerical study we found that the duster algoritlull is about a fact.or 3-4 superior to 
t,he Metropolis algoritlllll and therefore re(luces the COlllput,er t.illle subst.antially. We Illeasured 
the ~usceptibility and fitted the data for the sucept.ihility according t.o [11] 

(10) 

Here 1/ and, are the critical exponents associated to the correlation length and the susceptibility 
respectively. The fornlula (10) contains two liInit.s: 

;IK. - h~~ s I~ 1 
;Ifl. - h~~'" I~ 1 

In fignre 2 we show the susceptibility together wHh the fit. (10). Frolll that fit we det.ennine 
11,~S. In table 2 we COlIlpare the critical values of n, obtained in this way together with the ones 
we have obtaincd frol11 the l/N expansion in first order. 

The table shows a rcasonable agreelnent hetween Monte Carlo data and the 1/N expansion. 
By using the fini te size scaling fOflllula 

L con/d 
fl.oo == fl. s +-- (11 ) L 1/ rl 

S 
C c 

one finds, ilnposing the critical exponent 1/ ill d == 3, 1/ 0.68, a critical value of fl. on the 
infinit.e lattice fl.'; == 0.3084(4). Inserting the values of 711'ren and gren froll1 ref. [9] one finds 

Tr a;0.606 == --- ~ - == 0.612 (12) 
711'r en gr eH 

indicating that pertnrbat.ion t.heory 111ay hold. 

Conclusion 

We have (ICIlJOllstratcd t.hat the refl~et.ioll dust.er algori tlUl1 proposed by U. Wolff works well in 
the O( 4)<p4 t,heory in d==4 dilncllsiollS. In particular in the sYl111net.ric phase of that 11lOdcl the 
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use of t.hc iluproved estiIllators leads to a suhstantial reduction of the statistical error. Close to 
the phase transition and in the broken phase the autocorrelation tilue is found to stay sl11a11, 
which leads to an additional error rcduction. In total the statistical error can be reduced by 
factors of 2 - 10 with the cluster algorit.lnll. This luakes it possible to perforlll precisi~)n tcsts 
of that 1l10del. As a first exaluple we presentcd rcslllt.s of the 0(4) 1J4 model at finite physical 
t,Clnperature that indicatc that perturhation theory is applicable for the ratio --.L...- lcading to 

•� UI,.en 

a -prcliluinary- value of Tc = V2v ~ 350Gr.V. 
The work presented here have been obtained in collaborations with C. Frick and P. Seu­

ferling. I want to thank theln for giving Inc thc oppllrt.unity to prcscnt the results at this 
conference. 
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Figure 1: Th~ 0(4) invariant correlation function 011 an 83120 InHice nwnl'ntf~d ill thc spin 
rcprcscnt,atioll (a) and in the clust.er reprcsent.ations (h). Bot.h eorrclalioll functions lmvc 1)('cn 
oht.aincd with the d1l!:>tcr nlgorHluu. 
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Fignrc 2: The snsC:flptihili ty at filli tc t,clnperat.urc 011 an 2435 lat t.ke t.o~et,IH'r with t.he fi t, 
acconling to (10). 
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