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Test of the Reflection Cluster Algorithm in the O(4)
pin model in 4 Dimensions and its Application in this
Model at Finite Physical Temperature'

K. Jansen !

Abstract

The reflection cluster algorithm proposed by U. Wolff is tested in the O(4) symmetric ¢* mnodel
in 4 dimensions at inifinite bare quartic coupling (0(4) spin model). It is demonstrated that it
fights critical slowing down close to the phase transition and in the broken phase. The advantage
of using improved estimators to mecasure physical observables especially in the symunetric phase
of the model is shown. The numerical results show that a reduction in the statistical error by
factors of 2-10 is possible. As an application we prescnt first results of an investigation of the
above model at finite physical temperature.
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symmetric | phase broken
phase transition | phase
x=10.29 k=0304 | k=0.31
E=2 =00 £E=2
M 8.42(22) 77( ) 214(17)
x2 | RC,, | 8.41(16) 76(2) 238(3)
RC, | 8.42( 4) 76(1) 238(2)
M 5.0(5) 30(5) 120.0(10)
T | RC,, | 3.6(5) 7(2) 2.0(5)
RC, | 3.5(7) 6(2) 4.0(5)
Table 1: Table of the susceptibility xa, the autocorrelation time T and their errors for the

Metropolis algorithmn (M ) and the reflection cluster algorithm in the spin representation (RC,,)
and in the cluster representation (RC,) in the symmetric and the broken phase and close to
the phase transition. The head of the table indicates at which & and which scalar corrclation
length the data have been taken. The symbol ”-” means that the error plateau has not yet been
reached.

One clearly recognizes the advantage of the improved estimators in the correlation function
at large distances. The signal can be easily followed up to distances 60! Compared to the
Metropolis algorithm the error of the correlation function at a distance ¢ = 5 is of about a
factor 5 superior in favor of the cluster algorithin [3].

4 Applications

As a first application we used the reflection cluster algorithm in a simulation of the 0O(4) ¢*
theory in the symmetric phase. The results of this work have been presented by Miinster at
this conference and are published in ref. [7]. I want to present here some first results we have
obtained in a collaboration with P. Seuferling in a study of the O(4) ¢* theory at finite physical
temperature [8].

The motivation is given by scenarios of the early universe. There it is assumed that at some
critical temperature a phase transition from a symmetric to a spontaneously broken phase has
taken place at a critical temperature T, where the exponential grow of the universe has set in
(inflationary universe).

The model is defined in oquatlon (1) and the finite temperature is realized by choosing one
direction of the lattice much shorter than the others. A 1/N-expansion suggests that the ratio
of spatial to time extent of the lattice should be of about 5 — 6 to have significant finite size
effects for finite size scaling to be applicable. On the other hand we have chosen the time extent
of the lattice to be 4 and 5 to avoid lattice effects in time direction.

In particular we want to check the -improved- perturbative relation

T.
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(9)
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where the renormalized mass m,., and the renormalized coupling g,., are to be taken at zero
temperature. If this relation holds it is possible to estimate the critical temperature by inserting
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lattice | MC 1/N

1635 | 0.3058(1) | 0.3065
2035 | 0.3067(1) | 0.3071
2435 1 0.3070(1) | 0.3076

Table 2: Table of critical values of & from the fit to the susceptibility and from 1/N expansion
on various lattices.

the value of the vacuum expectation value v ~ 250 GeV from the electroweak theory.

The way to obtain the desired information is as follows: Determine for a given extension
of the lattice in time direction the value where the phase transition from the synunetric to the
broken phase occurs, i.c. determine x.. At this value of x take the values of m,., and g¢,.,
cither fromn the work of Liischer and Weisz [9] or from large scale simulations [5, 10]. In this
way the relation (9) can be checked.

In our numerical study we found that the cluster algorithm is about a factor 3-4 superior to
the Metropolis algorithm and therefore reduces the computer time substantially. We measured
the susceptibility and fitted the data for the suceptibility according to [11]

~2
X2 = AI(LSV + A2~3|K.20 bt Hf’€|2)_%. (10)

Here v and v are the critical exponents associated to the correlation length and the susceptibility
respectively. The formnla (10) contains two limits:

X
X2 = Ang ;,K,_H_fsl<<]_
X2 = Alp—&75T e — k5> 1

In figure 2 we show the susceptibility together with the fit (10). From that fit we determine
kEs. In table 2 we compare the critical values of £ obtained in this way together with the ones
we have obtained from the 1/N expansion in first order.

The table shows a reasonable agreement between Monte Carlo data and the 1/N expansion.
By using the finite size scaling formula

Ls const

e = Fe 1fv
LS

(11)

onc finds, imposing the critical exponent v in d = 3, v = 0.68, a critical value of £ on the
infinite lattice 2 = 0.3084(4). Inserting the values of ., and g,., from ref. [9] one finds

0.606= — 1= ~ /-5 — 612 (12)

7"’!‘6" grcn

indicating that perturbation theory mmay hold.

5 Conclusion

We have demonstrated that the reflection cluster algorithm proposed by U. Wolff works well in
the O(4)¢* theory in d=4 dimensions. In particular in the symmetric phase of that model the



use of the improved estimators leads to a substantial reduction of the statistical error. Close to
the phase transition and in the broken phase the autocorrelation time is found to stay small,
which leads to an additional error reduction. In total the statistical error can be reduced by
factors of 2 — 10 with the cluster algorithm. This makes it possible to perform precision tests
of that model. As a first example we presented results of the O(4) ¢* model at finite physical
temperature that indicate that perturbation theory is applicable for the ratio 5%7 leading to

a -preliminary- value of T, = v/20 ~ 350GeV.

The work presented here have been obtained in collaborations with C. Frick and P. Seu-
ferling. I want to thank them for giving me the oppurtunity to present the results at this
conference.
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Figure 1: The O(4) invariant correlation function on an 83120 lattice measured in the spin
representation (a) and in the cluster representations (h). Both correlation functions have heen
obtained with the cluster algorithm.
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Figure 2: The susceptibility at finite temperature on an 2435 lattice together with the fit
according to (10).





