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Abstract 

Multidimensional. cosmological models with n (n > 1) Einstein spaces are dis

cussed classically and with respect to canonical. quantization. These models are 

integrable in the case of Ricci flat internal. spaces. For negative curvature of the 

external space we find exact classical sol~tions modelling dynamical as well as spon

taneous compactification of the internal spaces. Spontaneous compactification turns 

out to be an attractor solution. Solutions of the quantum Wheeler-DeWitt equation 

are also obtained. Some of them describe the tunneling process to be interpreted as 

the birth of the universe from "nothing". 

lThis work was supported byWIP grant 016659 
2Permarient address: Department of Physics, University of Odessa. 2 Petra Velikogo, Odessa 2i0100, 

Ukraine 
3This work was supported in part by DAAD and by DFG grant 436 UKR - 17Ii193 

Everyday experience seems to show evidently that we are living in a four dimensional space

time. Why should we speak about a multidimensional universe? There are good reasons 

to do so. First of all, we know that consistent theories unifying fundamental interactions 

take place in multidimensional spaces only, and may be this is not purely a question of 

mathe~atical methods. and extra.dimensions are a physical reality. Second, extra dimen

sions are actually not observable, because they are extremely small at present time. If 

they are of the s~e  of Planck's length (LpL - lO-33cm) their observation is impossible 

due to the super high frequency (energy) necessary to observe internal dimensions, and 

behind Planck's lenght quantum uncertainties forbid the obserVation. Nevertheless, during 

the evolution of the universe all dimensions including ours and internal ones might have 

been of the same scale .at early stages of the universe. Nloreover, extra dimensions could 

be much larger then ours at that time. Thus, there isa reason to investigate mult~dii:nen

sional cosmological models and the observable consequences of the possible existence of 

extra dimensions. 

In all multidimensional·c()smological models (MCM) a mechanism of dimensional re

duction or, in other words, compactifica.tion of the extra dimensions should be present. 

There are two approaches to realize compactification. In the first case the internal dimen

sions become much smaller than our extemal ones during the evolution of the universe. 

These are the MCM with dynamical compactification. Observable consequences of extra 

dimensions are in this case po~sible variations of effective constants of nature (like ~he 

gravitation constant)[l] - [4J,imprints in cosmic rays of ultrahigh energy [5] or in the spec. 

trum of gravitational waves [6], Another possibility consists in the proposal that all extra 

dimensions are static and small.from the very beginning. Such MCM are called models 

with spontaneoU$ compaetijication. The presence of extra dimensions leads in this case to 

the generation of particle masses [7J - [9]. In both of these approaches the presence .of 

extra dimensions has very strong influence on the evolution of our external space-time. 

Compactificationtakes place for pure gravity as well as for gravity coupled to different 

matterfields. There is a large amount of papers devoted to these questions (see e.g. the 

references in [10)). 

In our paper we shall consider MeM which consist of n (n > 1) spaces of constant 

curvature. This model was investigated from the classical as well as from quantum points 
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of view in papers [11] - [20]. The model can be generalized to the CCl8e of all spaces being 

Einstein spaces. The multidimensional Einstein equations as well as' the quantum Wheeler

DeWitt equation (WD\V) can be integrated for this model if at most one of the spaces of 

constant curvature l\1i (i = 1, .. ~,n)  is not Ricci fiat [11], (14], [17]. This property is not 

'changed if the model contains in addition a massless minimally coupled scalar field. From 

the point of view of dynamical and spontaneous compactification this integrable model 

was considered in [10] in the. case when the non Ricci fiat space is of positive constant 

curvature. This space~  let it be 1\11 , was considered there as our external space and all 

other factor spaces are internal ones. Both types of compactifica.tion were found. In the 

case of a real scalar field as matter source in the Lorentzian region the solution with 

spontaneous compa.ctifica.tion permits an intersting continuation to the Euclidean region 

describing Euclidean wormholes. 

In the present paper we shall investigate this integrable models on the classical as well 

as on the quantum levels for the~ase when the non Ricci fiat space M1 is of constant 

negative curvature. The main problem consists in the investIgation of the dynamical and 

spontaneouscompactification. In the case of positive curvature of 1\11 the parameter play

ing the role of energy may in the Lorentzian region adopt positive values only [14]. In 

contrast to this case, the model with /negative curvature permits positive as well as non 

positive values of this parameter. This feature of the models with negative curvature leads 

to a more rich and interesting picture than in the former case. 

It will be shown that.the MCM investigated here have solutions describing spontaneous 

and .dynamical compactifica.tion. The paper is organized as follows. In Section 2. we de

scribe our MCM and represent the classical Einste~n  equations for this model in appropriate 

coord~nates.  Section 3. is devoted to the investigation of the dyna.mical as well as spon.. 

taneous compacdtification on the classical level. In Section 4. we consider the quantum 

properties of the model. The results of the paper are summarized in the Conclusions. A 

particular case.of the model with dynamical compactification is presented in an Appendix. 

References complete the paper. 

2 MINISUPERSPACE COSMOLOGICAL MODELS 

Let us consider the metric 
n 

ds2 = -dT2exp(2;(T)) + Le2fJ'(T)ds; (1) 
i=1 

on a D-dimensional space-time manifold 

M = R x.M1 X ... x Jrfn (2) 

where the ~\1i  are di-dimensional compact spaces of constant curvature with line elements 

ds~.  The connection to the scale factors ai is given by ai = ep'. The scalar curvature of 

Mi is normalized in such a way that we can write 

R[g(i)] = fh = kidi(di - 1), i = 1, ... ,n. (3) 

where ki =0, ±l. In the case of non positive curvature the compactness condition for the 

internal spaces can be achieved, by appropriate periodicity conditions for the coordinates 

[21]. 

As mentioned in the Introduction, this model can be generalized to the case of Einstein 

spaces Mi for which R[g(i)] = Aidi instead of (3) and Ai ar~ arbitrary numbers. In formulas 

obtained later on this generalization is achieved by the trivial substitution Oi - Aidi. 

We restrict our consideration to the important case when only one of the spaces kti 
is not Ricci fiat with negative curvature: 91 < 0, fh::;: 0, i = 2, ... , n. In this case .the 

cosmological model is a. completely integrable system [14,17]. This can be gelleralizedby 

taking into account a minimally coupled free scalar field lP· 

The action S for the model with" the metric (1). and a -minimally coupled scalar field 

can be written in the form [11] 

s = JUt (4) 

where the Lagrangian has the form 

I:. =!!..e-r+2::'.l d;(J' {t dj (/i)2 - (t dj~j)2 + K?:.l} 
2 ;=1 j=1 

_!!..e'Y+2::'.J d,i3' 10; I e-2B1 
(5)

2 

Here 1\,2 denotes the gravitational constant and J.L = IL:l ~-i/  1\,2 where K is the volume of 

Ali: .Vi = fM, dd;y(det(gm;n,))1/2. The metric (1) can be normalized in such a way that 
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Il = 1. After normalizing Il we may also consider noncompact spaces. ' \Ve shall also use 

natural units with ",2= 1. 

The analysis of this system wili be done mostly in two time gauges, in the gauge of 

harmonic time T [11] whe~e I = I:f.:l d;{3i, and in the gauge of synchronous time t with 

1=0. 

The possibility of the free choice of gauge implies the following constraint equation 

,,--. [t. d;(P')' - (t, d.P')' +";'] +e--' 181 I e~''''  = 0 (6) 

It was shown in [14] that the field equations for this model can be integrated most easily 

using the following coordinates: 

quO = (dt - 1){31 + L
n 

d;rf, 
i=2 

qv1 = [(D - 2)/(d1L ] 

1

2I:
n 

d~{3i, (7)
2

i=2 
, 1 n 

qvi = [(d1 - 1)di/(dI LiLi+1]:I L dj ({3j _ pi), i =2, ... ,n-1 
j=i+1 

Here we used the notation D =1 + L:?=t di , q2 = (d1 - 1)/d1, and L:i = L:j=i dj ~ In the 

Lorentzian region and in harmonic time gauge the Lagrangian and the constraint equation 

take the form 

.c = ! (_(VO
)2 + ~(ii)2 + ep2) _ ~"I  01 I e

2qvO (8) 
2 &=1 

and 
, n-l 

_ (vO)2 + L(vi? + ~2+ 101 I e2qvO =0 (9) 
i=1 

The dot denotes the derivative with respeCt to the harmonic time T. The consideration of 

the system can be generalized to the Euclidean region by analytic continuation. 

The equations of motion corresponding to the Langrangian (8) read 

,P- q I81 I e2qvO = 0 

Vi = 0, i = 1, ... ,n-1 (10) 

~ = ° 
The last two equations are easy to integrate. We find 

i
Vi = lI i 

T+C , i = 1, ... ~  n - 1 

:p = linT + en (11) 

.j 

where the vi and ci are constants, of 'integration; In mlOlsuperspace of vectors iJ 

(VO, Vi, ••. ,vn
-

1 ~ vn ==:p) the indices are raised and lowered by the diagonal metric TJ = 

(-1, +1, ... , +1) [14]. Thus, we have Vo =-Vo, t,i =Vi, vi =Vi and do = Ci, i = 1, ... ~  n. 

Now the constraint equation may be rewritten 

(iP)2 - IOt!e2qvO == { (12) 

with 
11 

{= ~)Vi)2  (13) 
i=1 

It can be seen from (12) that {can be treated as an energy. This was shown in more detail 

in [14]. 

3 _ CASSICAL SOLUTIONS 

Equations (10 -13) are written in the Lorentzian region. The parameters Vi (i = 1, ... ~n)  

are the momenta in minisuperspace. Thus, E == tE plays the role of energy [14]. Equation 

(12) shows that we can consider the case E ::; 0 as well asE > O. We have to demand the 

metric to be real in the Lorentzian region. In what follows, the momenta Vi (i = 1, ... ,n-l) 

should be real there (see eqn. (11). The case E == 0 is treated as ground state where all 

momenta are putted equal to zero: IIi =0 (i == 1, ... ,n). For E > 0 all "i (i = 1, ... , n) are 

considered to be arbitrary real numbers. The case {< 0 is a little bit more complicated. 

Here the demand of a real metric in the Lorentzian region leads to the condition that all 

IIi (i = 1, ... , n -1) are real and the condition E < 0 and eqn.(13) are compatible only for 

a purely imaginary lin' This means that the scalar field has in this case to be imaginary 

in the Lorentzian region and we have the following condition 

n-l 

E(lId2
- I lin 1

2 < 0 (14) 
i=l . 

Let us consider the three special cases f = 0, E < 0, and E > 0 separately. 

3.1 . The case E = 0 

As shown above in this case we have IIi = 0 (n = 1, .... n). Then it can be seen from eqns. 

(11) and (7) that all scale factors are frozen (ai = epa =UO( i), i =2, ... , n. y =4.>0) with the 

exception of al = eiJI • Such solutions we call soiutions with spontaneous eompactijicalion. 
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In this case we have only one scale factor \'·:ith dynamical behaviour (in our case al) and the 

corresponding factor space ,\11 will be associated with the external (our real) space. The 

fixed scale factors are assumed to be of the order of Planck length a(O)j '" Lp1 '" 1O-33cm 

(i = 2•.... n) and the associated factor spaces are looked at as unobservalbe internal 

dimensions. 

The dynamical behaviour of the remaining developing scale factor can be defined from 

the solution of eqn. (12) 

eqvO = ((ill -1) I I if1 
• -00 < I < co (15) 

With the help of transformation (7) we find the expression for the scale factor al in hamonic 

time gauge 

al(l) = [ljC(dI -1) I I W/(dl-I) (16) 

where 
n d, 

C = rr a(O); (17) 
;=2 

Then the metric in harmonic time takes the form 

9 = _e 
2
"Y(T)dl 0 dl + ai(I)9(l) + L

n 

a io)i9(i) (18) 
~=2  

where 

e"Y(T) = Cat1(1) (19) 

It is worth to rewrite the metric in synchronous time coordinate t. In this case we have 

a1 (t) =I t I and the metric is given by 

n 

9 = -dt 0 dt + t29(1) + L aiO)i9(i) (20) 
i=2 

From this expression we see that the dynamical part of the universe is described the Milne 

model. [(22]]. In this way we find for the physically interesting case of Kaluza-Klein theory 

with d1 = 3 and jH1 being an open hyperbolic space that the solution with f. = 0 describes 

the following topology of a spontaneously compactified universe 

i\r x Tdz x .. . X Td.. (21) 

Here M 4 is the fouf dimensional ~1inkowski  space-time and the T d
, are dj - dimensional 

Tori (or other compact spaces of constant zero curvature). The Tori are frozen and asumed 

to have scales of Planck size. 

3.2 The case E > 0 

As explained above. in this case all parameters IIi. (i = L .... n) are considered to be real. 

The solution of eqn. (12) takes the form 

qvO ~ e -00 < T < +00 (22) 
I sinh [(ill -l)\/~(T  - 10)] i' 

where 10 is a constant of integration. Choosing the initial value of the harmonic time 

coordinate in an appropriate way we can put TO = O. 

The eqns. (22) and (11) give a general solution of the system (10) with constraint 

(12). But in cosmology usually the synchronous time coordinate t is used and it is quite 

difficult to find the dependence of the scale factors aj = e{3' on this time coordinate. But 

the explicit dependence on t can be found in some interesting special cases which we now 

consider. 

3.2.1 The 2-component universe. Dynamical compactification 

Let us consider the special case where only two factor spaces are included in the model. We 

shall show that in this case solutions with dynamical compactification occur. that means 

solutions with both scale factors depending on time but with one. let it be at, increasing 

and the other one (a2) shrinking to Planck scales. In this case M1 is treated as our external 

space and AI2 describes an unobservable internal space. For two component cosmological 

models (i.e. for n = 2 in eqns. (11) and (22)) it is easy to get the explicit expressions for 

the scale factors as functions of harmonic time: 

? dl-1 adl - 1 _ _a(0l! 
(23)

1 - Jtb(d:-ll Ill'" [ J(d.l-I)("f+"~) 11'1 _J(dl-I)("f+"~) IT]
e D 2 e al - e al I 

ad2 _ d ~ 2 - a(O)22eV~  lilT (24) 

Here a(0)1 and a(Oh are connected with the constant of integration Cl in (11) by the ex

pressJOns 

= ~2.  _Jd-,(d' -1)a(Olldl-l 1 T V 22 
~ d (d _ 1) € D-. C1 (25) 

1 1 

a d2 r;;::;;;-::;
(0)2 =eV~  q (26) 
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From this we get the connection between atoll and a(012 

Vf'" vi
a(o)~l-l a(O);2 (2i)

ddd l - 1) 

It can be seen from (23) that al has a discontinuity at 1= O. Therefore, we have different 

solutions in the region -00 < I :::; 0 and 0 :::; I < x. 

It follows from eqn. (23) that we have three different types of development of the scale 

factors al and a2 in dependence from the sign of Jdld2Vi - J(dl + d2 - l)(v; + vn· Let 

us consider these cases in more detail. 

1. Jdld2v[ - J(d1+d2 - l)(v; + vi) > 0 

Here, in dependence on the sign of VI there two types of solutions exist for the scale 

factors (see qualitative pictures fig. 1 and fig. 2). From fig. 1 (VI> 0) we see that for I > 0 

dynamical compactification occurs when T ....... +00. For I < 0 the dynamical behaviour of 

the scale factors is more complicated. Nevertheless, there are also time intervals where one 

of the scale factors is much bigger than the other one, for example in the limit I -0. 

For the case of fig. 2 (VI < 0) dynamical compactification occurs for T < 0 when I -0 

or for T > 0 if I ....... +00. Moreover, depending on the sign of 1/1 the space M.l or the space 

1\12 can play the role of the external space. "'Ie have also to mention that the case 1. can 

be realized if no scalar field is present (V2 = 0). It is clear that the condition 1. is not valid 

for d2 = 1. 

2. Jd1d2Vf - J(d1+d2 - l)(vf + v?) < 0 

The qualitative behaviour of the scale factors is shown in figs. 3, 4. It can be seen that 

there are also in this case regions with dynamical compactification. Because of d1 , d2 2: 1 

the case 2. can not be realized if V2 = O. i.e. without a scalar field being present. 

3. Jd1d2v; - J(dl + d2 - l)(v{ + v?) = 0 

In this case we have a connection between the two constants of integration VI and V2: 

2 2V2 
2 = (d1d - 1) VI (28)

dl + d2 -1 

From this expression we see that in the case d2 = 1 there is no scalar field: V2 = O. Using 

(28), eqn. (2i) reads 

al-! 'i< _ I d2 I VI I (29)
a(O)! a(O)2 - Y(d - 1)(d + d2 - 1)

1 1 

In this case we find for the scale factors the following expressions 

dl-1 
2a(o)1a d1 1-

1 (30) 
. / d~f d, -I J 1"111' I 

I e±2 y D-J - 1 

d2 do { jd2(d1 - 1) }
a2 = a(O)2exp Y D _ 2 VII (31) 

where the upper sign in the expression for al corresponds to VI > 0 and the lower one to 

VI < O. The qualitative behaviour of the scale factors in the case 21/(d l -l Ja (O)1 > a(O)2 is 

given in figs. 5. 6 showing the existence of regions with dynamical compactification, too. 

Because of the simple form of eqn. (30) we can find the explicit connection between 

the conformal time I and the synchronous time t. This connection is given by [11] 

dt = ±e'dT = ±a~la~2dl (32) 

Putting (30) and (31) into (32) we find 

t = ±cJ dy . ': 
2 d,'" C (33) 

I Y -11~ 

where 
% r;::;;:::;-;

y=e V~  1"11'" (34) 

The upper sign corresponds to VI > 0 the lower one to 1/1 < O. The constant c is defined 

by 

~ ....!!J...... d1 + d2 - 1 1 al a2 c = 2d l- 1 (35)d2 (d l 
-1) I VI la(O)la(O)2 

and the initial value of the synchronous time will be taken so that ~  = O. 

In the case d1 = 2. d2 2: 1 the integration of (34) gives 

c{ ~ + arcothy, I y I> 1t = ±_ l-y (36)
2 ~ + artanhy, IY 1< 1l-y 

This case is of special interest because for d2 = 1 it describes a 3-dimensional anisotropic 

Bianchi III 'universe without scalar field [25]. As we could see above there is no isotropiza

tion in this case. 

The integral (33) can be easyly calculated in the mostly important for Kaluza-Klein 

theory case d1 = 3 U11 can be looked at as our external space). Then we have two types 
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of solutions: 

?l/2a(OIl (2 -2)1/2
al ---- t -c (37) 

c[ t 2 
] ~~  

a2 a(O)2 t2 _ CJ, (38) 

2\jd2 -1 t (39)--10----.,." = ±?d t2 - C2 
- 2 

Where I t I~ cand 

1 2 
_ 2 / a(ol1 (t2 + c.2)1/2 (40)at - '_ 

c[ t2 
] rl; 

(41)a2 = a(O)2 t2 + C2 

2
1Jd2 - 1 t,." = ±- ---ln~  (42)
2 d2 t+c

where -00 < t < +00. In figures -7, 8 the behaviour of the scale factors corresponding 

to (37), (38) and (40), (41), is presented.. In both of these cases there are regions. with 

dynamical compactification. For the solutions (37), (38) the scale factors are everytimes in 

opposite phases and the role of the exterior spaceca.n be played by M1 as well as by M2• For 

instance, in-the region t ~ Cthe scale factor a2 shrinks from +00 to a(O)2 (asymptotically). 

For a(O)2 ,.... Lpt Mz becomes unobservable. At the same time al ,.... t( t > c) and 1\11 

describes the exterior space of Milne type. In this way the topology of the universe tends 

asymptotically to 1\14 X T d2. 

Fig. 8 is drawn for the case V2a(O)l > a(O)2.For I t I> cwe have a2 - a(O)2 and al - Itl, 
Le.the factor space M2 , becomes static and the factor space M1 has asymptotically the 

behaviour of a Milne universe. Thus, for Itl-> c the topology of the universe tends 

asymptotically again to M4 x Td-z. 

Figures 9, ro show the behaviour of the scalar field for the upper sign in formulas (39) 

and (42) ·correspondingly. It is interesting to note that 1,.,,1- 0 if It I> c. 
, Here, we have investigated the two-component ~odel (n = 2) in the case E > O. There 

exists one _particular case for n > 2 which may be reduced to the two-component model 

considered above (s. 'Appendix). 

11 

3.2.2 The n-component universe. Spontaneous compadification 

Like in the case f = 0 we have a solution with spontaneous compactification also for f > O. 

Obviously, this special case corresponds to the following choice of contants of integration: 

IIi == 0 (i= 1, ... , n - 1), lin #- O. Therefore, this case is only realized in the presence of 

a real scalar field. All scale factors are frozen (en' = aj = a(o)j, i =,2, ... , n) except one 

(epl = al)' ~hen  the metric in harmonic time.,. takes the form (18) where the scale factor 

al is 
'( ~  ) 1/(dl -l){[ ~] }-l/(dl -l)

al("') = VEl 181 IIG sinh (d1 -I)VEI 181 II.,. I- . (43) 

where G is defined by(17). The interval (-00, -0] describes the expanding universe and 

the interval [+0, +00) describes the contracting universe. It is not difficult to obtain for 

the modulus of <p (taking ~  = 0 in (11» the formula 

I,." 1= [I lin I ~ l(d1 -1)] arsinh (.;;iTi:iIGa~I-I)  (44) 

It is Convenient to rewrite the metric in conformal time Tf which is connected with 

harmonic time.,. by 

sinh [(d1 -l)~(-T)] = {sinh[(d1 -1)Tfn-1 (45) 

Then 
2[ ]? 2 ' 9 =a1(Tf) -dTf 0 dTf + 9(1) + a(O)29(2) + ... + a(O)n9(n) (46) 

and the scale factor at as a function of the conformal time is given by 

~ )1/(41 -1) . 
al(7J) = vi-I 18t IIG {sinh [(d l -1) 177l]}l/(dl 

-l) (47)( 

In synchronous time t the metric takes the form 

9 =-dt 0 dt + ai(t)9(1) + L 
n 

afO)i9(i) (48) 
"-" 

where the scale factor at and the time coordinate t are connected by 

t = J a~l-ldal  

(49)Jfl (l011G2) + a2(d1-1) +const 
1 . 

~ ]l/(d1-1)
If al <: [ Vf/181 IIG ' the scale factor al has the asymptotic behaviour at -I t 11/dl . 

It corresponds to the open Friedmann universe filled with radiation for d1 = 2 and filled 

12 
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.. [ctiTi ]-I/(d1 -1)
wIth ultrastIff matter for dl =3. IT "1 ~  vel181 lie the scale factor al has the 

asymptotic behaviour corresponding to a Milne universe "1 -It I for all d i . Therefore, in . 

the case of spontaneous compactification the topology of the universe asymptotically tends 

to .Mdl+l x T d2 X ••• X Tdn, where Mdl+! denotes the dl + 1 dimensional observable Milne 

universe (for dl = 3 this is the Mjnkowky space-time) and the Td. represent the frozen 

(unobservable) internal spaces which aredi dimensional tori or other compact spaces of 

constant zero curvature (later on we shall call this topology M~  x T topology). 

For d1 = 2 the int~al  (49) can be expressed by elementary functions 

2 ]1/2 
al= [[ (50)~/e]  (e~ltl+1)  -1 

but for dl >2 we get elliptic integrals. 

3.3 The case € <; 0 

In this case, as we can see from equation (12), there are classically allowed and forbidden re

gions. Cla.s~ica.lly forbidden regions are usually treated as regions with Euclidean signature 

and classically allowed ones. as regions with Lorentzian signature. As we shall see in the 

next chapter, on the quantum level there are tunneling solutions which describe processes 

with metric signature alteration [18], for example, universe nucleationfrom"nothing"[26}. 

If f < 0 at least some of the Vi should be imaginary. This leads to complex metric and 

scalar field. As stressed above it is possible to have real metric and imaginary scalar field 

in Lorentzian region if we demand that Vi {i = 1, ... , n -I} are real and £In is ima.ginary 

and the Vi shoUld satisfy the condition (14). 

Let us consider the equations (1O), (12) in the classically allowed region exp(2qvO) 2:: 

e/D}. The solutions of the equations of motion in harmonic time gauge are 

Jf/D1 IT 1< 11' ro; (51)
exp(qvO) = cos[(d _ 1)Je/8 T]' - 2(d} - 1) V-; == Tl

1 1

where the constant of integration TI is fixed by a proper choice of the origin of the time 

coordina.te 1', and 

t,i £liT +Gi, i = 1, ... ,n-1� 

:.p VnT + en - (52)� 

The solution in the classically forbidden region can be found with the help of an analytic� 

continuation T -+ -iT in the expressions (51), (52).� 

As in the case f > 0 we consider here two special cases.� 

3.3.1 The 2-component universe. Dynamical compactification 

In this case the scale factors as functions of the harmonic time coordinate read 

41-1 
a(O)1

a41 1 -1 
eJq> [J42~~;l) £lIT] cos [J¥(1 £12 12 -vi) T] , 

42. 42 [d2(d1 -1) ] - (53)a2 = a(O)2 exP D _ 2 £lIT 

where I T I~ Tland the constants a(!l)1 and a(0)2 are defined by eqns. (25), (26) with 

the substitution vi + vi --+ IV212 -vi. Corresponding to (11) the scalarJield is given by 

'-P = i I £12 IT + C2' It can be seen from (53) that there are different types of development 

of th~  scale factors in dependence from the sign of £11' The qualitative picture is shown 

in fig. 11 and fig. 12. Fig. 11 corresponds to VI >0 where the scale factor "2 increases 

monotonically from the minimal value at T = -Tl to the maximal value at T =T}, while al 

decreases from +00 at T =-:Tl down to aimin and after that tends to +00 at T = Tl' If the 

value a2~  does not exceed Lpl too much for T --+ T} dynamical compactification arises. 

Fig. 12 corresponds to V} < O. Here, a2 monotonically decreases from a2DI&X at T = -T} 

to a21Din at T = T} and a} &.ce more decreases from +00 at T = -Tl down ~o  aimin and 

after that tends to +00 at T. =Tl' 'In this case the region 0 :::;.T ~ Tl gives an example of 

dynamical compactification forT --+ T}. 

In contrast to the case f > 0 for e <0 we are not able to give the explicit expression 

for the scale factors as functions of the synchronous time coordinate if more than one sqtle 

factors have a dynamical behaviour. 

As it was shown in [18] the quantum solutions with fixed value of E< 0 describe transi

tions from the classically forbidden Euclidean region to the classically allowed Lorentzian 

one (s. next section). The universe is created by quantum tunneling with the scale 

e~  = Je/D} what cooresponds to the time T = 0 in eqns. (51) - (53). After that 

the evolution of the universe is d~cribed by the classical equations (51) - (53). Figs. 11, 

12 show that we have two possible pictures for the evolution of the universe. Due to the 

first possibility (fig. 11) the universe is created by quantum tunnelling with ,the scale 
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factors al = a(O)1 and a2 = a(O)2' After that the space All shrinks to al = almin and 

then increases to +00. The space 1\12 expands monotonically to a2 = a2max' Thesecond 

possibility (fig. 12) describes a universe created with al = a(O)1 and a2 = a(O)2o Here lUI 

expands monotonically to +00 while M2 contracts to a2 = a2min' 

In conclusion of this section we would like to mention the existence of the special case 

of a n (n > 2) component model which may be reduced to the two-component model 

considered above (s. the Appendix). 

3.3.2 The n- component universe.' Spontaneous compactification 

From the considerations above we conclude that spontaneous compactincation corresponds 

to the case IIi = °(i = 1, ... , n - 1), lin =f: 0. The condition f. < °restricts spontaneous 

compactification to the presense of a purely imaginary .scalar field (lin imaginary). All the 

scale factors ai =-a(O)i (i =2, ... , n) are frozen and al = eIJ1 has a dynamical behaviour, 

only. From (51), (52) and the transformation (7) we find in the Lorentzian region the scale 

factor aI, as a function of the harmonic time coordinate 

r:;;- ) 1/(d1-1) {[ C;; ] }-l/(dt-l)
al(T) = (Yf.!Ot/C cos (d1 -l)y€!Ot T (54) 

~here  C is defined by (17). In the interval [-2(d:_irVOl/f.,0] the universe contracts from 
o • (I":/'i;" )l/(dt-I)
Infimty to the classical tumingpoint whereat(T =0) = V€!Oz/C and after that 

in the interval [0, 2(d;-I) V8t /cJ it expands to infinity again. 

It is not difficult to obtain the absolute value of the scalar field in dependence of the 

scale factor al(taking en =°in (52) ) 

,.;0;;;] [.;;Ii: ] (55)I r.p 1= [I lin I d _ 1 arccos Ca~l-I  

1 

This formula shows that I r.p I has it's minimum at the turning point and tends asymptoti

cally to 2(~~:L  VOdf. when al - 00. The space-time metric takes in harmonic time gauge 

the form (18), where at(T) is defined by (54). 

The harmonic time T and the conformal time 'T/ are' connected to each other by the 

exPression 

cos [edt -l)Vf./BtT] = {cosh [(dt "';'l)ry]}-l, -00 < Tf < +00 (56) 

and the metric in conformal time takes the form (46) where al depemds on'T/ as 

, [~] l/(dt-l )
al(") = y€/()t/C {cosh [(dl _1)'T/]}1/(d l -l), -00 < 'T/ < +00 (57) 

In order to investigate the asymptotic behaviour of the scale factor at large times let Us 

consider synchronous coordinates whith the metric (48). We find for the time dependence 

of the scale factor al 
adl-ldal 

t = . I . +const (58)JVa~(dl-l)  - f./(OlC2) 

- . [CiJJ ]l/(dl-l)
Then asymptotically, when al ~  yf./Ot/C , we have al - Itl. Thus, the universe 

behaves asymptotically like a Milne Universe with respect to the scale factor al. Therefore, 
" 

as in the case of spontaneous compactification for f. > 0 (paragraph 3.2.2) the topology of 

the universe asymptotically tends to 1\1 x T. 

In the particular case d1 =2 we have from (58) 

a~(t)  = t2 + €/«()tC2), -00 < t < +00 (59) 

For d1 > 2 this integral-can be expressed with 'the help ofelliptic integrals. For example, 

in the case d1 = 3 we ha.ve 

[10 1/2 {I ( J2) .. ( J2)} 1[4 €] 112t~·  cV ~J J2F \11'2 - -12£ \11. T + at at - (}tC2 (60) 

where 

~ =arccos [(jl;IC)'" la1] (61) 

and F and E are the elliptic integrals of first and second kind repectively. 

The classical expr~sions  for the Euclidean region eqvo « €!Od l/2 can be found by 

analytic continuation of the formulas obtained here. Then the point 

at = [V€/Oz/Cr/(dt-l) (62) 

is the classical turning point. The nucleation of the universe can be considered as the 

quantum tunneling process through the potential barrier [26Jo The universe is nucleated 
r:tn J1/(d1-1)

with finite size al = [y€!O),jC and zero speed (dal/dt =0) and its further evolution 

is described by classical formulas (54), (57), and (58). 

15 16 



t,' 
~  ..... 

I' 
"""., ,,'~~ ';\::'� 

I ./":' 

,;. ~ 4$t)LUTIONS'TOTHE QUANTIZEDMOD~L  
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At the quantunll~lthe constraint equation (9).turnsover to the wheeler-De Witt'equA" 

tio~ (WOW). Tht:,\VnW equation is ~variant with respect to minisu~rsp~e  coordinate 

transformations and can be written in th~  harmonic tinie gauge .in Jhe following fonn [14J 

.(. EP' a . EP EP ", ). 
-Qv02 +'fJvI

2 

2 +: .. :+ 8v"-1 2 + ¥-191 I e.2qV'· IJr =0 .. (63) 

.� . 

It is easy to·obtain solutions of the·wnw equa.tion (63) by sepa.r~tion  of variables 

!.' " '1Jr =lio(vO) ... 1Jr,,_dV"-I)IJr,,(rp)� (64) 

where 
,T, ( i) il"l1'''' 1" " 1 

".'~'., 	 'Ki V = ~ . ,1 = ,... ,n - ; 1Jr,,(rp);';' ei",,'i' (65) . 
. . 

and 1Jr0 s,a.tisfieti the equation. 

. (~ d~2~'1  ~11  e2..,o) IJrc = flllo� (56) 
vI!. , . 

Here, f .andthe'arbitrary !lUmbers Vi ~  related to' each other by 

'j'-. " " 
f= tV?� (67) 

. ilKl 

-
..The solutions of equation (66) are 

, CJ;i/9 [(~/q)eqvo]	 . (68) 

w.h~'C(~) denotesth~ ~l func~ion  of the fi.rSi (m= 1);seeond (m "'" 2) or third' 

(ni = 3) kind; It was shoWn in [141 that f can be inierpretedas a:n energy~ From this pOint 

ot ..view the state; with f =0 are treated as ground stllotes. The general solution ca'n be . 
written in the form ' . , . 

III = ~ jd"vB1m'(v)c1ml II" eil',v' . (69)4,.,. .' '';</9l.;f m:1� -;=1 . 

where the B1m)(iI)'are arbitrary ~fficients  depending on the quantum numbers IIi.t·,::� . , ..~. 

The solutions (64) are eigenstates of the. quantum ~echanical  opera.tors 

t, a' i = ,1 ... ,.n -1, i {) 
(70)' II". =- N ltV' '� .II., =-N ocp 

. - \ 
~  -,,-~,  ",,~'.  

"� . '1'-0,\'.'.' 

. . . 

with the eigenvalu~  v,,/N, where we have N == 1 for the Lorent~ian  spac~time  and N ;::i; f,� 
foithe Euclidean one. The classiCAl equations corresponding to the 5tat~  (64) are [141� 

ii =N-1Vi, ·i =1, ... ,n -1, r.jI =N- 1
11" (71) 

.where the-dot denotes the differentiation with respect to harmonic time T. Evidently, 

equation$ (71)coinside with (10), (11). Thus, fo~  the classicaIequations corresponding·to, , 

(64) the constants of integration Vi in. (11) should coinside with the quantum numbers Vi 

ill (65).� 

Let us consider the wave function (64) in more detail. In the same way as in the c1assici,l� 

case we distinguish three special cases: f =0, > 0, < o.� 

4.1 'l'he case € =0 
-� .., 

.'� This casewasconsiderede~lierin[14J, where the state witH ::;: 0 wastreated~ the ground 

state. For'!illll, to be rea.t the condition f =0 leads to the demand IIi::;: 0 (i =1" .. ,n). 

As ~hown above, this corresponds in the c~assicallimit  to an universe wi~hsp~~tail.eoUs  

cOmpactification"aI1d theM.x T topology. Once more, this describes the product:of,an 

dt + I'dimensional Milne Univerae'and~tatic di dimensional tori or othercompa.ttspaees 
. 'l� ' 

of constant zero curvature. The wave function 

1lI~01  ;; Jo[(lIi:i(q) ~qvO] = Jo[(.jIO;i/q) ~tl-l,at~12": atO)"] (72) 

is related to the Hartle-Hawking boundary conditions 127J and describes the superpoSiti~n 
 

of expanding and contr~ting  universes .[I4J. The wave function . .� 

1Jr~2) =H~21 [(.)1,81 IIq) e~]	 (73), 
1-'

desajbes the exPanding Universe and satisfies the Vilenkin boun:dary. conditions [14,28]:' 

The wave function ' .• 

1lI~1) == H~ll [(lIi:i/q)eqvO]� (74) 

describes the contracting universe. Her~ Jo and H~U)  are the Bessel functions of ~ta.nd  . 

third kind respectively. 

The Hartle-Hawkinggrounds,tate wave function (72) is noti-singular. The vacuum wave 

functions ~73)  and (74) go to infinity as ln al when al -+ O. 
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'\, '4.2 'g;'be~~f  > 0 

,Let us ,~~  ~t  IIi to b~  real. , This corres~nds  to !,'eal, metric ~d  scalar field in the 

,; Lorentzian region." 

, The' excited states (64) can be writt~ in the form 

here an example of such a solution. \Ve write the, ~vdunction  (;6) in,the form 

\{Iii) , '. [ ".. ] , [( r;-;;--.,iJ I) .] 
1t.;.;\o...."1_1 = exp ik £; q( v~ .,... c')fl Hi(i) . ?e",G ' . 

, . 

where th~  qUantum n:~erS  vi'are Wrlttenm the{omi 

(79). 

\p~~.;.":"  =Jilt [(JI61 1Iq) eqvG]TIei",Iv'-cS) 
'. ' J.l 

, (75) Vi =k,qf, (SO) , 

where ,the energy 

,,~~:~~~;i:H1:j){'(JIO:ilq) eqvG] TIei "jl;-c1) 
. , .J-' 

. , 

e = Dill == tfJi-l, -00 .( k < +OO,'P.== vn 
, 

, (76) 

and the translation 

005 11 

sin "Yl COS"Y2 

andthe n dimension.a,l unit vector f i is defined by . 

invariance of theWDW equation.(63) was used for the vi(i = 1, •.. , ~).  

, ,Alfthese, wave functions' Oscillate an infinite nutilber oftimes when the spacial geometry 
. f i = I sin 11 sin 12 COS 1'3 ' 

,(81) 

degenerates (ai - 0). Thissingwar behaviour rdlectstbe initial and final singularities of Sin'l' sin i ..-2 cos ,n-I .' 

the classical~lutioDS.  sin'l 'sin In-2 sin 'n-l 

" 

, . 

" 

.' 

(78) 

(17)":()' '. '[('~18"'1) 'tll-ltl2 .. "".]
I) 0 =cos .V I 111 I q a1 alO)~ .•. a(oln-

I)(J) =exp [(-l)j+li,(~/q)at1-1a~)2".atG',..] 
wh'ere j = 1,2 and (77), (78) describe in the claasicallimit asyIil.pt~tically  a universe with 

'the-M x T topology. 

, As s~own above the ~lutionsofthe, c.1a&sical Lorentzian equations have the following 

. , uymptotic be.,haviour'Wh~n:; 0 we have I t 1-+ 00 and vi ~ d so that ~i  ~al~)i  

, etc 2,:... ,~) and~I""'1 t I., This ~rresponds  as;mptotically toa freezing of the internal 

dimensions,and the limit ~f  d~amicalcojn~tificationis sPo~t~eous  co~p~tlfi~tion.  

Therefore, spontaneous comp~tifi<;atiOn  ~ts.  as an, attr~tor  solution for sOlutions with 

~Ynami<:a1.  comPactification~  The correSponding limit {or the. wave functionS (7-5), (76) 

. m.a.Yhe ~eved for pO -+.<Xi, vi ~ d(i =1, ... ,n). In this case the'asymptotic 'bahaviour 

of thesdluti~.(75),(76)js given b~ 

" ' 

(82) 

. (83). 

'(a4)
Ii) - . ," {" , ':+1' ( W) _.D' '['~  ,':' ....•.•]}

.11'"•..,; ....;....._1 ~'expe-1P ~7.e'l"cO$h, ~.q(VI -:-c')fi -:: A.: 

.. ", i '[" 1rk] , -, . 
CiJI (,\) = -(-l)i+l exp' (-i)i- exp(-~k'\)  

, 2 ' 2 , . " 

where -00 < ,\ <.00, we get, 

Using the integral transformation [30]
( . 

1l0) . == roo dkC(j)(,x)I1'(j)
~.~t."'t""-J J-eo ~ "Jr,"'J1,••••"ft-l 

. -00 , 

with 

This wave fUnction has the sameuymptotic behaviour: at vi ~ d (I =1,. ~. ,n), JJI1 ~ +OOi 

as (79) .. It corres~nds  asymptotiCally to the conttacting(j ==l)aDde~d1g(j= 2) • 

, (d; + 1) dimensional Mi1.D.e universe, The wave function, (84) caD 'abadY not descibe a . . 

state o,f fixed energy ,e. 

EVidently, the solutions (75, 76) are not the unique sOlutions of equation (63), other 
"' '." . - " . 

, wave functions can also be found. Some of these wave functionS may be free of the ab~ve  

4.3 The case € < 0 

ment.io~-ed  siDg1ilarities. For the one component model with scalar fi~id  'this ~as  analysed In this case ihe wave functions (64) can be,written in the form 

~n  (29). In analogy to the papers [15,16], where the case 8> 0 was considered, we can give 
11'(0) = Jk.,......... 

" 

[.(JIBI ') eqvo] ,rr" ei';,iv'-2-)q , 
~I  

(85) 
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\)H.2)·' ~  H 11•21· [,(~)  e"'O'] 'rr"."t iV;;"''''''') (86)
"" •••"", ,k q� , 

. .- . ' . jacl .. 

wh~'; ~v" ,j ~;1,  2. f '= -fk2. '-00 < k < 00 and for Vi (j = 1•.•. , n) the tranSlation 

i~varia!)~of  the WOW equation (63) was used. , 

As"a co~uenceof  thecondition'~  .< 0 the quantum numbers v,'(or part of them)' 
, ' 

beca.tbe imaginary. Then, in the claasic41y all~wed region we \Vould g~t a complex metric.. 
." 

In.order to avoid this we demandin~Og}r to the <;l~ical~  all /I,(i =1, ... ,n -1) to 

be real and /I" tQ be i~nary and the condition (14) to be valid. Consequently, with'these 

, '~I!.ditioDS the metric:: oftheclaasicall'i acceSsible regioJ;l is ,Ii. real Ll?rentz metric, while the 

scalar field in'.this ~n  is imaginary. " ' . . ' ~ 
-., It CAD. be seen from equation (66) (the quan.tum analog of-('l2») that in the,case t < 0 

there exisfclaasical1y accessible as well as forbidden'tegions. The solutionsJ85); (86) 

are solUtions with fixed, energyt and d~cribes  transitions between the claasially a&wed 
and forbidden regions due to tunneling,pr,ocesses. As a. conseqiience, it becomes pas;-, 

~ible~to ,analyze P~Cesses  ~ith  changes oCthe' metric signa~ur~[181.  For ins~ce,  the 

.lIOlution ~(2)'i~ (El6) ,d~cribes qu~tum tunneling throUgh a. potential barrier and is 'usu

'ally inte~reted  as' ~reationof  theunivme from ·"nothing" [14,1l1':26]. In this way for 

, /I, '~O (i ~  l~  •.. , n -1) a ncomp<;nent UJrivene!wiihspontaneous compa.ctifica.ti~n  will be 
c~te(i, whilefor'~i ::F' 0, II; =0 (i=2, ... ,~-1)  the creation ofa n~componen:t  unJ~rse  " 

wit~dYn~ca.lcQmp&Ctifica.tion  is described. The'solution ,ilI(l) descri~  the opposite 

, .proc~: tht t~ulsi~ion  into "nothing" as the ~&l'  stage of the evolution of the universe.. 

rD.'analogy to the caaet > 0 ~ehave al~  solutions 'to equation (63),which ak~Ydo  
~t  ~bewa~~fuDetib~fo~~~energy" F~r instaince'-with an integral trai1sfo~ion  

of ~(~)  ~e  find [30] 

1/(0) . '" , = r- dkC (A~)\IIio} , . , 
/~. ~ 

~.-n'''',''''''-l 	 ' J_oo{ (~k)"~""iY._' ["-I , 
=exp e"'°sin ~q(vi-c;)f;sinh'Y"_l+  , (87).,� i+ 

+qi(v" - C")COSh'Y"':'l + AI) 
'~, 

~heie Ck(A) ::;: eJq>(ikA), A has a. continuous speetrumof width 2,. and the wa.ve fun<;tion 

. (85) III~~ ......, was re!written in the form, ... 
,,-I� " (0) ,~  . i"; . • 

IIIkm ....."l._l =,exp { lk [ ~ q(v, - c )f; Sinh 'Y"-:1 + 
.. ' 

-- '" " "[jiO;! 0]
+ qi(v" - C")cosh ~i"_I]}X Jk -.-q-e"" . (88) 

'.' I� • . 

where we used for the quantum numbers IIi the representation 

v;'= kqr;sinh'Yn_l' i=1', .. ;,n-1� ·(89) 

/I" == ikq cosh "1"-1� (!)O) 

It~  f; rePresents a (n -1) dimensional unit vector given bya formula Similar to(SI) ~d  

the arbitrary 'constants e ca.nbe taken best as the classical limits for the ti (i == 1:....... ·, n) 

in equation, (52) for I 'r 1-+ 'rio i.e. ci =/1;":'1 + ci or e == _/liTI +d. In this liInit ,th~  ,', 
vi(i = 1, ... ,n) Lelld'to their~mal  (or miuiIDal) fixed values an~ ihe ~rres~ndi~  

scale factorsai (i ~  2, ,~) arefro~n out and al -I t I ..:.. 00. So it can ~s~ttiatin' 

the limit vi -e (i= 1, , n),vO 
-> ~.  the wave function~·l{I.l~!.. and 1V1~~.. ba~e;he sarnl! " 

'asYmptotic behaviour and describeasymptotica.llY in the claSsical limit an universe ~iih,,'  

the same Mx T ~oPC;logy like in the case ~ > 0., 

5 CONCLUSIONS 
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par~  f~  0 as ~ell a& f<:: O. This feAture le~s to a more complex picture th~  in, the 

form«;r ,~~"1"~rall values of the 'parameter, f solutions'~th  dYnamical and spontaneous ' 

,., .coxfipaetitication _e f~und.  It is ,not difficult to see that the :;oh,ltion with spontari~us  

" : . " :. . ,I. ...:. . _ '. _ ",' .. ,:~. ~  ~~ 

~, compactffica.tion in tbe case f =: 0 is an attr~tor  solution fQr'allkirids of solutions with 
.) 

f > Q as well. as f < O. In the limit oflarge goemetry all solutions, tend to al '"" ItL - 00 
~. " for the scale factor of th~space Mi, wlUle' all'oiher scale factors and the scalar,'field become ' 

fr~d  (see figures 7 - 10, 13). 'Th~; asymptotically all soluti~ns descri_~ the ~verse'  

with the topOlogy M&i+1 x'pl3 x ... x}c.. where M41His the (d1 +i)-dimensional Milne 
'. 

universeand,the'f"A' ~ed;-diinensiOnalfrozen torior other coinp~tspaces  of const~t  

zero c~~.  'Sohlt.ions to the qua'ntuin Wheeler-DeWitt equation were obtained also. 

In the ~  f, <. ~ ,Iio~, ofth~m describe the process of tunneling from the Euclidean, region 

to the Lorenuiailone, otten Called t,he birth: of theuniveise from "nothing" [28].' for all. 

~alues~f  f these wa~  funCltions ASymptotically des,tribe in the classical liinit an, uni~  

'with the tOt>ology .\14.+1 x Tel' x, .. x ~. 
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6 APPENDIX' 
. .,~  

It iseasy;'to see that theteexist a speCial n-component case(n > ~) which can ,be reduced to ' 

the tWo ~m~nei1t uclverse .;nthdynami~  C()mpActifi~ion  cOnsid~  above for f > 0 as 

well as f~r  f <' 0. ThisexceptionaJ case corresponds to the s~ialchoice-ofthe  integration 

constants in equation (11) , 

VI # Q� 

V2, = ." =V"-l =0 (A.1)� 

Than it follows from theeoordinate traIiSforrilation (7) that 

-a; = e B'a2' i = 3, ... ,n, ,(A.2) . . ' 

where Bj.is an arbitrary cOnstant. Therefore, all factor spaces Mi (i = 3, ... ;n) :have ,. " 

. identical dynaqricalhehil.viour, the ~&IIIe  as M2 in the two component universe.. Further, the', " 

equa,tions ;(23) - (42) and (53) temainthe same and define the,dynamiCs ()f the factor s~·  , • ' 

Mt and'M'2 with the only difference that we have to make the chan&e d2 - L2 =E:'.2 d;" 

',' 

" 
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Figure l'The dynamical behaviour of the scale factors al and adn harInonictim~for Figure 3 The, dynamical behaviour of, the swe factonal and a, in harmonic tune for, ' 
, ' '"" , 

f > 0 in the~l.  i£lI.l > 0: 'f> 0 in the ~  2. if IIJ.> O. '" 
<;.,' 
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o 

. -'",' 
.......� 

,",
\' 

o 't o 't 

;L:, ..•• 

" Figure 2 The dynamical behaviour of the scale factors a1 aild a, in harmonic time for Figure 4 The dynamical behaviour of the scale factors al and a2 in, harmonic time for 
, ~ 

.: E > 0 in the case 1. if III < O. f >Oin the <;aile 2. if 111 < O. 
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Figure 5 The 'dyxWnical behavio~ of' the scale factors aj and ~2  in harmonic time for 

,E > Oin the case 3. if 111 > o. ' r,' 

o t 

Figure' 6 Thedynaniical behaviour of the ~cale  factors 01 'and ~2  in h~o~~ time for 

t: > 0 in the ca.se 3. if 111 < O. 
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, Figure 7 The dynamical behaviour of the scale factors a1 and a2 in syn~hronous time for 

", t:> 0 in the case 3. if d1 =. 3 (formula.s (3;), (38). 'The line 01 =. Itt istheattractor fotihe 
scale factor al' 

." ,' L.::::.,' ~,  --=-_ I --or=': 
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Figure 8 The dynamical behaviour of the scale factors al and a2' in synchronous time 

for E > 0 in the ~ 3. if d1 =. 3 (fotrnula.s (40); (41). The line 0i =.Itl is theattrac;tor for 

thescalefactor ai • 
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Figure 9 The c,W 3: (d1 =3), The behaviour of the scalar field for equation (39) (with Figure 11 The qualitative- behaviour of the scale factors al anda2 in ha~oliic  tim~  f~r  

positivesi~ ). f'<'O (equation (53) for 111> 0). 
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Figure :10 The case 3. (dt =3). The- behaviour of the scalar field for equation (42) . Figure 12 The qualitative behaviour of the scale factors at and a2 in harmonic time 

(with positive sigit). for f <. 0 (equation (53) for lit < 0). It can be seen that in the caSe a2min ": Lpi for T ..... Tl 
dynamical compactification tllokes place~ 
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Figure 13 ,For solutions with spontaneou compactificatioi!. of all intemaIspaces and 

negative curvature of the external space it is shown now the sol~tion  a.1 '= ItIfor f. =-- 0 

, acts as anatiractor. The curves are draWn for thesiniple casedl ~2.  Here we ha.ve 

,:" , .' 1/2 , "" '['(" MT' )2 ]1/2 
,a1 = [i2 + *bL .for ,E < 0 and ~1  .= Iii#, ,Cv~ltl + 1 -I for E >,0. For 

all dynainicalSoltitioils £ ~ 0 we hav.easymptoticallyal .... 'Itl -+ +00, a2,"" aft -+ canst,' 

'-P -+ constand;therefore, the~lution  IXl=Jtl, £=0 is anattractor. too (see e.g. figures 

7 -10). 
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