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\Ve give a proof of the fa.ct that there are no nontrivial blo.ck holes with reg~

horizon in Einstein-Higgs theory with any number of scalar fields and arbitrary
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potential. We also give a brief diseussion of the contrast between this theory a.nd

the Einstein Yang Mills theory tha.t is responsible for the difference in the set of

solutions allowed by one and the other . ., '..



neceutly, there has been a surge of interest in studying static black hole solutions for

gra.vity coupled to nonlinear matter fields. This is due in part to the discovery that, in

. spite of the widely held belief to the contrary, nontrivialsta.tic black hole solutions exicJt in
I t

Einstein ·Ya.ng Mills Theory[l], Ei~nstein Skyrme Theory[2Land Einstein 'Yang ~rills Higgs

Theory[3]. These discoveries ha.ve shown the falsehood of the" no hair conjecture" which

was introduced by Wheeler[4] as a consequence of the bla.ck hole uniqueness theorems

in Einstein-vaccum and Einstein-Maxwell theories[5, 6] and to the Beckenstein['i, 8J type

results that proof the non existence of nontrivial sta.tiona.ry black holes for various theories

with simple matter fields coupled with Einstein's gravity.

Among these" no hair') results, there is a proof[7] that in the case where the matter

consist of a single scalar field with a convex potential, that is a potential term that is

a convex function of the sca.lar field as exemplified by the usua.l mass term, there exists

no nontrivi~,l hJ~.r.k hole ~oll1tlon with regllJ~.r hori70on. The r.A~e 1n which the pot~nti~.1

is nonconvex, as exemplified by the usual double well potential, is the simplest case not

covered by these theorems, and although no "no-hair" proof exists in the Ii terature, it is

widely believed that this theory yields no such black hole solutions either. This belief is

reinforced by the failure of numerical attempts to find them[9]. In the case of multiple

scala.r fields, the situation seenled complicated enough that no systelllatic study of the

question has been carried' out. Moreover, there is even a fe"cent suggestion[3] that one

might be able to elude the no hair conjecture with a simple model of two scalar fields if

the potential is appropriately chosen.

In this paper, we provide a proof that) if we restrict ourselves to spherically symmetric

configurations, no such solutions exist in a theory of any number of scalar fields, minimally

coupled to gravity provided only thai the potential is positive semidefinite ( as needed

to satisfy the \Veak energy condition) and that the Ininilua of the potential is zero (as

needed to allow asymptotically it solutions). The restriction to spherically symmetric

configurations is not expected to be a serious one, as it is natural to expect that the

staticity implies spherical symmetry result of [5] could be generalized to this theory.

\Ve consider then the ,theory specified by the action:

S = f .j(-9)[(a t 'R - (1j2)v"</>.V"tP. - 11 (</») (1)
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\Vhere Il is the rued scala.r, c) = 16'KG, v~ is the cova.riant derivative, c/J. are the

scalar fields and 11 (</J) the scalar potential.

Let's consider the equa.tions th,t would describe a. nontrivial, sta.tic, spherically sym-
/ ..

metric black hole solution in this theory, if one existed.

The most general sta.tic spherically symmetric metric can be expressed in terms of

the line element~

where In a.nd 5 are functions of r only. The scalar fields t/J. are also functions of r

only.

Einstein's equations then reduce to

6' = -a(r/4) E<¢~?

and

where the prime sta.nds for t .
The conditions for regular black hole horizon at r = rH a.re

~ ........

(3)

(5)

The conditions for an asymptotica.lly fit metric are that 1n(r) and ~(r) converge to

a finite limit as r ~ 00. This requires that (¢':r2 = 0(r-3) and 11 = o(r-3) for large r.

The equations for the scalar fields are

In our case they become

(6)

«1 - 2m/r)1>;)' +(2/r - ~1)(1 - 2mJr )1>: = ~~, (7)

We note that a solut~on to the equa.tion above is completely specified by the choice of

the value of the </>.'s at TH, since at that point the coefficient of 1>~' vanishes and therefore
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eq.7 specifies the value or t/J; at rH in terms or ;:1' In pa.rticula.r, if the value of t/J, a.t

, rH were to be an extrema. of the potential, the solution would be t/>, = constant which
l

would not be a.n a.cceptable soluti~n unless the extrema of \I was a.ctually its minima. 0

in which ca.se the solution would be trivial.

These equations are quite similar (in particula.r, if we took a single scalar field with

11 (p) = A( tP2-t! 2 r~ )to the equa.tions tha.t describe sta.tic spherically symmetric black hole

solutions in Einstein Yang Mills Theory which are known to have nontrivial solutions,

the so called" colored bla.ck holes":

and

where

~' = -(2/r)( w')'l

m' = (1- 2mjr)(w')'l + 2V(w)jr2

o~/( )
r2(1 - 2m/r )w" +2(m - 2V (w )/r )w' = OW

W

v(w) =(1/4)(1- w2?

(8)

(9)

(10)

(11)

What is the essential differ·ence between these equations that result in such a different.~.

set of solutions?

\Ve ca.n see the a.nswer by studying the problem using a.s guidance the equivalent

problem of a particle in a. potential well (a.s done in pedagogical expositions of simple

solitons, see [10)), with the a.dded complica.tion that the ma.ss will be variable and there

will be friction terms. -VVe proceed to derive wha.t would be ihe equivalent of the work

energy theorem. Multiplying eq. 7 by 4>:, and summing over i we obtain:

where p. =(l-'Jmlr). We then define U(¢) = -V(</J) and the "Energy)) E of the system

as:

(13)

4



Then we ca.n write the eq. 12 a.s:

l E' = -b LX</>~? (14)

Where we see tha.t the )) mass» ~ is varia.ble and there is friction specified by the coefficient

b given by

b = [(1/2)p' +(2/"r - ~')p] = (2/r )(1 - (3in/'lr) - in' /"r - §!(l - 'linlr) (15)

In the limit a -10 0, we have m' = f/ = 0 and then is clear that b > 0 but in general b

has no definite sign and its behavior is obtained substituting Einsteins equa.tions 3 and

4, which. yields:

b = a( r /4)E + (2/r )(1 - (3m /2T ) (16)

We write eq.14 introducing the integra.ting factor which turns out to be just e-~, thus we

have

We note now that B(TH) = UlrH = -V(¢(rH)) < 0 so Ee-$(rH) < 0 and since...

the a..H.S of 14 if! n~gll.tiv~ LIIp.midp.nnit~ fOT r > rH on (l.C:C011nt of ~q. .5 1t fol1ow~ t.hflt,t

Ee-~ is a decreasing function ofr. It is therefore always more nega.tive than Be-S(TH).

However, in order to have an asymptotica.lly it solution, Be -8 should approach 0 as

o(T-~) when T ~ 00. Thus, in this theory there is no nontrivial solution representing a

static spherically symmetric bla.ck hole with regular horizon.

In the Einstein Yang 1vIills ca.se, a similar calcula.tion yields:

~ ...

~ (Be -") =--(2/T )(1 - (3m/2r ))e-4L(4>;)2
~

(17)

(18)

where E = [1/2~(w')2 - 11 (w)] with f' = r2(1 - 2m/r). So in this ca.se the term in the

R.H.S.is positive for T >. 3m allowing the final value (considering T as the" evolution

parameter") of Ee -~ to he larger than the initial one, thus providing for the possibility

of nontrivial soI1.ltions.( This also shows tha.t substa.ntial part the Y-M structure must be



. Dresent beyond the 3/2 of the radius of the horizon for any nontrivial black hole solution

in this theory).

. We have found a way to analY!ae the possibilities of nontrivial static spherically sym

metric black hole solutions in Einstein Higgs and Einstein Ya.ng Mills theories that serves

to proof the non existence of such solutions in the nrst and shows how the argument is

eluded in the second, We expect that this type of analysis should proof useful when

applied to other theories to uncover those in which there is potentially new classical hair

and to understand some of their properties.
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