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GENERAL SOLUTIONS FOR SCALAR—TENSOR COSMOLOGIES Here we present j simple procedure  which gives the general vacu
um  an

radiati i i i
tion-dominated Friedman cosmological solutions to scalar-tensor gravity theories in a
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A simple representation of scalar—tensor gravity theories is presented which permits AEbT BOGERE o

Scalar-tensor gravity theories have lagrangians of the form

the general solution of the vacuum and radiation-dominated Friedman universes after the where o i
¥ 15 a scalar field coupled to the space-time 4
—curvature, R, by w(yp) and Ly is

gravity theory is specified. A range of theories are solved explicitly. the lagrangian of the remaining matter fields, The theory of B d D
E rans an icke is the

special c: = instei
pe ase @ = constant. The generalised Einstein equations and the wave equation for o
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There are now many situations in which it is advantageous to have simple exact
cosmological models in scalar-tensor theories of gravitation. They permit rigorous
quantification  of the allowed deviations from the general theory of relativity through

confrontation with standard solar system tests [1], primordial nucleosynthesis [2] and

astronomical observations of the binary pulsar [3]. They arise in studies of dimensional

reduction in the early universe [4], in studies of varying 3-dimensional constants induced
by the variation in mean size of extra dimensions [5], in the study of extended
inflationary universe models [6],{7], in some proposed resolutions of the dark matter
problem (8] and possible modifications to primordial black hole formation and evaporation
[9]. Studies of ‘oscillating physics' [10] and its possible connection with quasi-periodicity of
large-scale structure in redshift space [11] also need exact cosmological models which
permit variation of Newton's gravitational ‘constant' in order to to compute other
observational consequences of this idea. Information is also potentially available about the
scalar-tensor nature of gravitation in the very early Universe from the super-adiabatic
production of gravitons [12].

Until recently very few cosmological solutions to scalar-tensor theories of gravity have

been found. Attention has focused upon the simplest case of the Brans-Dicke theory [13].
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Rab = $€abR = -Brp™'Typ - wiplo™2{papp - $8abrirl}

= ¢ eab = gap Op} 1)

3 + 2up)} Op = 81T - w'(p)ypl (2)

where T2b s the covariantly conserved energy-momentum tensor of the matter content of
the theory, If its trace, T, vanishes, and ¢ is a constant, then (1)~2) reduce to the
standard Einstein equations with gravitational constant G = »~', Hence any exact solution
of Einstein's equations with a tracefree matter source will also be a particular - exact
solution of the scalar-tensor theory with ¢, and hence «&(p), constant. In what follows we
shall seek the general solutions of the isotropic and homogeneous models when neither ]
nor u(p) is constant,

¢ Consndber Friedman cosmologies with metric (c = 1)
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dsz a'('q){dr;2 = (1-kr2)™'dr2 - r24g2 - r3sin?0dy?}
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where i
a(n) is the expansion scale factor, 7 is the conformal time coordinate, and the



metric curvature parameter is k = 0 or + 1. We shall assume that the material content of
the universe is black-body radiation so the density p is given by 8sp = 3la™* where I' >

0 is a constant. The case I' = 0 will define the vacuum model. Introduce a function yi(n)

defined by

= ya?, 3)

where k parametrizes the curvature, and (1) and (2) become

pla? = 35M2w(¢:)+3}'* s A constant. 4)

yi'2 = 4Ty + A? - 4kyp2 (S)

Equation (5) integrates to give, in vacuum,

Yo(m) = Aln + no)
Y=y(m) = !l_\sinh{l(n'fno)}. (6)
y.(n) = $Asin{2(n+nol}

and, for radiation,

Yo(n) =T(n + 55)? - AT,

Y=o(n) = =40 + H(A? = T2} sinh(2(n+no)} if A2 > T2
Y=i(m) = =iT + lexp[2ntny)] if A2 = T2 )
yoy(m) = —4F + §(07 = A2} cosh{2n+ng)} if T2 > A?

y(n) = iF + 32 + A?)sin{2(n+no)}

If the scalar-tensor theory is defined by the specification of a scalar function f(p) via

20(p) + 3 = 3p3f Uf?

then (4) integrates to give, in vacuum,

N+ 1 for k = 0
f(p)/fo = { tanh(y + 35) for k = -1 (8)
tan{n + n,) for k = +1

with f, constant; the corresponding radiation solutions are,

[ 2 + g - A ]
2y +20y + A

[[rran(mng) + (r2+a2)d - a ] C - el
Ftan(ning)+ (F2+A2)! + A

F(p)/Fq = [ Ftanh(q+ny) - A + (AT . _§9)
A + Ttanh(q+n,) + (A2-T2)} AZ > T2

[ Atanh(g+7o) - [ + (F2-A7)} j ‘- 1

-I' - Atanh(n+n,) + (I'2-A7)} ) r2 > a2

1 - T exp(-2(n+ny)) k= -1,
AZ - r?

The scale factor a(n) is obtained from (3), (6) or (7) and (8) or (9) in the vacuum and

radiation cases respectively, since,

ai(y) - k(M

£ [n4n,)
where f~! is the inverse function of f obtained by inverting (8) or (9) in the vacuum or
radiation cases respectively. In the k < O radiation-dominated case f(yp) approaches a
constant as 9 - o and the general relativistic solutions are approached. In the vacuum
case f(p) approaches a constant in the k = -1 universes as 7 - « because solutions
asymptote to the Milne vacuum model of general relativity (a « exp(n)). When k > 0
there are no vacuum Friedman models to approach and the asymptotic behaviour is
sensitive to the functional form of f(p). Five different forms for f(p) are given below to
indicate the range of behaviours for a(y) and o(n). We give only the k = 0 solutions but

the algebraically cumbersome k # 0 models are easily obtained if required. We have



o

defined the zero of n time by setting no = 0. The vacuum models are as follows:

f(p)/fo w(m az(y)

P /P An'-'/P

exp(\p™) A=/m enr/n(y) ANY/N g gnt/0(y)
2nM(p) exp(n/m] An exp[-1'/m]
tanh™'(\p) N\~ 'tanh(y) ANy coth(n)
tanh(Ap) A~ttanh™(9) ANy (tanh='(g)) "

The f = P case includes the Brans-Dicke theory since w(p) = ¥(p? - 1) = constant. The

k = 0 radiation models, are given as follows:

f(o) = f op
_ /P
e(n) = [______21",, A]
Ay + A
a2(y) = Ar1200 - AJ(p+1)/p
f2ry - A}(P-1)/p
f=Ff exp (™)

p(q) = A=1/n ant/n[z_r’l_'_ﬁ.
My + A

A/N[My2 - JAT)

Qn‘/n[—————zr" - A ]
Uy + A

ai(q) =~

f‘m) - f gnm‘ El
s/m
p(n) = exp [._253'-_'\]
My + A

1/m
az(y) - exp[—[iﬂ;h—-] ] x [Tn2 -~ JA-1)
My + A

w(f’) - )"ganh[—zr’,_-A_]
My + A

ai(y) = )\"coth[zn’_-A] x [Ty? - 4AT1)
Wy + A

p) = fotanh

o(n) = X"tanh-l[ﬂ'_A.]
My + A

a(n) = M2 - 3A27"1)

tanh[—ﬂ:il
My + A

The method presented is not restricted to the forms of f(p) displayed here. It enables
us to evaluate the physical consequences of scalar-tensor cosmological models for the
radiation~dominated phase of the early universe. Baryosynthesis, nucleosynthesis and
graviton production can be studied in detail. This will enable observational bounds to be
placed upon the allowed deviations from general relativity and then can be compared with

those derived from local solar-system tests.
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