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ABSTRACT

We present. an analysis or the finite temparature Chern-Simons superconductivity model. Based on our

analyt.icaJ and numerical results ror the magnetic susceptibility, conductivity and the dielectric constant, we

present evidence for a phase transition in the system to the normal state. This transition is also accompanied

by the restoration of Parity and Time reversal symmetries.
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(where 'H..is the hamiltonian,)/ is the conserved particle number and (J =lIT is the inverse of the temper·

ature) which will allow us to compute the thermodynamic properties of the systel11.

displays the Donrelativistic (spinless) fermions coupled minimally to the Maxwell (A,,) and the CS (a,,)

gauge fields along with the kinetic energy terms for the respective gauge fields. The last term neutralises

the system by providing for a uniform positive background charge density. We need the knowledge oC the

partition function

Chern-Simona (CS) gauge theories ha\'e bad a profound impact on our understanding of conJensed

matter systems in two spatial dimensions. This has been especially so in the case of the Fractional Quantum

Hall effect1(FQIlE) and in the possibility of a novel kind of Parity and Time reversal (P, T) violating

mechanism for superconductivity, originally proposed in connection with high-Tc superconductivity'.

The purpose of this letter is to present the results of a comprehensive .tudy of the finite temperature

(fT) Chern-Simons superconductivity (CSS). We use the mean field approach for the CS magnetic field

and compute the effective action for the photon field and the electromagnetic resp~n~ of the system. On

the basis of our analytical and numerical results, we have found evidence for & phase transition from the

supercoDducting to a Dormal (noD-magnetic, insulating aDd a weakly dielectric) state, signalled by an abrupt

change in the electromagnetic properties of the system. This transition also coincides with the restoration

of the P, T symmetries, 1;fhose violation is characteristic of CSS.

The·FT analysis ofCSS has been considered in several earlier works3 - T• To our knowledge none of these

.cozuiders genuinely high temperatures. One conclusion3 - which has perhaps led to a decline of interest in

this topic- that the Meissner effect (ME) persists for all finite temperatures- is not corroborated by our

studies. Ref. 5 does point to a transition based on a partial numerical computation and a low temperature.

analysis which is, however, somewhat dependent on assumptions on the numerical values of the parameters

of the theory. Ref. 6 has al80 argued for ~ KOIterlitz-Thoules. (KT) transition; however their estimate o(

Ter does not coincide with our finding. Recently, nef. 8 has analysed the normal.tate behaviour, along witb

a computation of the change in the magnetic permeability, which qualitatively agrees witb our result. We

bdieve that the merit of our work lies in its complete characterization o( the electromagnetic properties of

the system, both in the superconducting and Dormal phases which we feel is significant, given the present

interest in this model.

The MF approach i. standard and we shall not repeat the detail•. The relevant lagrangian

6F I ftl1tp' I
6(6BI:) .8-.0 = 6m' (3 + Ii)· (:\)

The above result is signilicant 1o: since F i. not & minima at 6B E =0, the aystem has no reason to forbid

external maKnetic fields, which suuests an absence oC ME, aticlLSt upto order 11. To vindicate lhi! ;\Iltici·

pation, consider the Ouctuations (cominK f~om the fermion loop) in the g:Hlge field!'! about the mean field

configuration. The effective one loop action tbat ensues involve5 the fermion vacuum polarization tensor

0'''' acting on the fluctutting gauge fields A,. and a". The effective lagrangian i. then (dropping the .... for

given by

Cell =Co - ~A"n""A~

where .A,. = (A,. + a,,) + A: also has a piece coming Crom external (probe) fields and l.o is the tree level

term. Further, resolve

n"~ =00(Q'9"" - q"q") - (00 - n,)6"'ri (q'l6'i - qiqi) + iIJlc""~q~,

where the form factors (in the limit w,(l- 0) ba\'e the structure 00= n~l) +r'If, nl =O~I)We. At small

{J;:.J~, they have the simple form (upto 0(11))

O - O· II - e'tip. r' - ."~p (1)
1 - , , - 12m" - < IJ • .

Note that at T =0, 0 1 euetl)· cancels tbe CS term in l.o, and this was argued to be essential for

superconductivity'. The static rt'Spon5e (Iillt':tr) is now rt'l\dil)' l'\"l\lul\ll'd. Thl' l1Ia~Ill'lic ~lIs("rl'lit.ility \.

simplicity),

l\'e consider the mean field properties first. The mean field ansatz smears the CS magnetic field (b =
:pl"~ to a u·~irorm value which yields Landau levels with' (" =(n + 1/2)we being the energy eigl'nvalul's and

We =dIm being the cyclotron frequency, \Ve fine tune M usunl the CS J'l\ralt1dl'r to l' == N r'/'lrr. 10 ",hil"·"

N completely filled levels: The chemical potential1J(fJ) is to be determined by the constraint of fixed density

p. The low temperature results are exponentially small corrections to the value at T =0, in agreement with

Ref 3. Thus, IJ = tF - ezp(-lJcF)/2fJ (CF is the Fermi energy at T =0), the equation of state is given

by P =..p'/m + 2pezp(-{JcF/2N)/NfJ, and the specific heat C. = P(fJwe)'exp(-{JcF/2N)/2N. Clearly,

the temperature effects are negligible. The thermal properties al high temperatures are more interesting

and relevant. Contrary to Ref 3, 1J is not a perturbation over CF any longer; indeed, the small {Jw. limit is

equivalent to a small thermal volume for the system, as given by u = 21r{Jplm == ~tP« 1. In this region,

an Euler-Mclaurin expansion yields the Cugacity to be u:p({Jp) =u + u'/2 + (I + 1/4NZ)u3 /6 + .., from

which we obtain the virial expansion thus: P/3 = pll + ~tP/4 + (I - 9/N)(~}p)'/36+ ..]. The second and

the third virial coefficients therefore read', B, =~}/4 and 83 = (I - 9/N»,t/36. A physical qualltit)· of

immediate relevance is the response of the Cree energy to a weak external (Maxwell) magnetic field. It is

( I)

(2)Z =Trezp( - (J('H - pN)]

I:. =-~F,..,F"" - it"uo"O"oct + r/hDol/1 - 2~ IDt"I' + eAop
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the dielectric constant ( and the conductivity riii are respectively liven by

r 2

X=-n2; (-I =1+~r2; t1ii == (iJ t1 =0 (5), +
Note that Xis independent ofr, is very weakly negalive and is .lrietly zero atp =.0. Tbis implies tbe absence

of ME (atleast uplo 0(.0». There is a weak Faraday edge current in the system, causin, an infinitesimal

uniformattenuation of the magnetic field in the medium. Appropriately, the conductivity tensor (TiJ (wblch

is characteristically Hall like in the model) also vanishes which signifies .lbe absence of tbe .uperc:urre~t.

Finally, the syslem behaves like an ordinary dielectric medium witb a screening length given by r- I . Tbua

at high temperatures, the theory is essentially free and strictly 10 at IJ =O.

A further understanding of the cbanges occurring in the behaviour of the system is obtained by an

analysis of the excitations ot the system. It is simpler (and instructive) to consider the neutral ayatem

(i.e., exdudinS the Maxwell field) Iirst. At zer? temperature, the.cancellation of the CS term is crucial for

the existen~e of lhe .uperftuid mode, which then has the dispersion relalion w =cl91 (c = J..p/m2 being

the velocily of phonon). An exponentially weak mass' does develop at low temperatufeS but this does not

destroy super8uidity. nowever at high temperatures the form factor r' dominates as the mus term. In fact

the dispersion relation now becomes that of a non-relalivistic partide, w == r 12M, M = r'/211, signifyinl .

the demise of superftuidity. This is most strikingly revealed by the chanles in the energy and .pecific

heat contributed by the mode. At low temperatures U" r::I «3)/..(J3e' ~ qll =3«3)1"/-c'. At hilh

temperature (l/A)lnZ" =ffMTI12 comes out independent of temperature! Consequently U" ,q" lilf O.

ThUll, heatins the system only serves to dissolve the mode (r2 - 0 u IJ - 0) and does not enerlize it.

A similar change in the specific heat i. alao reRected in the charged sy.tem. At low temperaLure there are

two modes with the dispersion (at low ~omentum and ignoring the exponentially .malliow temperature cor

rection) w~ 11:: r +Cl; w? == r IC,+Cl/Cl, where C I =e'NI2Jt and C, =e'mN'/4 ..'p. Correspondingly

one has C. 11:: (Crp/2..)ezp(-PCd + (ClfJ/27tCI)ezp(-fJCI/C,) as the contribution oCthe two modes. At

high temperatures the Coulomb interaction gets mediated by the non-relativistic mode, w ~ ('12M, which

does not contribute to the thermodynamic properties. The magnetic interaction tends to a long range mode,

",,' =(l +n,)(' + r'. Its contribution to the specific heat C. r::I3«(3)T'/lI" +e'p«(3)T/12..m' approaches

the 2+1 photonic value as T - 00.

The above features stronlly suggest a phase transition at an intermediate temperature. To explore

the behaviour at such temperatures we have carried out a numerical computation which bears out our

expectation. Figures 1-4 summarize our findings. We have studied the system for two extreme values

of .V(= 10,1000), and e'/m = lO-',p/me' = 10-1 and e2 = 105cm-1• ~fany interesting features are

apparent: X, (f and (-1 (lip.I, 2) undergo a sharp variation at Tef" - O.ISwe and .04we for N=1000 and 10
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",,,.~t;"IY.' elmly, 'h, ,,,,,ilio. Is to a .o.,mago"k, 1",la'i.g aod w,akly dld"',i, slat, a.d Is d,;,'"

by a corresponding sharp Call in the values of "I and n, (fig.3), and the dominance of r' .., the rnass terrn

(figA). Indeed, we find that T~ is determined by the conditions" df - 0; n, -- 0, which is evident

in figs.3.4. Finally, the vanishing of the off-diagonal Hall conductivity demonstrates the restoration of P,T

symmetries.

In furtber analyzinl the numerical resulLJ. we recall that the system 111\.' bC('l\ Iltu,!i('t! in the low q'1

limit, ie, r,' « I, (I = ..ff1i6 being the magnetic length). Consequently any mass scale> .j2:rp/N is

to be taken as decoupled from the theory. Thus soon after Tc:r the larger mass M+ decouples, restoring

thereby the P,T symmetry. The subsequent singularity in M~ and its change of sign (which is caused by a

change of sign of nl) could be significant but its interpretation lies beyond the domain of our perturbative

.- analysis. It is apparent that lhe HT li~it (characterized by the r' dominance ), ill valid much earlier than

where our analytic results (4) are, i.e., lOon after Tef"' Further, it can also be asserted that the tr:lnsition

would be accompanied by a sharp change in the specific heat. And significantly, our numerical results are

. Dot crucially dependent on our specific choices for the parameters of the theory. In fact, the temperature

dependence alway. arises in the form lJwe. Further, we observe that the variation of Ter/""e with N is sm:lll

and i. presumably an lIN effect.

Our perturbative result. are inadequate to shed light on the physical cause of the transition. It is

possible that the underlying mechanismS is a KT transition due to the melting of vortex-antivortex pairs.

A more rdined analysis would ptrhRp, tlltl,l>lish this with (('(tRillty. f'lIrtlll'r a 1I'·",·r.'\1 Ii.'("ll !,oillt .'\lIl1ly.il'l

oOhe renormalitation &roup Row in CS theorit'S ha.s been carried out by Avdcev ct. aLII. It remains to be

investigated if the rich phase st.ructure they find can be mapped to the transition found here.

Finally, we conclude with the following remarks: numerically, even at T =0, M+ is substantially larger

than /.L (filA) which is very near the DCS maM. Thus any attempt to see experimentally the r,T-\'iolation

has to contend with this fact. Nut, the cancellation of the CS term is not exact at T 1- 0, (or for that

matter, even at T =0, in models where tbe fermion may have a spin I'). This apparent drawback has

motivated l3 alternath'e models Cor high T. superconductors. However, this study has shown that such

an inexact cancellation does not destroy superconductivit),. Coupled with our finite temperature results,

we thus see that. as a model for 2-D superconductivity, CSS is neither unrealistic nor pathological. CS

superconducti\·ity may thus po~ an intrinsic significance for quasi planar systems - in as much a.~ the

remarkably successful Laughlin ansatz does for fQIIE.
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FIGURE CAPTIONS

FiC. 1: The dependence of x(- , - - -), C1(T)//1(O)(_· -', ....) on 1"/w. for N ==1000, 10. (T is ~how" for

~ typical value 21fr12 = 10-4 •

Fig. 2: The variation of (-1 (- , - - -) as a function of T/we for N = 1000,10.

Fig. 3: The dependence of DI(T)/DICO), D,CT)/D,(O) on T/we for N=IOOO. Note that thl'y are hi~hl)' coind

dent.

Fig. 4: The masses MI (- '-', -) and r'(- - -) as fundions ofT/We are shown in the units of M~(O) for

N=1000.
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