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1. Foreword and Acknowledgements

The following lectures are based largely upon the Chapter "Mixing and CP
violation" to appear in the Second edition of Leader and Predazzi A n In
troduction to Gauge Theories and the 'New Physics' (Cambridge University
Press: to be published in 1993 under the title Gauge Theories and Modern
Particle Physics-An Introduction).

Because of the very varied level of the students attending the School,
I have attached several Appendices which explain some of the steps which
are normally taken for granted.

The aim of these lectures is essentially pedagogical. For a much more
detailed coverage of the f{0- RO situation the reader should consult refer
ences [2] and [4]. For a recent review of the BO-iJo system see ref. [3].

The author is very grateful for the Italian Istituto Nazionale di Fisica
Nucleare for its support in connection with the LAFEX School.
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2. Introduction

rVli'xing and CP-violation were first. d iscoverea in the ]-(0-k O syst.em almost.
three decades ago, and to date this is the Oilly system in which CP-violation
has been seen There was much speculat.ion about. t.his mysterious feature
of the weak interaction and various ad-hoc mechanisms were invented to
explain it. Now, with the modern version of Electroweak Theory with 3
generations of leptons and quarks and wit.h t.he quark mixing generated by
the Kobavashi-Maskawa. (1\:1\'0 matrix, we seem t.o have a natural meclla
nism .for CP-\\olation. Is it the correct. one'( Can it explain the phenomena
in the j{°-.:...R'o system? And what does it predict for t.he analogous DO-DO
and BO-Eo syst.ems?

\'Ve shall see that the most interesting effects are expected to appear
in the l\- and B systems, and that there is a sort of complementa.rity be
t.ween them. For]{ 0_ ii- o the experimental situation is 'relatively simple'
(in absolut.e t.erms, very subtle and difficult: but. in relative t.erms. rather
simple) but t.he theoretical interpretation is rather complicat.ed with many
Feynman diagrams contribut.ing ill t.he calculat.ions For E O-8° t.he ex
perimentaJ outlook is frightening and will require B-fact.ories with huge
intensities for significant. CP measurement.s, whereas the theory is fairly
st.raightforward wit.h oft.en one single reynman diagram dominat.ing .

. In these Iect.ures we dea.l only wit.h CP-violat.ion 111 the clecfroweak sec
tOT. It should be remembered t.hat. there is abo a problem of CP-violation in
QCD, i.e. in t.he strong sect.or, but. t.hc:se dTect.s are expect.ed to be ext.remely
small, quit.e negligible compared wit.h til(' phenomena we sha.ll discuss.

Also, note that we shall assume t.hat. CPT is conserved. Recall t.hat
CPT is far more fundament.al t.han eit.her C, P or T. Indeed it is relatively
trivial to write down field theoretic Lagrangians which violat.e C, PorT
but. no one knows how t.o violate CPT in a local Lagrangian field t.heory.



3. IVlixing

Note that mixing has. a priori. not.hing to do wit h CP-violation. \Ve can
haH' mixing even if CP i:-; cOllsen-cd. Bu t. .. "'hen CP IS \'iolated, mixing
is a very useful t.ool

\Vhat. causes mixlng') The tot;·tl Hamiltonian con:-;lst.s of two pieces:

· ".'

L

jj = Hs + IfEll (3.1 )

lIe:: IS the st.rong interaction JJ amiltonian (QeD) and is paron7' c07lserv1ng.

The electrO\\'eak Hamiltonian HEll' is flavour changl1/g
Suppose now that via t.he strong interaction ,\"t' produce a state IA) a.nd

suppose there exist.s anot.her state IB) which differs from IA.) ouly 111 flavour.

Then under the influence of HEll' we will get. transit.ions (oscillations)

1--1) .- in) - 1·~1) ~ IE) - .

;wd thIS leads t.o the non-exponential deuly of the st(~le IA).
\\"e shall use the generic notation IPO) and 11)°) t.o stand for the pseu

doscalar particles and antipartIcles which are of interest. t.o liS (P = !{, D, B).
Consider t.he complete st.at.e vector 1\[1(t)) whidl has e\'olved from a IPO)

or IPJ) state at say t = O. \Ye are intcrest('d in tlw project.ion of 1'lJ(t)),
(let us call it. j·0(t))). onto the suhspace spanned hy IPO) and !pO). Thus
we put.

(3.2)

It. can be shown [1] that. the time dependence of the 'wave functions'
Po(t),Po(t) is cont.rolled by a coupled Schrodinger equat.ion,

[; d( Po(t)) (HII
lldi ?o(t) H'.!l

(3.3)

where the HI] are mat.rix element.s of the weak interaction tra.nsition oper

ator til (see Appendix A). One has

3
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Hll (po Ij~1! jPO
) II '2'2 = (po ITw IPO)

(3.4)

H 12 (poltuI PO ) 11:>1 = (po jTw IPO)

where the states are normalised to V1llty. The matrix H is an 'effective
Hamiltonian' which is not, in general hermit.ian, i.e. fl ll and H'n. a.re not
in general real, nor is HI;!. = J-J;.!1· If. as usual, "'e assume CPT invariance,
then one has H u = H'22 == H (see Appendix B). CPT gives no information

about H 12 or H?l·
It turns out that. Ol1e can :,plit. e(-l(h Ill<:'ltrix elenwnL in a physically

meaningful way, into two peutS. in the fornl:

where /II and r are real. Then (J .:n beconws

iT1i. ( ~o(t)) ( 1'1 - iI'j2
dt Po(t) ,~1 i:: - ir~ ::I"l

JILl - if]:,/:?
.:'II -- if12 ) (

~o(t) )
Po(t) .

(3.6)

(3.7)

Note that despite superficial appearances. one cannot calculate H'1.l from
H 1'1. just on the basis of (3.5) Sil1(e M] '2 and r]:.', being complex, are 1I0t.

det.ermined uniquely by the "altle of 11 1'2'

Equation (3.6) can be diagonalizecl by using cert.ain linear combinations
of ]PO) and lPO) as basis states These combinations can be written in t.he

form

From the process of diagonalizatiol1. one finds only a condit.ion relating q

t.o p, namely,

(38)

which det.ermines q/p up to a :sign Let

(3.9)

a.nd let us write

:i = Iff'll I]/'.! e 1(cP?I-<h.2)j2. (3.10)
].I H I '2

The reason for the above phase choice is explained later It. IS 1I1 accord

with recent papers on BO-- 13° physics.
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Regarding the owralJ phase of the Jilwar combinations (3.7) which diag
onalize (3.6). t,lJese are cornpletcly fr('e since we are solving a homogeneous
equation. By ('01lv(;ntl01l we define

." I

(3.11)

The reason for this rather odd notation is t.hat. wit.h the sign convention for
qjp mentioned previously, it \yill t.urn Ollt t.hat. /Fg) have CP eigenva.lues
±1 1f CP is conserved. Substitut.ing int.o 0.6) one finds that. the t.ime
evolution of these sf.ates is now simple:

with

111±

If we define

.\J ± Rf [J-fLJiJd1/:l

r:::;:: 21m [Hl"lH?d 1
/'..!

~OI == 711_ - 7//+

~r == f+ - r __

(3.12)

(:3.14)

(:3.15)

(3.16)

then \H' 113\(' frol1l (:3 14, ].))

.'\ + .,,[, /-) - 2{H H )1/::' - 'J/H H I1/'2e 1(<D J :.+0:lI l!2
jj n7 J.:J / L - - J :! ? 1,- - L 1? ? J (3.17)

where we have used (:1.9 and ]0) 1.0 evaluate the phase of the square root.
Consider no\\' the time evolution of the st.ates lPO) or jPO) produced in

3 strong inf,<:r3ctJOIl at. t = O. There arc 1.\\0 forms of the result which will
be useful later. Solving for jPO

), 11>°) from (:3.] 1) and using (3.13), t.he
stat.es at some later t.ime t have becollle'. r('specti\ely,

I~q t)) po

(3.18)

!ti'{t))po

This form will 1)(' useful for st.udying CP violat.ion in t.he KG, kO syst.em.



If we now substitute (3.11) into (:3.18) we obtain an alt.ernat.ive form,
. fIe EO B- 0 .. .partIcularly use u Jor , rmxmg.

L

l1P(t))po

(:3.19)

where

f (t) - .1 [ -illl+l. -T+I/:! ± ,,,-IIlL le- r _ I /<.2] (3.20)± ... - 2 e e c ..

',Ve see 1.:hat a state which at. t = 0 \\·a::;. say, a pure jP O
) IS, at later

t.imes, a. mixture of IPO) and IPO) The prohahilities of finding t.he various
states at time t, starting witli either IPO) or r!>()) C'lt t = O. are then:

(:321 )

I.~ I:! if (I) j:!
I (I I

and

P(pU _ pO./)

0·2:2)

It should be stressed that the abO\e phenomenon of strangeness or charm
or bott.om mixmg has. a priori. nothing to do Wit h CP yiolation, and would
occur even if CP were absolutely conserwc.l. ClS \\jll become clear later.

The equalit.y of pO ~ po and po - po can be traced back to t.he CPT
invariance. In general pO ~ po is not eqllal to po - po. Only if CP is

conserved do t.he latt.er rates become equal. as will be explained present.ly.



Let. us now turn t.o the quest.ion of CP Illvariance. Under C a part.icle is
changed into its antiparticle, so that gi\'ell that we are dealing wit.h pseu

doscalar ~rwsolls, for <l particJr at re;;;t it is natural to take CPIPO) = -IPO)
and CP!po) = -IPo)

The transition amplitudes f()J p(i - pO and pO _ po are

{PO!I~(iIpU) H:?I

(4.1 )

If CP were conserYcd \\'f' \\'ollld hene hy (85. 6)

.. '

L

[ep cOlls('ncd] (4.2)

II
-=]
p

[ep conserved]. (4.3)

Note also that if CP is conserved 111('11 in (:311) we have

[ep conserved]. (4.4 )

Let liS now consider some of thl' practical aspects of mixing and/or
CP violation, \'\Ie shall suppose that we can identify jpO),IPO) by some

characteristic react.ion signature. For example, for kaons one might. ideally

look for RO + p ~ A0 + iTo, but. in (H<lC"tice one might use the tlS = ~Q

rule of semi-Iept.onic decays \\'hlCh implies

(4.5)

Thus by measuring t.he time dependcl]ce of the product.ion rate of these
final st.ates, (or. equ ivaJently since the original f{o or RO is moving in the
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LAB, the distance dependence of these rates) one (ClI1 effectively measure

the If±(t)12 of eqns. (3.21. 22).
Now one has from (3.20 and }G)

",,-here, from (3.15), we have used

(4.7)

Hence oscillations in t.he production rat.e will be observable provided the
period 27f/.6.m is not. t.oo long comparfd with the decay time l/f. Thus
the condit.ion for observable oscillations j-; rOllghly

(4.8)

Let us now consider t.he various possibilities for pO. po

In the FI.-o, kG syst.em t.he c!OJlJllli11Jl dec;1ys are

so that because of phase spare

(4.9)

and t.he lifetime of IJ-(~) is much shorttT 111<-111 IJ\·~). For this reason these
states are usually called (8 for sllorl. L for long)

IJ -O)-IJ' U \\s = \+/ i\ 11 cI (4.10)

Indeed for t.he lifetimes one hi1s CXlwl"Il1wn1.ally

'S = (O.89t2 ± U.O(20) x lO-1O s

TL = (515±OO·J) ><: 10-8 .)

so t.hat

Also, empirically,

~m = niL - nls = (:3522 ± (016) x 1O-12!\leV Ie?

(4.11)

(4.12)

(4.13)
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so that
1}.m ~ 0.54 x 10 1

0s- 1 ~ ~rs.

Thus (4.8) is roughly satisfied empirically, i.e.

111'

(4.14)

(4.15)

and the observation of oscillations is feasible. Indeed the fantastically small
mass difference ~m is derived from measurements of these oscillations.

The fortuitous fact that r s » r L is a great boon experimentally. Any
beam of neutral ]{ mesons, either [{G or kG, traversing a vacuum, will,
if we wait long enough, become essentially a pure [{L beam according to
(3.18 and 13). It is then straightforward to get an idea of the size of the
CP-violation in H. For, upon using (4.5), and the fact that the [{O, k O rates
are equal by CPT (see Appendix C), we get from the measured asymmetry
in the semi-Ieptonic decays of the ]-(L, from (3.11),

f(IiL .-+ 71'- f+ vrJ - f(IiL --+ 71'+ e- i/d
f(I<L -y 71'- f+ vd + f(]{L --+ 71'+ f- Vi)

jpl2 _ Iq 12 -3

I I
') I I') ~ 3.3 x 10 .

p - + q-

Thus in the Kaon system Iqjpl is very close to 1.

[11 ~ 1 - (3.3 x 10-3
)

PK
(4.16)

The situation in the DO, DO system is somewhat different. Firstly the
DO, DO decays are Cabibbo favoured. Secondly, because of their larger
mass, both have many more channels open for their decay. Consequently
their lifetime is much shorter than the J('s: T(D~) '" 4 x 10- 135, and their
decay widths are similar f + '" f _ so that ~rIf ~ 1. Thus the observation
of oscillations does not seem feasible. However one could try to compare
the total number of jjO found per DO produced, and vice versa, i.e. utilise
the integrated version of (3.21, 22). From (3.20) one finds

T

(4.17)

fa: P(jjO --+ DO; t)dt = 1~12 x2 + y2

fo P(DO --+ DO; t)dt q 2 + x2 y2
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where
y == ~r j2f (4.18)

These simple results show clearly what is needed for the largest I111Xll1g

effects. Either y2 ~ 1, i.e. I~rl ~ 2r and/or :/~ 2 L i.e. I~ml 2 r will
ensure that both l' and 1"""; are \lot small for given jq/pj. Neither of these
conditions is met in the DO-Do syst.em.

4.3 The BO-E° system

• The situation in the BO-13° ca..:.;e is much more encouraging. Here one
expects small y'2 but. quite large .1.:' (Inc! Inixing dTeet.s have indeed been
seen. However, it. turns out t.hat a comparison of 7' and r in BO-Bo mixing
is unlikely t.o be useful for CP-vioJation studies so we shaJJ not discuss
mixing further at this st.agp



5. C:P-violation 111 the I(o-li-o svsten1

rVlany different kJllds of experiment. have been performed all t.he KD-AD
system, oft.en of great ingenuity. For example to compare t.he amplitudes
for ]{£ -;. .f and !\'s -----e. .r for any st.ate f, one has from (3.18) that t.he
rates of production of f at time t. starting with either a [(0 or a RO at

t =0, are

.'

R~(o or g,,(f) =

where A~,L are the amplit.udes for [\'5,£ -'- f and 1]1 = A(l\L - f)/
A(Ks --; f) == l1Jf le i

¢/. Study of the time dependence in (5.1) yields
information on both the magnitude and phase of 1]f·

For access to the literat.ure about t.he many experiment.s Oll the 1\.'0_.1\'0

system, the reader should consult Tahlp ] of Carosi. et aJ. (2]. The latter
paper gives t.hE' most. recent. and precise inforll1C1t,ion 011 17+- and 1]00- One
has

1]+- = (2.272 ± 0.02J) x JO-3ei{~r.i ~I±:? :?)"

1}00 = (2.249 ± 0.027) x 1O-3el(471±::S)')
(5.2)

showing t.hat. 17+- and 1]00 are very neinly equal, both III magnitude and
phase.

Because the CP of the iT'iT' state is + lone has t.hat

17+- i- 0 1]00 i- 0 :=} CP-violat.ion.

Also, as we shall see, 17+- i- /]OO:=} more ft>fined informat.ion about the
mechanism of CP-violation.

11



12 CP-violation in the Standard M odd

Conventionally one introduces two paramet.ers:

77+- ~ (. + (.'
7700 ~ (. - 2('

so that from (5.2) (. and c' have essentially the same phase and

iEl = (2.26 ± 0.2) x 10-3
.

(5.3)

(5.4)

The detection of a significant difference between 77+- and TJoo is very
difficult experimentally (measurement of f') and there are two incompatible
re.sults obtained recently

NA31 (CERN) : c'/f = (2.3 ± 0.7) x 10-3

E731 (Fermilab): f'/c = (0.GO±O.69) x 10-3
.

(5.5)

It will turn out that it is crucial to know which is correct. E731 is
compatible with the Standard Model; NA31 is not!

5.1 The dynanJ.ics of c'

The main ingredient is

(1(0 ITw lJ{o)

_z_M(kO --'" ]-(0)
2mk

(5.6)

where M is the Feynman amplitude for Ro ~ KG which we consider as
the transition sd ---l- sd. The lowest order diagrams are

w uc. t
s

~c.tD
d s d

W w+

d S d s
w+

(a) ( b)



A straight.forward but long algebraic calculat.ion shows that ( is related
to the dispenJivc part of lJ 12 (see Appendix A). III the Feynman amplitude
M eacb propagat.or has the t.ypical forlll

k
(5.7)

where P implies princzpal valut. The dispersive part is obt.ained by keeping
just the principa.l value piece for each propagator.

Now one easily' sees that if all the coupling constants at the vertices are

real then (i}v1.)DISPERSIVE is real. However it. can be shown that

( ex: Im(j.\/1)D].C;PERSIIE. (5.8)

So we require comple.x couplings if m~ want. ( -j:. O. And t.his is precisely
what. the Kobayashi-]\J <lsbwa matrix provides us with.

Recall t.hat the int.eraction Lagrangian (for charged current reactions)
coupling quarks t.o \\'± is nOIl-diagoll 01 ill the quark generat.ions. Onp ha.c,
a generalization of Cabibbo mixing:

£

+ T-J' (1 - -.: )b'} 'V+ + h c (5.9)I I"~ JI .,

where

,
s

h'

L·dd + L~.~ + ",:1,&

"'dd + \~.,:; + \ ~bb.
(5.10 )

The 3 x :3 unitary malnx \' of (0.10) call be parametrised in t.erms of:3
angles B1'2, B:l 3 . B31 and olle phase t. The recommended form is

51'2('13 813e -1<1 )

('1 :!C:!3 - S1:?S:?3 S 13eI6 S:?3 C 13

-C1 -:S:!3 - 81 :?(':?3 S 13ei .-l C:?3('13

(5.11)
where eij == cos Bij and Si) == sin 0,), It can be shown that. one may take all
t.he angles B1'2,B:?3,()13 1.0 lie in t.he rctnge 0 S (lij S if/2 so that eij ~ 0 and
Sij ~ 0, a.nd the phase f, to lie in () S f, S 2if.
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\Vith this coup 1 n ~ )\jnd Feynman vertex is

-le I( )=---.--lfud1'J 1 - ~f5 .
2V2 Sll1 Ow

(5.12)

As a result of many measurement.s of different. weak decays one ha.s a

fair idea of t.he values of the angles Bij . Hough Iy

Cl:' ;::::; C:'3 ;::::; (:1.3 ;::::; 1
Sl:' ~ 0.2 S?3 ;::::; 0.05

(5.13)

Using t.hese .approximate val nes gives

11

C

:3

0.2
1

-O.05(] + O.04e i
•5 )

b 10.005e- ib

0.05
1

(5.14)
so t.hat the largest imaginary pent.s will come from ':~d and l~lb which,
incident,ally are t.he least. \\'cll' kno\\'n ma.t.rix dements.

Thus the relevant diagrams ;-\1"1'

.... •
:s Vc.~ c1 oS _ V's . _Vt:~ col ~

VtJ Vtd d
V" .... ....

c Co c t" t t

J s J . :s- ol :;
A A AI>. L

v:Jf V v· V-t; • V;J Vt:~cd <:5 tel
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The imaginary parts of the couplings for the three diagrams are roughly
in the ratio

..... r

1 0.003 (5.15)

whereas the kinematic factors, which are sensitive to the quark masses are
in the approximate ratio

1 10 (5.16)

As a consequence when multiplying the kinematic factors by the cou
plings no single diagram dominates, so the theoretical interpretation is not
simple. One finds

(5.17)

where the constant B K (of order 1) will be explained presently.
Comparing with (5.2) we see that the phase is in agreement with exper

iment.
The constant BK reflects the fact that what we have really calculated

is the transition of a free sd pair to a free sd pair, whereas KG and KG are
of course bound states of quark-antiquark pairs. The calculation of B K

involves non-perturbative QeD and is thus very difficult. Lattice methods
and sum rules suggest

0.6 S; B K ~ 0.9. (5.18)

With B K in this range it is not difficult to find values of 6 which make
fTH agree in magnitude with (EXPT. In fact there is a further 'free' pa
rameter. The kinematic factors depend on the mass of the top quark mt
which is nm" believed to be about 130-140 GeV /c2

.

The shaded region in the diagram on the next page shows the allowed
values for band 7171 which make fT H = (EX PT. (Some allowance has been
made for uncert.ainties in the various other parameters.)

If we fix 771t = 130 GeV/ c2 then 6 is const.ra.ined to roughly the range

or (5.19)

5.2 The dynamics of t'

(' =I- 0 reflects CP-violation specifically in the decay amplitude KG -+ 27r.
In Appendix C we show that one can write

( 7f7f)I=0 ITw IKG
} = lao le iDo ei60

{(7f7fh=2jTw lf{0) = la2!ei82e i6 2
(5.20)
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0.004 ~ 5'3 $ 0-005
0.7 ~.BK~ 0.8
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(Adapted from ref. [4])



where <So,:! are t.he isospin 0 (-Jill! L ph(-J;-;e-sllift.s for the s!r()1)g lIIifmet101I ]17'0

cess of elast.ic '<;-"'<1\'C ITIT s(',!t1<'rJng Cln(1 l(Jo,:!lfi(ln~ ;:He the weak transit.ion

amplit udes.
Intuitively t.hc result. can lw understood as follows. Consider the reac

tion taking p-Iace in two steps: first. t.he weak int.erctctions turn t.he J\·o int.o

a ITIT pair in some very small region of space: second t.he ITIT separate while

interacting strongly with each otl1cr:

The first reaction has amplitude 10 k1R
, 10 s<'e why t he second has ampli

tude eitS recall tbat in a scattol/Ig /I/()«.';.'i

L
.. l'

7r- ......
.......

.........

'~,~,;)

10e

./
./

-0~
e lo

each partial wave has amplitu<,le (,:.'1,'. IJctJf the total I)hase buI1dll1g up as
the part.icles approach each ot jwr ,mel the ot.her half as t.hey sepa rat.e.

\Vith our CP phase convent.ioll. CP conservat.ion in the decctY would

imply eo = 0 and {}'J = O. As exphined in Appendix D. st.atements about

phases are dangerous and finding {}o = 0 or O'}, = 0 is not. a guarant.ee of CP
conservation,

In fact one finds

(5.21)

and it is rea.lly 00 = ()'} which unamhigllollsly follows if CP is conserved.
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We see that (' i- 0 can only arise if t.he phases coming from the weak
decay are different for isospin 0 and 2.

It is not difficult to find diagrams which will yield a complex weak
amplitude which will be different for I = 0 or 2. A few possibilities are
shown below.

Vud IJ

____---_~----.--d

- v~s --------u
a 0-' -----------.----,-••1

I = 0.;>

Re;;,'

s---OO___-__,---:I---------- lJ

w Gr'".~.~~
~ .a--_-- -- u

w
S------::::r&\/'vfV\J\JV\/'r------- r;

1=0

a--__

-Via

1-= U C.I

/.u

1=0
Complex

w
...

-Vis
5 --~--J\JV\rvV\)'v'VY_- - --'-" _ ... - - d

~u

G~_
>;~ u

d --_. ._.---'"-- ~..--~ d

1 = 0
Complex
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Since (' and ( have essentially the same phase, it is convenient to consider
the ratio ('I L Feeding in the experimental value of ( (5.4) and taking the
values of the Sij used in obtaining (5.17), one can write

'\ ·r

(5.22)

where the function H comes from evaluating the Feynman diagrams. The
dependence on ffit and AQCD comes from the evaluation of the Feynman
diagrams, and there is a strong variation with mt expecially if mt is large,
as we now believe it to be. The dependence on ffi$ comes from the hadronic
matrix elements. Here m.s is the so-called 'strange quark current mass' (not
its constituent ma<;s) which is supposed to be in the region of 150 MeV/ c2

.

It is found that H decreases strongly as ffit increases, reaching zero for
mt in the region of 220 GeV Ic 2 . H also depends upon m.s and roughly
H <X 1/m;. Finally H increases slowly as AQCD grows.

Returning to (5.22), if one now i) takes the range of allowed values of fJ
which followed from the fit to tEXPT and ii) permits AQCD to vary between
0.1 GeV and 0.3 GeV, one obtains the graphs of ('I ( tiS m.s for various fixed
values of ffit shown below.

3

2

1 -

0
n
0

X

w

~ -1

o

m 1 = 90GeV

m t = 200GeV

7TD/7/l17 /1/7 7 7 I I I t X

m i = 125GeV

m t = 250 GeV

- 1

(Adapted from ref. [4J)



'j

20 CP-vwlatlOlI 11l the StandaTd Jl10dd

We see that for the preferred value of mt ~ 127 GeV/c2 the SM is not
compatible with the NA31 measurement for any acceptable value of ?TIs·

The situation gets worse as mr increases, and only for mt in the region of,
or smaller than 90 GeV /c2 is there the possibility of agreement. The E731
data on the other hand is compatible with the SM for mt ~ 127 GeV Ic2

.

We end this discussion with two comments:

1. It is hard to believe that the calculations of individual hadronic matrix
elements are accurate to better than say 20%-30%. In calculating (' / (
there is considerable cancellation amongst these so that the answer
may be quite inaccurate. But even allowing for this it only seems
barely possible to get agreement. between the SM and NA31 results
and then only for a value of 111-< smaller than is usually contemplated,

2, The NA31 group has taken further data and it will be of the greatest
intf'rest to see if their central value moves down towards the E731
result. ,

Clearly a resolution of the experimental situation is of the greatest 1l11

portanee



6. CP-violation in the EO-Eo system

We shall see that the SM predicts impressive CP-violation effects in some
decay channels, effects at the level of 2: 10%, compared wit.h the typi
cal 0.1% effects in the [{o_j{o system. Alas, however, these big effects
occur in decay modes whose branching ratio is very small, typically ~

10-3-10- 4
, so one will require huge numbers of BO-BO-hence the drive

towards B-factories based on e+e- colliders with enormous luminosities
(~ 3 x 1033 C17/-2 s-1).

6.1 Can one detect CP-violation in n'lixing?

Recall the mixing formula" (3.21, 22)

·'" .1

P (BO
-;. 13 0

; t) = I;rIf- (t) 1
2

P(BO~ BO;t) = 1~12If_(t)12.

Recall also from (3.10) that

(6.1)

q

p
(6.2)

and that [see (4.3)) CP conservation implies Iq jpl = 1.

21
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The Lransil1011 ;illlpJi1 udes for J3 nlison~ arf' (ompJetely dominated by'

til( b" plls

VIi

-----rVV\l
ttl t

I I

i
--_J...Av\/\)

W

_-- rJ

-------·b

\\Thy do they dominate? Firstly because of the kinematic factors [see
(5.16)]. Secondly because now~ in contrast t.o the J{ meson case, also the

imaginary parts of the couplings are large.

For B Inesons we have

whereas for [\' mesons we had

therefore (6.3)

(6.4)

The diagrams for B O -J- So and So -J- EO have, respectively, the factors

and ("
, .• )'l l ... 2

'told - ::::.:; "ltd' (65 )

All kinematical factors are the same.
Thus, according to (6.2), for Bd mesons

(f{) ~ ~'~d = e'2io'd

p B d \/t71

where <Ptd is the phase of 'J!d. Hence

(6.6)

(6.7)

Similarly

(6.8)

and mixing will not be a practicable way to detect CP-violation_
However mixing as a phenomenon is import.ant and has been seen for

both B d and B~ type mesons and the rates seem to be compatible with t.he
SM.



6.2 CP-violation in specific B decays

As in the DO_Do syst.em we expect f + ~ f _ so that 8f ~ f. Thus we
have no analogue of the useful feature that a f{o or k O beam eventually
becomes a pure f{L beam. On the other hand because of the strong domi
nance of particular diagrams the relationship between the phenomenological
parameters and the fundamental theoretical ones is very direct.

Let us now consider how one might measure CP-violation effects. Given
that ~f ~ r eqns. (3.20) simplify to

-rtl? -IMt (8mt)e -e cos -2-

(6.9)

f -.(/) . -f'tI2 -iMt . (6.mt)Ie e sm -2-

" .
"

where [see (3.14)] AI is the average mass

AI::: ~(m+ + m_). (6.10)

(6.12)

Thus (3.19) becomes

. { ( 8 mt) .q . ( tlm t ) - 0) }e- I 'tI2 e -1Mt cos -2- IBo) - I psm -2- IE
(6.11)

{ (6.rn.t) -0) .p. (tlrn.t) IBO)}
e-rt/2e-iMt cos -2- IB - lq sm -2- .

. . f th f (6 11) and will restrict.V\'e shall give just one IllustratIOn 0 e use o· . .
ourself to the simplest case where t.he interference effects are maxI~na1. It_I~
po<:;sible as \ve sha)) explain presently, t.o find a decay mode of Band B
int~ a fi'nal state Ifcp), whIch IS an eIgenstate of CP, such that the rates

IBO) Ifcp) and 1.8°) ---- Ifcp) are equal Let

A! UcpITwIBO}

with
IAj I2 ::: l.4jl2

but with the amplitudes differing by a phase.

(6.13)
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TheiL using (6.11), the rate for produ(·ing Ifep):it a time t after pro
duction of a B O or EO is proportional to

(6.14)

allowing therefore, in principle, a measurement of D.m and Im(qA f jpAf)·
There is a non-trivial technical problem associated with the fact that

we are using a final st.ate Ifcp) int.o which both B O and EO decay equally.
Since any beam we prepare is a mixture of B O and EO and since we do
not have any phenomenon similar to the I{o, k O beam becoming pure ]{L,

we cannot t.ell whether Ifep) arose from the decay of 1l,b(t))Bo or !l,b(t))BO.
Thus one needs independent information on t.he flavour of the decaying
neutral B meson; this is caBed fiavo'U.T tagging. It can be achieved either
i) by finding a B O- EO production reaction like e+ e- -+ bb jets where the
forward-backward asymmetry allows one to identify which neutral B is
involved. or ii) by tagging the B O or EO which does not decay int.o Ifcp)
by means of some decay specific to one or t.he other, e.g. B O

----. £+vX,
EO -+ f-lJ X. This is one more reason why one requires a huge number of
Bs to get significant results.

In general the connection between the decay amplitudes AI and Af is
not simple. In some cases it is controlled by CPT invariance as explained in
Appendix C, but in general it depends upon d~tailed dynamics. But in some

. cases, where the decay is dominated by one Feynman diagram at the quark
level, all the dynamics cancel out and the ratio .41 /A f depends on rat.ios
of KM matrix elements and their complex conjugat.es (see Appendix E).
From the structure of the KM matrix (5.14) and our knowledge of the
angles involved t.he only elements which could have large phases are lIub

and \/~d. To good accuracy we may treat all t.he other KM element.s as real
. in the f~))owing discussion. ',Ve shall consider one example:

and

where the decay proceeds via the spectator diagram shown at t.he top of the
next page. The process is really sequential: first a gO or k O is produced
which then evolve into a Ks. At this level of accuracy (q/p)KO = 1 and K s
is an eigenstate of CPo

\Ve have then, using (4.10 and 3.11),

(6.15)

so t.hat

(6.16)



•
(

d

b
u

• r~.-~~ (-~I I/ ,:r ~

V~ .____
- s ( KO_ K<

- cJ (

Hence, for the measured parameter, in B~-B~, we have, from (6.6 and
16)

1m (qA !/,J(5 / pAljl}{5) = sin 2¢td· (G.17)

Thus a measurement. of the oscillat.ory term in (6.14) would yield direct
information on the phase of \I;d. From our present fragmentary knowledge
of the KI\1 matrix we have only the wide range

0.08 :s: si 11 21>td :s: 1 (6.18)

(6.19)

but this already implies large effect.s, ::::::: 10%~
The case of more general final states f is discussed in Appendix D
Many other possibilities have been looked at. A good review is given in

reference [3].
For example f = 1[+1[- measures sin 2(¢td + ¢ub) and I = po¢ in B~

decay measures sin 2¢tl.b, but in neither of these is the theoret.ical argument
as clean as it is for the t/JIC final state. The dominance by one diagram is
not so convincing in these cases.

Another possibility which would directly indicate CP-violation is merely
to see the decay

r(45) - 13° f3 0 ~ Iafb

where fa,b are spin-zero particles wit.h the same CP eigenvalue.
To see this note that the CP of r is +1.

Let 7]a,b be the CP eigenvalues of fa,b.
Since the Bs and Is are spin less they must have orbital angular mo

mentum I!. = 1. Then the CP of Ifafb) is

7]a7]b(-l)l -77a 77b

-1

showing that the decay violates CPo

if (G.20)
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6.3 The unitary triangle

We end with a brief description of a helpful graphical way to visualize the
parameters involved in CP-violation in the BO-Bo system.

Since the KM matrix is supposed to be unitary,

vtv = I

if we take the ik matrix element (i i- k) we get

Vi;V}k=O

which implies

(6.21 )

lji. V}k = 0 or lji ,.j~. = O. (6.22)

Nov,,' take i = d, Ie = b in the second equation of (6.22), to obtain

Now to a very good approximation

(6.24)

Also Veb is real and 1I~d is almost real T\foreover Ved Veb is negative.
Thus we may write (6.23) as

(6.25)

where the RHS is real and positive.
Considering the Vijas complex vectors in an Argand diagram (6.25)

clearly implies the triangular relationship shown on the next page. A little
algebra shows the connection between the angles in the diagram and the
phases of the KM matrix elements. One finds

;3 = -<j)td J = --Oub

o· = 7[ + <Ptd + <Pub.
(6.26)

Now the angle (3 can be measured in B -- l/-)I{~ as discussed above. Sim
ilarly, but. with rather less theoretical confidence, 0' can be measured in
the decay B -----;. 7[+7[- and J by B~ decay into pO¢. It will then be impor
tant eventuaJly to check that the measured phases are consistent with the
triangular relationship 0' + (3 + J = 7[.

Often (6.25) is renormalized by dividing through by (- VcdVcb) so that
the base of the triangle has length of one unit. The other sides t.hen have
lengt.h

IVub !

IVcdllVeb !

and
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From the constraints put upon the magnitudes of the 10,,1 matrix ele
ments by various reactions the vertex of the triangle must lie in t.he re
gion between the pairs of curves in the Argand diagram on the next page
(mt = 130 GeV/c2 is assumed). It. is seen that the vertex of the triangle is
confined to a moderately small region which implies that {3 is significantly
different from 0 or 7r /2. Thus sin 26t d will be significantly different from
zero and large CP-violation is guarant.eed-if the whole theory is correct.

6.4 SUI111Uary

The BO-Bo system offers the possibilit.y of seeing dramatic CP-violation.
But t.he experiments will require huge numbers of Bs.

Because the theoretical interpretation is relatively simple the measure
ments will provide stringent tests of t.he KM matrix explanation of CP
violation in the Standard Model.
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o t

(Adapted from ref. [5])



Appendix A: The transition amplitude

It is sometimes helpful to introduce a t.ransition operator T defined by

, .
t. .. ".

(A.l)

The motivation for the factors and signs in (A.l) is so that in low
est order perturbation theory the Tfi are just the matrix element.s of the
Hamiltonian. But the reader is warned that. in t.reatises on general scatter
ing theory the minus sign is sometimes not used.

If in the usual Dyson expansion for the S-matrix we use the time
translation property

and utilise the step function O(t) defined by

(A.2)

O(t) 1

o
for t 2: 0

for t < 0

(A .3)

to effect the time ordering, the time-int.egrations can be carried out using
the representation

1 jN [1:1
O(t) = -. dz-.,.-.

27rl -(X) - - 7(

where ( > 0 is infinite.'3imal. One finds eventually

TJi = (fIT(E = Edl i )

where the operator tee) has the perturbative expansion

(A.4 )

(A.5)

T(E) 1
HI + HI E H . HI +

- 0 +u
1 1+ HI . HI . HI + ...

E - H o + 7( E - H o + u
t(1) + t(2) + t(3) + ...

29

(A.6)
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where HI is ~cL0rt for HI(D). This equation is the basis for the so-called
"old fashioned perturbation theory".

Inserting a complete set of ph.ysical states In} we get, for example

(A.7)

where, mathematically, one has

(A.S)

and P stands for the principal value.
If we deal with states normalized t.o unity in volume V then on replacing

(2iT)383(Pf - Pd by V8PfP . one finds

all
pa.T1id~~ )

(
1 )1/'2

V2£j }.;(. (A.9)

In comparing 'old fashioned' with covariant perturbation theory, note that
the Feynman amplitude conserves both energy and momentum wherea"
the operator T(E) given by (A.6) conserves :3-momentum but has non-zero
matrL"\: elements between states of different. energy.

In fact, by translational invariance, the Hamiltonian HI conserves 3
momentum so the int.ermediate states In) in (A.?) have

but can have En #- £i. By contrast the intermediate 'states' in a Feynman
diagram have the same 3-momentum and energy as the initial state, but
they need not contain particles which are on the mass-shell, i.e. £2 need

. not equal p2 + m2 for each particle.
The separation (A.S) into principle value and b-function parts corre

sponds·to splitting Tji into its dispersll'c and absorptwe parts respectively,

1
Tf · = DJ · - -AJ ·

l - l 2 J
(A.I0)

and is of important physical significance.
In many physical situations the absorpt.ive part. of Tji is just equal to

- 2/111 Tfi , with the above definition of Tfi .



Appendix B: Consequences of C,P,T
invariance for matrix elements

The operators P and C which generate parity inversion and charge conju
gation are linear and unitary. BeaTing in mind the forms of the relationship
between the 5 operator or the transition operator i in terms of the Hamil
tonian we have the following consequences of invariance:

...:' .. .

P invariance ===? p- I HP = H

C invariance ::=} C- l H C = H

::::=> P-lTP = i
::=} c-lie =T. (BI)

However the generator ~. of time reversal is a unitary but ant.i-linear
operator, i.e. ~t~ = 1 but ~(0'1<p) + ,811/1)) = 0'*S'1<p) + ,8*S'hb). Such
operators are rather confusingly sometimes called 'anti-unitary'. Hence
because ~i = -i~ we will have via (A.6)

T invariance ::=:::} ~-1H8 = H ~ ~-1T8 = j't. (B.2)

The combined symmetry operation

8 = <;sCP (B.3)

is much more fundamental than each individual symmetry. It is trivial to
write down Hamiltonians that violate P or C or CP or <;S. It is Impossible to
construct a local causal quantum field theory that violates <;SCP! If Nature
violates <;SCP we shall face a truly major crisis in the theory of elementary
partides.

Thus we always a..'5sume that

8- 1 H8 = Hand e- 1ie = it. (B.4)

Consider now the consequence of symmet.ry conservation upon transi
tion matrix elements. We have

P invariance : (IIP- l TPli) = (IlptYPli)
(IFlili P )

31

(B.5)
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where liP) means the state obtained from /7) by the actlon ofP.
Similarly

C invariance : (B.6)

where liG
) is the state Ii) with all particles replaced by antiparticles, i.e.

11) .

Because of its antilinearity T is tricky to deal with and it is safer to use
Hilbert space not.ation rather than Dirac notation.

The trouble lies in the definition of At if A is anti-linear. Recall that
for a linear operator L one defines L t via

(f, Lt i) == (Lf, i)

(i,Lff == (ilL/f)'".

This would lead to a contradiction for an anti-linear operator 1 so one definc~

At via

(f,Ati) == (Af,i)'"

(i, Af) == UIAIJ)· (B.t)

The implication of T invariance is then

(fl~ttt~li) by (B.2)

(f, ~ttt~i)

(~f, Tt~i)'" by (B.i)

(TtSJi, ~f) = ('::Ji, T~f)

(iTIT!fT)

where liT) is the time-reversed version of t.he state Ii).
It follows that

(B.8)

TC P invariance: (B.9)

Let us now examine the consequences of these results for the matrix
elements which appear in the discussion of mixing, in particular for the
structure of H in (3.3) in the weak interactions.

Use of TCP invariance in (3.4) a.nd the fact that for a pseudoscalar
particle at rest IPo TGP) = -IPO) immediately yields H ll = H 22 which is
then written as Al - i r /2 with Al, r real. Use of TCP in H 12 yields no
information. It is useful to write

(B.IO)
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where the subscript w reminds us that we are dealing with the weak inter
action Hamiltonian, and to define

~{POITw + T~IPo}

;{POIT~ - TwIPO
}

1

so that

H 12 = M 12 - if12 / 2

where, in general, 1\112 and f 12 can be complex.
Then by TC P invariance

(B.ll)

(B.12)

(B.13)

(B .14)

{POITwIP O
} = {poIB- 1TJJIIPO} =

~(P01B-1(~L + Tw)BIPO
) - ~(POIB-1(ttL' - t2,)BIPO)

~(pOITw + T21Po)* - ~(poli:v - t2lPo)'"
M * ·1""* / 212 - 1 12 .

This explains the form

(B.15 )

used in (3.6).



~Appendix C: The strong phases and rates for
pO vs po

"Ve always discuss transitions between eigenstates of H~ caused by Hw . For
a 2-particle state like 171'"71'") eigenstates of H~ are not plane waves. Eigen
states are the IN and OUT scattering states (H~ == H o + H~)

OUT 1 OUT
11) IN = <p + HI 11J IN
, . E - Ho ± if ~

The S-matrix for strong interactions is

s = (1,',OUT .//N·)
~o Y~ J ~o .

(C.l)

(C.2)

For a 21T state with definite J and isospin I, below inelastlc threshold,

(C.3)

we can just use the label I for ]{o ---- 271'" since it must have J = 0 (s-wave).
Consider now the decays

pO --+ ab, po --+ abo

where ab aTe strongly interacting, e.g. IT 71'" . Put

By TCP invanance

A

A
((ab)OUTITwIPO)

((iib)oUT ITw IPO).
(CA)

(C.S)

Now

34

(C.6)

(C.7)
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but for the (ab) state, T changes OUTto IN. Also

,

so (C.6) becomes

C Plab) = fJab lab) fJab = ±1 (C.8)

A -7]ab{PO ITw I(ab)/N)

-fJab{(ab)/NITw IP°)* (C.9)

because here Tw = T~2) is hennitian since the denominators in (A.6) cannot
vanish and we can put f = 0 in the if term.

Both the IN and the OUT states form a complete set of states, thus we
can insert a complete set of OUT states InOUT ) in (C.9) to get

(C.10)
n

If the only possible state n that contributes is n = (ab) then (C.10)
reduces to

A -17ab {(ab)I N I(ab)OUT) .. .4'"
-fJabe2ib .4" (C.ll)

where fJ is the ab --+ ab phase shift.
From (C.ll) follows

IAI= IAI (C.12)

i.e. the rates pO --+ ab, po --+ ab are equal.
The above relied only on CPT. If, in addition, CP is conserved, that

implies also that T is conserved. Then we can repeat t.he previous discussion
using T instead of TCP. In that case 17ab (C.8) will not appear and (C.7)
will be replaced by

IPOT
) = IPO

).

Finally (C.lI) will now read

(C.14)

If we put A = IAlei 4> then (C.14) implies

so that
¢ = b.

(C. 15)

(C.16)

\Ve thus see that any additional phases BO,2 in (5.20) reflect. a violation
ofCP.



Appendix D: CP phase convention

IN QM a physical state is specified by a my, not. a vector in Hilbert space.
That is, 1y0) and eial1jJ) correspond to the same physIcal state.

VVe took the natural convention

Given that
CPI2JT) = 12iT),

CP conservation would imply

(D.l)

(D.2)

80 = 0 (D.3)

But this depends on our convention.
Thus, the moral is that statement.s about. a single pha<;e, as a conse

quence of CP conservation, can be dangerous.
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Appendix E: Rates and phases in BO-decay

For gO ~ 271, i{O ~ 271", as discussed in Appendix C, CPT~ R(J{O) =
R(kO) and CP ~ phase of A(J(O) = Dn - The general proof fails for
B O

-;. ab because many channels are open. Thus (C.lO) does not simplify.

But wit.h speczfic models for t.he amplitudes we may get the same result.s
as (C.Il). \Ve discussed the case where J = J. What happens if If) 1:
±CPIJ}?

Call If} = CPIJ}· There could be more t.han one mechanism for EO ~
f· For example

..

,

+

(£.1 )
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+

.4I = law le- i 1> A.r.r + lbw !e-i.pl Agf

CP invariance of the strong int.eractions implies

Agf =Agf == 6.

(E.2)

(E.3)

Finany then

and in general

But if it happens that

then we will find

AJ = law \e10 A + Ib w jel<;;' B
AI =:: law Ie - i <p A + \btl' Ie- I <p I B

<:b = 0'

(E.4)

(£.5)

(E.6)

(E.7)

If not we are in trouble because we cannot compute 1..4J IAII because we

don't know enough about the strong amplit.udes A and B.
[Note: in ]{o --'- j{0 we are supposed to know A(JriT -- iTir), t.hough even

that is not. a trivial matter!]
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