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Abstract

lH • ' I 1::' I-I . . . al RETURN TO FERMI UBiMRfne Improve t Ie reynman- \. emert var~at1on approa( 11 toeu- '. .

clidean path integrals rendering it much more powerful in the low-

temperature regime. The new power is illtistrated by an application

to the a:nharillonic osdllat6r with a potentiallf(x) = m 2x 2 /2 +gx4 /4
. where it yields not Oilly a better appi'oximatioil to the Imv:'temperature .

. part of the partition function bl,lt delivers; in additition, all bound

state energies uniformly well for any principal quantum number n. and

coupling constant g.
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1) Some time ago, Feynman and Kleinert' [1 ,2] have, considerably improved .

a crude variational approach to euclidean; path integrals developed earlier"

by Feyninan in his textbook on statistical mechanics [3]. (A similar impro-
. '. .,: ,

vemeflt was given by Giacetti and Tognetti, [4]). This made it possible to
'. - 'i

calculate quite accurately the effedit'e' c!a;sical potential' [5]"of a quantum

mechanical system at all tenlperat'tlresby ll~eans of a single numerical in

tegration: This qua.ntity contains inf~rmatioilonparticledistributions [6]

and correlation functions [2, 7]. The meth()d has been applied toa variety

of more complicated phy~ical systems, mos'trecentl~ with success to anhar-"

monicctuantumchains [8], and quantum_crystals. (9]. It also has hrlportant

applications to tunneling processes [10].
The purpose of this note i~ to present a:n essential improvement to this

approach in the low temperature reginie.·AsaIl illustration of the new pmver

we calculate with great accuracythe enet·gies of all excited states of the an

harmonic oscillator for small and larg~ cO~lpli~lgs and any principal quantum

number.

2) The Feynman-Kleinert approach is bas'ed. on the following observation:

The partition function of a quantum meChanical particl~of mass Al in a

one-dill1ensio~al potential V(;r.) canalways beexpr~ssedas a classical ph¥e'

space integral

z = l'X> (Lro100 .;lp e-13[rP/2Jll+l'efl,c1(;'O)} = {,'00. (lxo e-tWeII ,c1(xo)

. - -'x· -00 ~1rn,. .,'.. ~ "-00 J27rn2/3/J\1.. ,
- . (1)

'with ;3 _ 1/kBT. The variable of illtegl'atiol1 ;r.ocoincides with the time

averaged position ;r = (l/n;3) Jo
n13dr ;r.( rJ of the fluctuating path. The

function l/~JJ.cl(;l~O) appearing in the Boltzmann factor is called the effec

tive classical potential. It has the obvious path integral representation

e-!31'.11,c1 (xo) = fV;l: '6(;'1:- ;1:0)e-A/Ii
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(4).... "

which restricts ito thevaltie xo. The paths have the same values at initial

, ", ' "and final imaginary times r == 0 and r ::: fl.{3, so that the path integral yields,

the quantum me~hanical trace.

The usefulness of this decomposition derives from the fact that at finite

temperatures the fluctuations rarely carryx{r) far. from X; the square devia~ .

tions (X(T) ~ ;f)2 are for larger temperatt~~'es pnly of the order ofh2{3/12Al
. '-. . \

and l~emainfinitedmvn to zero temperature where they are of the ord~r of

1i.f2-JAfF"(;l'nun ) (with a~min being the posit'ion of the potential minimum).

The main thermal fluctuations take place in x with the aven\gesquare de

viation ofi from the potential minimtim being of the order of 1/,BV"(Xmin)'
. . ...,.

,'Thus, at larger temperatures \hese must be integrated out exactly which is
done in (1). At low temperatures the x::: :1'0 integral can be evaluated in a

saddle point exp~.nsion.'The fluctuations ;1'(r) - i, on the other hand, can be

,treated approximately with satisfactory accuracy on the basis of a variational

approach which is excellent at high and satisfactory at low temperatures. ,

The variat!Qnal ansatz makes use of the trial partition function of a ha.r~ '

monic oscillator centered a~ Xo with the action

A:i' - {P ddt [:; + fl'(xol to' -2xo)']

for which the path integral with resttictecl X= ;1'0 can he clone and gives the
local harmonic partition' function

/'

. r -,I31/"o(x ) - J '- '_..4"0 /1i li,Bn(xo)/2 '
ZoQ = f. ,n 0 =,V;r~(;r.- ;ro)e n :::. 1 [1: ,)f'\(,. )j')]"

" " . , sm 1 rt{:n' .1'0 ~

3

(5)
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The right-hand side differs from theuurestrietedglobal partition function'
. ~', "" ~

, , 1
ZO(xo) = 2 sinh[1l:.8H(xo)/2]', (6)

(7)

by a factor 1ij3H(xo).Expectations ,vithin thelocal trial partition function'

will be denoted by { ... )00
, ~.e:, " " '

" ..
, ,

( '}XO = [zro]-l /""T'l' 'f(- -" ) _A~o IA... 0 - oV.'f.o:t-" ~'O e ""
, ' , f,

Using (5) and (7) one can write ' I

Jl)x~(r -XOV,,'A - It>~~(x _ioV~'·c(.A~.Ari°)'A ..

_ (e-""!A..-A~O /A}n(} , (8) "

and apply the Jensen-Peierls inequality: '

(9)
...

to derive the Feynnian-Kleine~tapproximation ltVl (xo) to the effective cla$-
sicalpotentia1 [1, 2, 41

, .. H2( )

'

I (') IV' ( ) - "P:O( ')" Tl '(, ') Xo 2( )eff,d xo ~ r lXO = n, xo,+ t a 2 Xo """", 2 a ;l~o·

" ,

The l~st two terms are, the expectations

(10)

(11)

It is easy to se~ that the restricted ~quare deviation ((x - XO)2}OO is given by \

.', ,

(12)

4
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, The first term.sthe well-known unrestricted average while the second term

subtracts frotn' this the, square deviations of x from xo. The restricted ex- ,

pectatiQn ~f the pQtentialis'~2{xo)Qbtained by a sHnple Gaussian smearing

p'fQCeSS Qf width a2(;ro):

, '
" (13)

, ,\

(14)
'"

. ."

,,",

I

The bestaJ?prQximatiQu is 'reached by minimizing the functiQn tVI (xo) Qf

Eq. (10) with respect tQ O{a:o) which gives

n2( ) == 2 tH":i:z(xo)
H Xo Al oa2 •

(15)

\ '

leads tQ a fre~ energy FI = ~:BTIQg Zl which descrihesthetruefree energy'

F - "'BTIQg Z of the system quite well at-all tempera.tures. At high tem-

. peri\,tures this is nQt astQnishing since FI has the CQrrect classicallirnit. At

IQwtemperatures the accuracy, isdue to the/fact that F'I tends to the lowest

"eneI'gy of the Hamiltonia~ operator in 'n Gaussian tl:i~l wave packet. -Thi;;;

is kno~vn to be quite accurate 'forp_otentials with a smooth minimum (even

for singular potentials such as 1/1' the v~riationalenergy is accurate to 15%

[1,2]). At arbitrary tempel:atures the approximation is always, b~t'ter than

~ha,t.

A simple integral leads from the approximate effective classical potential

n'I(;l'O) to particle distributions, response functions to an external source,

_and thus' to correlation functions. '

5
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, 3) The improvement to be proposed in this note comes about inthe following

way: First we write the integrand of theap'pl:oximate partition function (15)

with (10) explicitly as

.,.; ..

", -,

, , '

~-,iJWtlxo) = Z~oe-,iJ[VQ2(J:oj-~f02(xo)a2(.xo)1. (16)

Then we expand the local partition ftmction~oogivenby (5) into its spectral
, ., - . .

'content ... ,

, 00

Zr;o '.' n.f30(:ro) 2:e~1iJ3~(ro)(n+l/2).

n=O

(Ii) ,

(IS)

Since the exponent in (16) is the average of Y(:r.)·"- AI02(x - xo)2/2 with

respect to this partition function it is sugg~sti,,~e to tryaIid apply the Jense~- '

Peierls inequality (9) separately at each level 7l;Thus, instead of

.JV,,8(if - "o).":A/· 2:i;;'.~Il<,·(.)~n\"'('-:'d)~"

we resolve, the expectation on" the left-ba~'dsicle into the contributions of

, eigenst~tes of the harmonic oscillat~r wi~h'quantilm number ~ and write

,~here the avetages((nl .. : In))~O areto be defined precisely below in Sec.5~
. \ "".:

At this point we' appeal to their intuitive meaning and present what we

expect to happen, postponing its verification. Applying the Jensen-Peierls

inequality to each term in the stim,gives"

"'$. "

: 00 ",L ll 130 (;i'~)e '-1i,iJ(l(xo)(n+l/2)

n=O '
. . ' 2'

Xe:-,iJ.((nW(x,..:-fl ~.ro)(x_ro)2In})~o.
, '

6
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The exponent contains now the contribtition to the expectation (11) of the

state of principal quanturrinumber~. We now separate; as in (12), all

restricted, expectations into a contribution from the ordinary unrestricted

quantum mechanical fluctuations and the fluctuations of x.All ullrestticteq

:expectati<;ms are then resolved hito, theirspeetraf content-For a2(:l~o) the

separation is by (12)

2')_ )' 1 ,
a (;l'0 = J.~2(;rO -:- Ainj3f22(:tq)

and the spectral decomposition of theflrst tel"lllis

(21)

X = [Z J-1~ e- li,BO(xo)(n+l/2) n. " (n' + II?) (?_'_'})
• 2 , O(xo) , ~, "_ ' l\lO(;~,o), - .

, , .,

Thus, for any given value of n, we replace a2 (xo) is by its spectral content:

.; ,

',~. '.:' t.
2 2 '- I, 2 )a (;1'o) -+ an(xo) = ,1'2,n - 1 Ai{3n (xo (2:3)

\vith

I': ..
' ...
to:,.

... . Ii

X2,n" kfO(xo) (n + 1/2). . ' (24)

For polynomial interac~ions, the smeared potential will contain increasing

powers of a2(;l'o) [each term :z~2n in V(J.~) is being smeared out to a sum

, L:~=o(~j} ~r~(n-l)(21-l)H~21(;To)];, vVe express the a21(;ro)'s via (21) in terms

of powers,;r~(;1'o) and observe thatthese'luive the spectral decompositions

" (')" _ 1)11 k(', ,) _ [Z' ]-1~ -li,BO(n+l/2) ,ti
k

('>5)
,,_h ~ ..1'2 Xo - O(xo) ~ e 'i, [JlIOJxo)]k nZk :.,.

, .

" where 1121; are the expectations of [kIf3n2(-;1~O)(J.· - ;1'o)2]k in the states In}

(i~e., the diagonal matrix elements ofJhe creation and annihilation operators
[(at +a)/v'2]Zk betweenstates (at)nIO}/v'nf):

'112 = (li + 1/2),

7
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?"(rI + n +1/2),
5 ...• '.. ." '
-(2n3 + 37i2 +4n +3/2),4 ..• ..
'1 ." .
-(70n4 + 14071.3 + 344,12 + 280n + 105),16' ",. .

(26)

\Viththese rules, 3a4
( ;l'0) is to be r~placed bl
fj 2 . fj' . 6 . 3

.;1 . . n4 1- • n2 1- , ". . . . . .

:3a (~ro) -t [Afn(~ro»)2 - kln(;0»)1,BfP(:ro) + [llfpn2(xo)t'
(27)

(:30)

Expanding l/~2 (;1~0) in powers of \a2(xo)a~d treating ea~h e.x:pansion term in

this way yields the spectral cont~nt ~~2In(X~), .Thus we obtain an approxi

mation tlI 2(;ro) to the effective das~icajpotential~ff~cdxo) a~ follows:
. ,.-

06 . .'

e-13l1'2lxo) 5: max L npn(xo)e-I3{Ii{l(xO)(lltl/2)+(Va2,n(xO):- ~ n2(xo)a~(ro))l, (28)
. {l(xo) n=O '. . '.' . ,... . '

. , ...... I .

'This expression suggests now a futthei' improvement which .leads to a

more powerful 10w-temperatUl:e approximation to be proposed in this note:

lIi~tead of finding a single optimal n(;'fo)w~may try aD;dminimize each term

in the spectral decom~osition with an own nn(;l~O)' Then We arrive at the

approximation lV2 ( ;l~O) clefilled by
.x;,

e-I31I '2(xo ) =L max nf3nn(;1'0)e-~{lin"(J:o)(ri+I/2}+[l~q2.n(rO)-~f{l;(xo)a~(ro)]}.
n=O {l"l.ro} .•. . '. '.

(29)

This approximation is presentlyo! a heuristic nature and. justified only by
'.

its success to be exhibites in the next section. Hopefully, some moclifi.cation
of .it may eventually be derived by properallalysis.

4) As a first application take an .anharmonic oscillator with the potential

F(:r) = m 2
;1·

2 /2 +g:r4/4, and m 2 >,0 which becomes after smearing
\. /. .

···.2 . 2 '3 . '. 3" '
. , ( 2;10 9 4 .,' 2 a .2 2' 9 4
l'a2XO) = m ? + -;-;1'0 +m ? + ;;g;l'O(l +-.a .

... 4 '... oJ 4

......,.
. (.!-
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" ". \Vith (2:3), (27) we obtain the ne", .approximate effedivec1assical p'artition

ftinction

(' .' ..... ;.

Z2' ,fX, d:l'O " e-/3W2(ZO) ' roo . dxo , f e-/31V2,'n(zo)

, J-CQ J21r1i2{3/lYJ: , J-oo J21r1i2{3IA1 n=O ','

where 'H!2,n (xo) is the sum of three terms:

, ,

, In ,natural units with ~ ,= l,kB = 1, AI = 1, the firstt~rm reads [12]

(31)

(:32)

(33)

, and co~lects all parts ofll'z,n(xO) with no explicit dependence on {3, while the

seconcl term

, contains all) f3-dependent parts.

In the limit 9 -+ 0 where the syste'ul hecomes harmonic, the minima lie
all at 'nn(XO) == 1 and e-/·m'2(XO) rechices to [{3m/2sinh({3m/2)]e-/3V(zo)with

the pa.rtition function Zzgiven by the classical integral

1=1 " /.) 100 ' d " ' 1Zz =' ~m. - ,,:to ,e;-{3m2zUZ = ~' --,..._
sirih(,Bm/2) '_CQ V2Jr{311lf ' , 2 sinh(,Bm/2)'

as expected. Both ltVz(:ro) and Zi areexa~t in this limit and coincide, of
course, with thefOlmer approximation~lVl(;t·o),Zl of [1;2].

To judge the quality of the new effective classical potential we observe
thatit contains p'recise information on the energies of all the excited states of

,~he 'anharmonic oscillator; At 10\" t~mperatures, we can ignore tV.:'n(:l:O) and'

! ;
;- :
y .

y. <.....

'. '!

;',
<,~:. '

, 2, 2
1 [ ] 1, m +3gxo

- -/3 log /3nn(:r,o) + ')(3 -?,'/3()2( ),,'
"' oJ' W iW,) 'n Xo

g~ [, 6 :3]+- - n2 + -::-::'"'::::"'~--..,-
4 '/3n~(xo) ,a.2n~(xo)

(34)

9
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all· nn(;to);'d~pendence rests i~' JtV~",(xoJ.Jt~ m.inimization gives the cubic
equation

.. i

i .

with

c(a:o) i> 1

c(xo) < 1
(36)

'J' " ..... "

S(;1:0) =~. 1m 2 +,,,3,ga,:5;'. c _4gn4 (37)
. v3 V , '.. ,= S3(XO}71'2'

At small temperatures, the integralsovet ~oin (31) will be dominated by the

minima of lVfn (xo) which lie at· x~ =0,and have the values, .' -," . .

[
.2] . .

Eapp - H rO (0) 1 n (0) 'r m , . 9 n4
n = 11 2,n . = 2" ~. +fln(O) 712 + 4" naco)'

In the saddle point. approximation; thepart~ti()nfunction is
'00 .

~ ~",-J3E&PP
L; ~ L....J e .n."

'n=O' ", .> .

(:38)

Hence E~PP are approximations to thebound-st.ate energies En of the anhar- .

monic oscillator.

For large 9 or large 11. (or both) 'we find Oli(O) ~ (:3/2}1/3gi/3nl/3 and the

energies_E~PP grow like

.', ;-

. 1(3)1/3 3'('2) 2/3
K = - - + - - ::::: 0.858536.

2 2..8 3 .
(40)

(41)

This agrees extremely well with the exact growth behaviour whiCh can be
obtained. from the semiclassical expansion ,and has the same power law as

(40) but with the slightly (:=::: 1%) large~' p~'opoi'tionaiityfactor'

. ('))2/3 '(3)4/3. .'
. /':exact = .. ;- . / ~'" . f8/3(:3/4) ::::: .o,8p7145.

..':".'
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A comparison ofou! energies with the precise numerical solutions [13] of the

Schrodinger equation is shown in Table 1., The agreement is StteIi to be quite '
, good. ",

'For larger temperatu;res, the optimal values of On(XO) obey Eq. (35) with "

'a non~vanishing right-hand side

(42)

" ';

..,"

" '

and can no longer be found analytically. For not too large temperatures

(those are relatively uninteresting in this context being described by the

classical limit), however, We make use of the smallness of (42) (being of the

qrder of T) and iterate the equation, by inserting the T -:f 0 value of On (xo)
, into(42) and solving once morethe cubic equation at the non-zero value of '

the, right-hand side. The ~olution is given by (36) with c in (37) replaced by

n2, '
c-+ c (1 - -,- x r.h.s.).(43)

, gn4

, The new value IS ,again inserted into (42), etc. The numerical va

lues of W2(xo) are abetter approximation 'to the true effective c1assi

~alpotential tha.n Wt(xo). As an example take 9 = 40 and Xo =0

,(the worst possible place). There (Wt (0),'W2(0)) have for f3 = 2,.3,4,5

the values (0.514599465, 0.514534682),(0.712742725, 0.712741086)

(0.843466072, 0.843466038), (0.935 48298~, 0.935482983), respectively:

There is~o improvement at f3 = oo(T = 0) since ther~ W2(Xo) , Wt(XO)'
.The new approximation still has the defect that at high temperatures it

does not properly reduce to the classical limit. The heuristic minimization,
in H(xo) 'at each n has obviously destroyed this property. A further impro

vement Will b~ necessary to correct, for this.

'5) Let Us end this note by giving a simple explicit procedure for calcula
ting the total restricted averages ( ... )~O of (7) used above, as well as a

precise definition and evaluation procedure of theproje<;ted restricted expec

tations{ (nl ... In) }~O

11
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First we rewrite (7) as

( ... )~O = [z~OrlV27rn2f3/Ml:::~ jvxe-.A~O/tH>'(f~ZO) .. :' (44)

,and complete the potenti~lpart of Aho quadratically to
. ,.

M flY·1t dTlx(T)'~X.- ",,)' -c Ii2M:~'(x.l
. . '. , -

with x>. =: >"/Mf3n2(xo). Now thepath integral over x(r) ~anbedonewith.o'Ut
the restriction' of xto Xo, the trial oscillator being rec~ntered at Xo + x>..
Within this path integral, the expe~tation of x2(r) is calCulateq as follows:

First we replace x2 (r)hy [x(r)-xo-x>.J2+(xo+x>.)2 since the odd powers in

[x(r) - Xo - x,\] do'not' contribute. Now >[x(r )-::-xo - x,\J2 has the expectation

X2. Thenwe do the Gaussian ~~lntegral 'which replaces (xo + x,\)2' byx~ -

. l/M f3f!2(xO)' Thus x2has the expe~tationx5+x2;...1/Mf3n2(~o) = x~+a2(xo)

which coincide~ with x~when smeared via (13). ' ,Th~ higher powers are

treated likewise with the result given after Eq. (25).

, We are finally ready tp"define and calculate the projected expectations

. ((nl. ·.In))00 which play the principal role in the present work.Wedecom

pose the path integral over the shifte~ trial harmonic oscillators in (44) into

its spectral content and write

. , '.

with the standard real oscillator wa:v~ functions. As an example" the expec-

.~ation of x2(r) is found byreplacingi~J;>y (xa - Xo - x,\)2 + (xo + x>.)2, since
odd powers in (x a'- Xo - x,\) changen of one wave function by one unit and

thus cannot contribute bet,ween states ,of equal n. After this we 'substitute

(xa - Xo - X,\)2 in front of tPn(xa - Xo -x,\) by its d,iagonalmatrix elemerits
.' X2,n' Now we integrate overdxa andthewavefunctionsdisappear. Finaily we

12 .
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perforiIi~:p.e A-integral. With the wave functions havin. disappeared there is
, . .

no more A-dependence except in the Gaussian exponential. Hence (xo+ x~)2

may be replaced by x~ +x1 which becomes x~ -1IMPH2(xo). Thus We find

forx2(1") the spectral coritent of the restricted expectation value'

((nlx2 (r)ln}}nO = x~+ X2,n - 11Mpn2(xo) '.' x~ + a~(xo),

" '

as stat~d above. The higher powers are treated likewise. .

In the final appr~~imat~on leading toW2(xo) the expectation (46) is re

placedbyth~,sa.me expression, with n(xo) replaced by nn(xo), also in each

term of the sum'in Zoo ..

'"

6) Ju~t as in the case of the earl~er apP!oximation ~l(XO) it is possible

tq apply the present scheme to systems with several ~nima, such as the

double-well potential. Also evaluations of particle distributions and response

f~nctions toexternal sour,ces present no problem. Such applications'and!ur
ther developments would carry us beyond the size limitations of a letter and

. (

will be discussed e~sewhere;:
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Table 1: Energies ot the nth excited states of the anharmonic oSyillator with

potential V (x) i ,x2/2 + gx4 / 4 for various 9 and n. In each entry, the top

number is the precis~ numerical 'value obtained' by solving theSchrodinger

equation, the second is our variational result.

, g/4 Eo E1 E2 E3 E4 E5 .- E8 E7 E8
.'

0.1 0,559146 1.78D 50 3.13882 ' 4.82888 8.22.030 7.89977 '9.8578{ 11.4173 13.3790
0.5110307 1.77339 3.13824 4.82193 11.20519 7.87522 9.822 78 11.U07 13.3235

0.2 0.602405 1.95054 3.53630 5.29127 7.18{{6 9.19834 11.3132 13.52{9 15:.222
0.604901 1.95804 3.53489 5.:n855 7.15870 9.15813 11.2573 13.4522 15.732' .-

,0.3 0.637992 2.09464 3 .•U 78' 5.7965,7 ' 7.U175 10.i685 12.5U3 15.0328 17.8224
0.8U 630 2.10496 3..84240 5.779" 7:87823' 10.1Ul 12.U363 H.9U7 17.5099

0.4 0.668773 2.21693 •.102U 8.21559 8.5UU iO:9831 13.5520 18.28" . 1t.0889
0.673394 2.22962 4.09969 6.19495 8.47189 10.9028 13.469 • 16.1588 ,18.9591

0.5 0.6~6176 2.32{U •.32752 8.578.0 9.02878 11.'''7 14.U77 17.32204 2O~3452
0.701667 2.3,3919 4.32352 6.55475 8,98383 ,11.5809 14.3257 17.20293 20.2009

0.6 0.721039 2.42102 4.52812 8.90105 ' 9."773 12.2557 15.1832 18.2535 21.U42
0'.727296 2.U750 4.52343 8.87477 9.U825 12.1818

"

15.0828 18'.125ll 21.29Tt

0.7 0.Tt3904 ·2.5,0923 4.7103'3 7.19327 9.90261 12.8039 15.8737 19.09.5 22.U30
, 0.750.859 2.52729 4.70581 '7.18. " 9.8" 11 12.7240 15.7658 111.9573 22.2852

0.8 ,0.765 iu, 2.59070 4.877 93 7••81.5 10.2828 13.3057 16.5053 19.8834 23.3858
0.772 73ll 2.81021 '.87204 7.UO 71 10.2257 13.2206 16.3907 19.7179 23.1880

0.9 ,0.785032 2.811663 5.03360 7.71007 10.63{9 13.7700 17.0894 20.57'0 24.2091
0.793213 2.687.5 5.027 1'8 7.87739 10.57U 13.6801 16.9887 20 ..,09 2Ul221

1 0:803771 2.73789 5.17929 7:9{240 ,10.9638 14.2031 17.63'0 21.2364 24.9950
,0.812500 2.75994 5.17237 7.90793 10.9000 14.1090 17.5078 21.0783 2'.7998,,-

10 1.50497 5.32161 10.3Ul , 18;0901 22.4088 29.2115 36.4369 U.0401 51.9885
1.53125 5.38213" 10.32U '. 15.11993 22.2484 28.9793 38.1301 '3.6559 51.!22,1

50 2.{9971 8.915' 10 17.4370 27.1928 37.9385 49.51ll4 81.8203 74.7728 88.3143
2.547 58 9.02338 17.3952 27.0:U'4 37.8562 49.1094 ll1.2842 ' 74.1029 87.5059

100 3.131 38 11.1873, 21.9069 3'.1825 U.707::i ' 82.2812 77.7708 9{'.0780 111.128
3.192 U 11.32{9 21.8535 33.977,9 47.3495 61.7660 77.092{ 93.2307 110.108

500 5.31989 19.0434 37.3'07 58.3016 81.4012 106.297 132.760 160.622 189.756
5.'2576 19.2811 37.2477 57.9489 8Q.7856 10,5.411 131.595 ,159.167 188.001

1000 6.694 22 23.9722 U'.0173 73.4191 102.518 133.877 ' 167.212 202.311 239.012
6.82795 2•.2721 ,".9000 72.97H 101.HO 132.760 1a5.743 200.U6 236.799
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····r Table 1: Energies' of then.th ~xcited states of the anha.rmonic oscillator with

potential VCr)'::;: x2 j2 +g;1~4j4 for various 9 and n. In each entry, the top
, . • I., •

ntlmbe1:' is the precise numerical va.lue obtained by solving the Schrodinger

~quation, the secondis:our variational result.

I. ,
I,

- .~..
:':1" ,.

j,
;>-. f

'r:
.~. t

.. ;.

·'1',

'1, .. :

9/4 Eo E l .E2. E3 Ei E~ Ee E7 E 8
-

0.1 0.5511H8 1':7,81150 3.1331S2 i.82334 1$.22030 ; .8997; 9.8~78t I1.U73 . 13.37110
0.5&0 307·. 1.;;3'311 3.1'3324 4.1S2193 6.2O~ 19 7.87~ 22 11.622 i6 11.4407 13.3.235

0:2 0.6112405
,

1.950 ~4 . 3.~3630 5.n127 7.184'48 9.196 34 11'.3132 13.5249 U.8222
°i4504~1 1.9511·04 . 3.534 all $.2;8 ~6 ; .1s.8 ;0 9.15613 11.2~7 3 13.4522 15.73i8

0.3 0.4537992 2.09484 3.844 ill ~.i96 5; 7.911 ;5 10.161S~ 12.544 3 1~.03211 1;.8224
0.&41 630 2.10498 3.84240 5.119411 7.117823 10.1151 12.473 e3 H·II417 17.50119

,0.4 O.US ;;3 2.218113 4.102 Sf . 8.21559 11.51141 10.9631 13.5520 11$.2642 111.0SSIl
0.6t:i ~94 2.22982 .i.099 ~9 45.194 9~ 8.471 89' .10.90211 13.46911 18.151111 18.11591

0.5 0.698178 2.32441 .4.327 ~2- ' '8.571140 9.0211 711 lU14117 14.4177 17.32204 . 20.34~2
0.701687 2.33919 4.32352 6.554 ;~ 11.983113 li.~809 14.3257 17.20293 . 20.2009

'0.6 .0.7210311 ' 2.42102 4.521112 8.90105 II.UT 73 12.25~T H>.1832 U.2~3~ 21..4~42
0.72; 291$ 2.43; ~o 4.52343 6.';4 T7 11.433 25 !:l.1S16 15.08211 18,1256 21.2117'4

0.7 0.743904 2.50923 4.71033 1~193 27 11.90261 12.8039 15.8;37 19.0945 22.4~30
0.750 8511 2.52729 4.70501 -.1.145464 11.8'1111 12.7:UO 1~.;6~1I 1S.1I~73 22.2S~2

0.8 0.78~ 14. 2,59070 4.8,77113 7.4151 ..~ 10.2828 13~3057 16.t,O~ 19.11834 23.3IS~
0'.772 ;36 ·2.81'021 4.87204 7.43071 10.22~7 13.2208 18.3907 19.71711 23.1"0,

0.9 0.785032 2.686'63 5.03360 . 7.il0 or 10.6349 13.iiOO, 17.0894 20.Si40 24.2091
0.793213" 2.68745 ~,02t'18 1.67739' 10.·~j44 13.6801 16.96117 20.4209 24.0221\

1 0.8037i1 2.73789 S.·J ;'9··29 7.114240. lQ.1I636 14.2031 17,6340 '21.1'364 24.91150
0.812 ~OO 2.75994 5.1t2 37 7.~793 10.9000 14.1090 17.5076 21.0763 24.79116

10 1.50497 5.32181 10.3471 16.0901 22.iOIl8 ' 29.2115 36.4369 H.0401 51.9865
1.53125 ~.3S213 10.3244 U.9993 22.248t 211.9793 36.1301 43.6559 51.5221

..
. 2.499 71 1I.91~ 10 17.4370 27.1921$ 3;.938~ 49'.~164 61.8203 74. ;;28 8S,314350'

2.547 ~ 11.02338 1;'.3952 27.0314 37.GS62 49.Il194 61.2842 74.1029 . 3j.5059

,3.13'1' 311 11.1873
,

94.0780100 21.90611. 34.11125 47.7072 I 62.r11112 77.770a 111.1211
3.111244 11.3249 21.1I!>35 33.9779 47.3495 fll.7660 77.0924 93.2307 110.106 .

500 5.31989 J9.0i34 3;.3.0; :.3.3016 81.40J2 106.297 132.760 UIO.622 1&9"r~e:
~.425 76 19.21111 3i.2.i;. 5 •.9489 80.7856 10~.Ul . 131.!>9!> 1!>9.1.67 ISS.001

\

1000: 8.6~22 .23.9722 47:0173. 73.41111 102.516 133.8;; 167.212 202.311 239.012
6,112795 2".2721 '41\.\,000 72.9741 101.740 132.7110 16!>.743 20,O.H6 236.799
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