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Abstract 
We show that, in periodic matter distribution, 
the MSW equation for neutrino mixing does 
not have stable solution, in general. 
However, there may exist some special situations 
where stable solutions exist. 
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» 
The MSW (Mikheyev-Smirnov-Wolfenstein)equation for neutrino mixing 

gives an important clue to investigate neutrino phenomena in matter. 
2) 3) 

Analytical solutions of this eguation were obtained for linear, exponential 
JI) 

and hyperbolic tangent matter distribution. However more complicated matter 

distribution would exist in nature. 
5) 

In this note we consider a periodic matter distribution. 

We express neutrino flavors with a and 8, their mass eigenstates with 

and 2 . We assume Vd- interact with matter. Matter distribution is expressed 

by f(t), t is time from \J 
r;J. 

creation. We use natural unit (fi=c= 1)and assume 

neutrino velo~ity neally egual to c. Then MSW equation for ~(t) is given 

as 

where m 1 ,m2 are diagonalized masses of two neutrions and mfJ is mass of flavor 

B neutrino. Relation between m fJ and m 1 ,m 2 are well known. We used two kind of 

masses in order to make equation simple form. 

-\.~~11
We put ~l-l)= e. t u (i) ,and furthermore put \J(t) "'- ~x~ { f pts) 

0\05 } "V t\:.) and take 'p\S) "" - ~ { ttv - m,+ 'ffL2, } /2 ~ 
Then resulting equation for Vet) is 

Here we take periodic matter distribution 

f(t)=A cos Bt, 
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The form of this equation is just egual to the Newton's classical 

equation of motion with complex periodical coefficients.� 

Period is 27C /B. Such equations of motion with real periodic coefficient were� 
6) • 

already extensively studied. So we may apply those arguments for solutions of 

Eq.(4). 

We rewrite Eq.(4) as 

where 

\ L 
'A..=- .2 ('1Y\\- 'M2)� 

~ I Ct.);:=. - *A~osZ.13t - {i l!'I\,i-'m z)- \M~ j AC05 Bt� 

12.l-t):::: { AB SL\1. Bt� 

We express two independent soiutions of Eq(5) as Vt (t) and V2(t). 

Then Vdt+C) and V2 (t+C), C=2t/B,are also solutions,that is,Vdt+C)and 

V2{t+C) can be expressed as linear combinations of V J (t) and V2(t). 

VI {t+C)=a 11 V1(t)+a 12V2{t) 

l6 ) 
Furthermore,we can construct another combination Wet) 

W(t)= rVI (t)+o V2 (t) 

which satisiies 

W{t+C)= 3W(t), 

where ~ is some constant. If (~I >\, then wet) is unstable. 

Such W can exist when 

o 

This equation is called discriminant. This is a second order equation for), 

-3­



and we express two solutions as 0 Q and then we can construct two W's 
..)1')2. 

W dt+C)= ~IW I (t) 

W 2 (t+C)= ~ l' 2 (t) 

Above discriminant Eq. (7) is independent of the selection of 

Viand V2 • So we take as VIand V2 which satisfy following initial conditions 

& 

""VI l 0 ).=::. 0 

lr2 CO) = e. ~e 
where e is a constant. Wronskian for these VI, V2 is e 2 

10 and therefore they 

are linearly independent. Then, from Eq.(6), putting t=O, we obtain 

and discrminant is 

2.. - \,e 
~' - e 

.... 

~ Vi lC) t -V2.lc) )) 
4 e:- 2.t-B \ Vi l() "V2 \.c) - V}s-) V.2. (c.) j 

l~) 
t4.. -~e - 0--- )- e. \l7i(C)+-V-2.Cc-)1 -t \ ­

Here we may suppose that coeflcient of the second term of Eq.(8), 

~- ~e ~ \7i CC:) -\- -V2 \.c.) } 
would be, in general,complex value,and therefore solutions of Eq.(8) 

~( and )2. also complex value,because V1 and V2 are solutions of complex 

differential equation, Eq.(5). However this supposition seems to be rather 

abstrct at present stage. So we wish to present expressions which show 

relations between VI, 2 and q 1,2 m-ore explicitely. 

We can construct solution V1 (t) and V2 (t) as follows; 

de1ine a ,uo(t) and vo(t) as 

,
'La 

~lt).:=. e 5;t-\..CJ~ 
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and construct un(t) and vn(t) successively 

(9) 

In fact we can conilrm these V1 and V2 satisfy Eq.(5). 

Thus we may consider V1 and V2 are generally complex value and therefore 

~r and)2.. are also complex. 

Thus complex number ~\ and)2 must satisfy 

~I ~'l:::::' 1 
• 

3 ;, J2. ="- e-~e {Vi (C.)-t""V~\c.) J 
1

However, c1erarly there do not exist such J, and f2. with \ ~t \::!. \ ~2 \ =- \ 
and W1, W 2 are unstable. ~ H..) can be represented as linear combination of 

these W's,so in general unstable. 

Finally we wish to add some comments; 

1) Last part of our arguments may be not rigorous but rather general and 

abstract. So we can not exclude special cases where stable solutions 

exist. 

2) If stable solutions are found they would give much interesting relations 

between parameters I\. ,A,B etc, that is, neutrino mass spectrum and matter 

distribution parameters. 

3) For the case of three neutrino mixing.'. the discriminant is dependent On 

the choice of linear independet solutions and therefore we can not develop 

analogous arguments in general form. 

-5­



Referenc:€"S 

1) L.Wolfenstein, Pbys. Rev.Dll, 2369( 1978); 20, £o3lt.,(1979); 

S.P.Mikheyev and A.Y.Smirnov,Yad.Fiz. 42, 1441 (1980.. 

Nuovo Cimento C 9,17(1986). 

2) W.e.Haxton, Phys. Rev. D35, 2352( 1987); S.T.Petcov, 

Phys. Lett. B 191, 299(1987). 

3) T.Kaneko, Prog. Theor. Phys. 78, 582(1987); f\i1.lto,T.Kaneko,and M.Nakagawa, 

il?id. 79,13(1988); S.Toshev, Ph}'s.Lett. B 196,170(1987). 

4) D.Notzold, Phys. Rev. 036, 1623(1987). 

5) See also P.I.Krastev and A.Yu.Smirnov, Phys.Lett.B 226 341 (1989). 

6) See for example H.Hochstadt "The Functions of Mathematical Physics" 

(John Wiley and Sons, Inc, 1971). 

-6­


