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Abstract. The general profiles entering the polarised radiation transfer matrix for the hydrogen Lya line 
in dense magnetised plasmas are studied. The Stark effect due to plasma electrons is t~eated by t~e U.nified 
Theory. The contribution of fine structure is discussed. Ion dynamics effects are studied, ?y a~phcatlO.n of 
the Model Microfield Method (MMM). The validity of a simpler approach, based on the Slmphfied Umfied 
Theory (SUT) is a.."isessed, by comparison with the MMM. 
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1 Introduction 

The Zeeman splitting of the unpolarised Stark broadened 
lines of hydrogen [1-4), helium [5] and hydrogenic ions [6] 
is a well known tool for magnetic field diagnostics ill stellar 
and laboratory plasmas. However the polarised spectrum 
of hydrogen in magnetised plasmas gives more informa­
tion. The interpretation of observations of polarised hy­
drogen lines emerging from the atmospheres of magnetic 
stars requires an accurate treatment of the line broadening 
and an adequate description of the polarised transfer [7, 
8]. Polarisation of the Stark broadened lines may be also 
used as a magnetic field diagnostic in Z pinch [3] and in 
Tokamak plasmas. 

Mathys derived the formulation of the polarised ab­
sorption matrix, assuming cylindrical symmetry ahout the 
magnetic field [9,8]. He tahulated the intensity linc shapes 
of Lya, Ly,B, Ha for directions of observation parallel and 
perpendicular to the magnetic field [9,10]. 

Recently we revisited this formulation by including 
also the effects of the motional electric field, which is 
seen by the hydrogen atom moving with the velocity v 
in the magnetic field B [11]. This electric field (Fm = 
V X B/c), perpendicular to the magnetic field, breaks the 
cylindrical symmetry about the magnetic field. As sug­
gested by Nguyen Hoe et £11 [G], it introduces a coupling 
between the Doppler and Stark broadenings. To account 
for this, Brillant [12] proposed recently a new formula­
tion of the generalised line shapes necessary to calculate 
the polarised transfer matrices. He applied it to the HI3 
line. This formulation follows the approach of the Uni­
fied Theory [13), which describes the line shape ill terms 
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of frequency-dependent relaxation operators. These opera­
tors reflect the interaction between the radiating hydrogen 
atoms and the plasma charges (electrons and ions). Bril­
lant's treatment includes simultaneously, for the first time, 
the effects of ion motions, of the magnetic field, and of the 
motional electric field. This approach is simplified, in the 
sense that the relaxation operators are calculated neglect­
ing the effects of the magnetic and motional electric fields. 
As the main focus of interest was the line behaviours for 
large detunings LL\ =A - AQ from the line centre Ao, this 
approximation appears reasonable. It is one of the pur­
poses of the present paper to check the validity of this 
approach, which will hereafter be called the "Simplified 
Unified Theory" (SUT). 

This paper is devoted to the polarised hydrogen Lya 
line. The magnetic field is supposed to be weak enough to 
be treated by the perturbation theory. The corresponding 
upper limit is approximately 5 MG for Lya [14]. 

We shall assume that the nlm sublevels of hydrogen 
are equally populated for a given value of n, and we shall 
exclude the possibility of atomic coherences between these 
sublevels (fixed n). We shall also assume that the heli­
coidal motions of the plasma charges in the magnetic field 
introduce only negligible effects in the line shapes with re­
spect to straight line paths. This is always the case for the 
ionic motions in standard plasmas. For the electrons, it re­
quires the Debye screening length to be smaller than the 
gyration radius [1,5), or equivalently the electronic plasma 
frequency W pe = (41re2 N e /me )1/2 to be larger than the 
Larmor angular frequency WL = eB/(2m ec). Taking into 
account the numerical values of these two frequencies, 
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WL = 8.8106 B (rcl.s- 1 
, G) , (1) 

it can be seen that this condition may be not satisfied 
at low electronic densities N e . This may have some effect 
in the line centers. But, in the line wings, the emission 
or absorption occurs when the perturbing charges are at 
shorter distances from the radiator than in the line cen­
ter [15], and the radiative time of interest reduces from 
IWpel- 1 to l.1wl-1 , where .1w is the detuning expressed 
in angular frequency units. Thus the previous condition 
must be replaced by the more general one: 

Max(wpe , l.1wl) > WL (2)0 

The first part of the paper is devoted to the presenta.tion 
of the generalised absorption matrix which govcms the 
transfer of polarised radiation. We shall also present the 
relation between the terms of the transfer matrix which 
are most directly related to the the unpolarised intensity 
and to the circular polarisation of the radiation (Stokes 
parameters I and V). Then, we shall review the relevant 
interaction potentials which modify the atomic structure 
of the radiating hydrogen atoms. In Sect. 3, we shall illus­
trate the effects of the magnetic field, fine structure, ion 
motion, and plasma density, both in the line cent}'(~ and 
in the line wings. The effects of the motional electric field 
will be described in a subsequent paper. 

2 Theory 

In the presence of external fields (B and F m), the en­
ergy structure of the hydrogen atom is strongly modified 
and its spectrum is polarised. The radiative transfer is 
described by a vectorial equation for the Stokes vector 
S = (I, Q, U, V)t (see e.g. [16]). 

2.1 Geometry 

The radiation, of angular frequency w, is propagating along 
the direction ek, which makes an angle () with the mag­
netic field B. The magnetic field is assumed to he par­
allel to the z-axis. Two mutually orthogonal polarisation 
unit vectors el and e2 are defined in the plane perpen­
dicular to ek. The polarisation vector el is located in the 
plane defined by Band ek. The radiating hydrogell atom 
is moving with the velocity v, which is decomposed in 
two components, perpendicular (v1..) and parallel (VII) to 
B. We denote by ¢ the angle between the perpendicular 
component and the polarisation vector e2 (Figure 1). In 
this reference frame, the transfer along direction el. of the 
Stokes vector is described in terms of 4 x 4 absorption and 
stimulated emission matrices, defined as [8]: 

.... 

~:-----------r--....,e2 

Fig. 1. Geometry of the system 

This matrix can be split in two contributions [11]: 

b(w, v) = bo(w, v) + cos2¢bcross(W, v). (4) 

The non-vanishing matrix elements of the first term, bo, 
are given by 

11/,0 = (cos2 
(J + 1) (Ixx + Iyy )/2 + sin2 

(J Izz , 

1]Q.o = sin2 
(J (Izz - (Ixx + Iyy )/2) , 

7]\/,0 = - cos (J (Rxy - Ryx ) , 

PQ,o = sin2 
(} (Rzz - (Rxx + Ryy )/2) ,� 

Pl',O = cos (J (Ixy - I yx ) . (5)� 

In the absence of a magnetic field, only 1]1,0 differs from 
zero, and one has 1]1,0 = 2Ixx = 2Iyy = 2Izz . The second 
contribution, proportional to cos 2¢, is due to the correla­
tion between the Doppler shift and the motional electric 
field effects. This correlation term bcro8s vanishes after av­
erage over the frequency, and disappears in the absence of 
a magnetic field. Its non-zero matrix elements are: 

1]/,cross = - sin2 
() (Ixx - I yy )/2,� 

1]Q,cross = (cos2 
(J + 1) (Ixx - I yy )/2,� 

pQ,cross = (cos2 
(J + 1) (Rxx - R yy )/2. (6)� 

In Eqs. (5) and (6), Ikl (where k, 1 are any of x, y or 
z) is the real part, and Rkl the imaginary part, of the 
generalised line profile Lkl (w) defined by 

Lkl(W) = L raa <aIDkla> <,8IDdb> «aaIT(w)lb,B» , 
ao: ,bj3 

11/ 11Q 1]u O,}\! ) with
b - 11Q 111 PV -PU (3) D k = ek' D,abs(em) - 11l! -rw 1]1 PQ

( 
D, =el·D. (7)11\" PU -PQ 7]/ 



3 Chantal Stehle et al.: Polarised hydrogen line shapes in a magnetised plasma. 

D is the dipole operator of the hydrogen bound electron, 
l'ao is the statistical weight of state a, and T (w) is the 
Fourier transform at w of the time evolution operator in 
the Liouville space T(t), averaged over all the interilctions 
with the plasma charges. 

Hereafter we denote by greek and roman letters the 
states corresponding to the lower (n) and upper (71./) lev­
els of the optical transition respectively. The calculation 
of the generalised line shapes is expressed in terms of a 
trace over the Liouville states. The trace is independent 
of the choice of the basis, for which we shall adopt the 
product of Hilbert basis vectors, defined by the quantum 
numbers n, l, m, m s (11" principal quantum number: 1 and 
m, the orbital angular momentum and its projection along 
the quantification axis z; 1ns , the projection of tl)(' spin). 
These states are thus the eigenstates of the hami! IOnian 
H o (Equation 14), which neglects the fine structure ef­
fects. Thus the vector Ian » of the Liouville space stands 
for 

Ian »= la >< al = Inala7namsa >< nalamnnl'snl (8) 

(for the Lyn line, n a = 2 and n a = 1). The matrix el­
ements of the Liouville time evolution operator T(t) are 
defined in terms of the Hilbert time evolution operator 
T(t) by 

« aaIT(t)lbf3 »=< aIT(t) Ib > x < alT(t)lf3 >.. (9) 

This Liouville operator T(t) satisfies the equation of evo­
lution: 

in d:;t) = L T(t) with T(O) = 1 , (10) 

where the Liouville operat.or L is connected to the Hilbert 
hamiltonian H by 

« aalLlbf3 »= ba,/3 < alHlb > -On,b < alHIf3 > . (11) 

As the initial magnetic sublevels a are equally populated, 
it is possible to move the terms Tao = TO out of the r rilce in 
Equation (7). This allows us to normalize in the following 
the line profiles I(w) to 

2 
TO L I < alDkla > 1 = TO L Saa, (12) 

oa,l., an 

where Saa is the usual line strength. As a conspqllcnce, 
TJI,O is normalised to 2/3. 

2.2 The hydrogen atom in the magnetic field 

The evolution operator ill the Hilbert space of the IIloying 
hydrogen atom in the absence of interactioIls "'j t h sur­
rounding charges is described by the equation 

ifl dTd(t) = H T(t) with T(O) = 1, (13)
t 

where the hamiltonian H is the sum of the hamiltonian 
of the free atom (without magnetic field or fine structure 
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Fig. 2. Variations of the eigenenergies of the hamiltonian H 
(Equation 14), in units of 109 rdls, for the level n = 2 of 
hydrogen in a magnetic field B (in G) and without motional 
electric. field effect. The values of the quantum number J (1/2 
and 3/2) associated to the eigenstates at low magnetic field 
values are reported along the ordinate axis. 

effects), H0, and of the hamiltonians due to the fine struc­
ture <.:oupling Hfs, to the Zeeman interaction with the 
magnetic field H zeem , and to the dipolar interaction with 
the motional electric field H mot. In the considered geom­
etry, one has: 

H = H o + Hfs + Hzeem + Hmot , (14) 

where 

HZeem = hWL(L z + 2Sz ) , 

Hmot = -eDxvl..B/c. (15) 

The corresponding Liouville operators will be denoted by 
L, L o, L fs , LZeem and L mot . The fine structure hamilto­
nian includes the relativistic correction to the energy, the 
spin-orbit and the Darwin terms [17]. Lamb shift contri­
bution is not considered here. 

At large values of the magnetic field, one may neglect 
altogether the effects of fine structure coupling, and of 
the motional electric field. Thus the eigenenergies are lin­
ear in B. They are ±21iwLB, ±hwLB and 0 for n = 2. 
The pattern of the Lyo line is then a regular Zeeman 
triplet. At low magnetic field values, the fine structure ef­
fects are significant (case of the anomalous Zeeman effect), 
and the line splits into four lines for the 2P1/2 - 181/2 and 
6 lines for the 2P3/2 - 181/2 transitions [17]. These first 
two cases, low field (B < 5103 G), and large field regimes 
(5103 < B < 5104 G), are illustrated for the level n = 2 in 
Figure 2. The structure of atomic hydrogen in this range of 
magnetic field values is well known. The situation is more 
complex if one introduces the effects of an additive electric 
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field [18], which is, in the present case, the motiollal field 
perpendicular to the magnetic field . Eigenstates of hydro­
gen in crossed fields B z , F.l" are analytical, if one omits the 
contributions of the fine structure and of the quadratic 
Zeeman term [1,19]. For example the four eigenenergy de­
viations from the unperturbed energy value of the n = 2 
level are given by 

(16) 

and reduce obviously to ±tLWLand 0 in the absence of 
motional Stark effect (Fx = 0). For a perpendicular ve­
locity v 1.. equal to the thermal velocity of the hydrogen 
atoms ((2kTImH )1/2), the typical energy splitting due to 
motional Stark effect is h W:n with: 

2
Wx = eaoFx In = 1032 B T 1/ (rd.s- 1 

, G, K) . (17) 

The comparison between W x and WL indicate that, for tem­
peratures of the order of 10000K, the effects of the mo­
tional electric field can be treated within the perturbation 
theory, leading to an energy correction quadratic in the 
magnetic field [11]. 

2.3 Plasma broadening 

Let us now discuss the effects of the interactions 1letween 
the hydrogen atom and the surrounding plasma charges. 
This plasma Stark effect may be described by the leading 
dipolar interaction of the hydrogen atom with the ionic 
and electronic microfields F i and Fe. The corresponding 
interaction potential is, in the Hilbert space, 

(18) 

The electronic and ionic microfields are random vectors, 
described by field distribution functions [20,21]. Due to 
their different time scales, the two random plasma fields 
playa different rOle in the line broadening. The electronic 
contribution can be described in terms of collisions, whereas 
the ionic contribution varies between the collisional limit 
at low densities and the static limit at large densities. 

The line shape computation requires one to estimate 
the Liouville evolution operator (T(t))e,i or its Fourier 
transform (T(W))e,i' averaged over the plasma states (i.e., 
initial positions and velocities of all the free charges, elec­
trons and ions). In this paper, we describe the electronic 
and ionic Stark broadenings by the Model Microficlcl Me­
thod (MMM) [22-25), which is presently the only method 
appropriate to cover the different regimes at low (III<} high 
densities, and to ensure also the convergence towards the 
static limit in the line wings. 

Let us, for a while, suppose that the ionic cOlltribu­
tion to the broadening can he described within the static 
approximation. This means in particular that, for each 
fixed value of the ionic microfield F i, with the probabil­
ity P(F i ), the evolution operator can be averaged over all 

the interactions with the electrons, and expressed, as sug­
gested by the Relaxation (13) and Unified Theories t26}, 
in terms of the frequency dependent electronic relaxation 
operator '"Ye(w), by: 

i 
(T(Fd)e = -[wI - Lin - D . Fi/h + i'Ye(w)t 1 

. (19)
7r 

In general, one can neglect the dependence of the relax­
ation operator 'Ye (w) on the ionic microfield value. Taking 
as a reference Stark splitting the splitting due to the nor­
mal electric field value, Fo = 2.603 e N;/3, and as a typical 
time of interest the inverse of the plasma frequency, this 
last simplification requires in the case of the Lya line, that 
the electronic plasma frequency W pe be larger than the fre­
quency corresponding to the typical Stark energy splitting 
3e ao FoIh = 9 N e2/3 (II'd s, em -3) , or: 

(20) 

This approximation is always satisfied under typical plasma 
conditions. 

We shall also assume that the fine structure effects 
(with a typical frequency splitting of 7 1010 rd/s) and the 
Zeeman splitting (and the Stark motional effect) have no 
contribution in the calculation of the electronic relaxation 
operat.or, which means, in the same way, that wpe > WL 

and Will' > W f s, or respectively 

N e > 2.5104 B 2 (cm-3
, G), 

N e > 1.51012 (cm-3
). (21) 

The electronic broadening can be obtained very simply, in 
the following manner: we calculate the evolution operator, 
(T(w)e, for a plasma containing free electrons, moving in 
a uniform background of positive charges, neglecting the 
effects of the magnetic field, and of the fine structure. 
Then, from an expression similar to Equation (19), with 
L = L o, and Fi = 0, one deduces the frequency depen­
dent electronic relaxation operator 'Ye(w). This electronic 
evolution operator (T(w)e is calculated by MMM, as in 
previous unpolarised line shapes calculations [24,25,27], 
using the MMM relation 

(T(w))e = (~(Fe,ze))e + (ve'~(Fe,ze))e 

x(veI - v:~(Fe,Ze);l(Ve7;(Fe,ze))e, 

= .£[wI - Lolli + i,e(w)]-l , (22) 
7r 

when~ v( = v(Fe) and 7;(ze) is the Laplace transform, at 
Ze = W + ive, of the evolution operator calculated for a 
static electronic field. The angle brackets denote averages 
over the electronic field distribution function, such as, for 
example: 

The frequency jump V e allows one to take into account the 
dynamical properties of the electronic microfield. One has 

(24) 
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To obtain the plasma averaged evolution operator. one 
needs now to carry out the average over the realisations 
of the ionic microfield. This ionic contribution is also ob­
tained using the MMM formalism. Thus, the ion averaged 
evolution operator (T(W»)i is obtained by an expression 
similar to Equation (22), replacing the electronic field dis­
tribution function and frequency jump by the ionic ones, 

.... i.e.: 

In this expression, Vi = v(Fi ) and the static evolution op­
erator Ts (Fi, Zi), averaged over the electron cOl1trihu tions, 
is given by 

Ts(F i , Zi) = ~[(w + i Vi) I - Llh - V . Fdh + i ')'e(w)]-l ,
1r 

(26) 
where V is the Liouville operator associated to the dipole 
Hilbert operator D. 

The total frequency dependent relaxation rate ')'(w) 
may be deduced from the evolution operator averaged over 
the interactions with the plasma electrons and iOWi by the 
following expression 

(T(W»)e,i = :;
i 

[wI - LIn - +i ')'(w)]-l . (27) 

2.4 Large detunings 

Let us in this section neglect the effects of the motional 
electric field and suppose that the light propagation is 
parallel to the magnetic field (i.e., B = 0 in Equations (5) 
and (6». 

We shall focus our attention on the two terms 771 and 
Til' of the absorption matrix. Introducing the irreducible 
representation D q (q = 0, ± 1) of the dipole vector opera­
tor D, one has: 

TI/(W) = Tr(D 1 D_ 1 + D_1 Dd ImT(w) , 
Tlv(w) = Tr(D 1 D_1 - D_1Dd ImT(w). (28) 

In the absence of plasma effects, the broadening is only 
due to spontaneous radiative decay. Neglecting also the 
fine structure, the radiative broadening ')'1' is negligihle for 
the 28 state (metastable state) and ')'ls2p,ls2pi 1' = O.5A2p,ls 

for each 2pm state (A2p,ls = 6.265 108 S-l, [28]). 
In this case, the intensity profile is a sum of two lorent­

zians, one peaked at -WL and the second at WL, whereas 
TJv is the difference between these two lines, which do not 
interfere (because they correspond to mutually orthogonal 
polarisations). One obtains: 

1 ')'ls2p,ls2p;1'
Tll(W) = 31r ( (dw - WL)2 + ')'fs2P,ls2p;r 

+ ')'ls2p,ls2p;1' ) 

(Llw + wL)2 + ')'fs2p,lS2Pi1' ' 

1 ')'ls2p,ls2p;1'
7}\"(W) = ­

31r ( (.1w - wLF + ')'fs2p,lS2Pi T 

l'ls2p,ls2Pi T ) (29) 
- (.1w + WL)2 + IlS2P,ls2P;1' 

In the line wings, the effect of the Zeeman splitting is 
negligible for Til. Thus one has, for any value of B: 

, ) _ 2 ,ls2p,ls2p:1'(771 W - 3 -rr.1w2 ' 

4 WL cos B,ls2p,1s2p;1' dTil 
7}\' () = W L cos BdJ.v' (30)W = 

3 1rdw3 

The latter equation is often used in the interpretation of 
astrophysical observations to determine the projection of 
the magnetic field along the line of sight (B cos B) (e.g. 
[29]). It assumes (although this is seldom explicitly stated) 
that the coupling with the surroundings, which leads to 
line broadening, preserves the state quantification along 
the z axis imposed by the magnetic field. However, this is 
not the case in a plasma. Hence, Stark broadening mixes 
together states with different m, (or mj) quantum num­
bers. 

This "mixing" is larger at high densities and in the 
line wings. where the interaction between the radiating 
hydrogen atom and the plasma gives the dominant con­
tribution to TlI(W), In the line wings, the "static" limit for 
both the electrons and the ions is reached, and one recov­
ers the usual static limit for Til . One has, for a detuning 
.1w from line center, and for the Lya line: 

2 CLya
() (31)Til W = 31.1wI5 / 2 . 

Note that the intensity in the line wings is reduced by a 
factor 2/3 with respect to the Holtsmark wing intensity 
of the standard case. The latter is normalised to unity, 
whereas, as seen from Equation (28), Til is here normalised 
to 2/3 and 77v to 0 . The numerical value of the constant 
CLyo is equal, for .1w expressed in rd.s- 1 , and the Stokes 
component Til in s.rd- 1

, to 

CLya = 13.5 N e (32) 

(where the electronic density N e is in cm-3 ). This Holts­
mark line wing limit gives for the total relaxation operator 
(including the contributions of the electrons and the ions): 

2
')'ls2p,ls2p(W) = 1r CLyal.1wl- 1

/ • (33) 

One obtains, in the line wings, whatever the form of ,(w): 

_ ~ 11s2p,ls2p(W)
( )Til W - 31r .1w2 ' 

,( ) _ ~ Ils2P,ls2p(W) (34)
7}l. W - 31r .1w3 ' 

which gives the more general relation, valid for all the lines 
and each value of (} 

(35) 
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This relation coincides with the previous ones, ill the case 
where the relaxation operator does not depend on the fre­
quency (which is the case for pure radiative broadening). 
Deviations from the previous rule reflect the fact that 
atomic structure modifications due to short-range poten­
tials may dominate the line wing intensity. 

2.5 Simplified Unified Theory 

It has been shown that the line shape can be expressed in 
terms of a relaxation operator 'Y(w) (Equation (27)). This 
operator is composed from two additive contributions, one 
from the plasma electrons, 'Yc(w), and one from tIle ions, 
'Yi (w). Strictly speaking, these two operators must be cal­
culated with the full hamiltonian H (Equation (14)). We 
already showed that the electronic relaxation operator is 
independent of the external field and of the fine structure. 
This is also the case for the ionic relaxation operator at 
low densities when Wpi > WL and Wpi > wfs, where Wpi 

is the ionic plasma frequency defined for a plasma of pro­
tons as Wpi = wpe (2 melmH )1/2, and wfs is the typical fine 
structure frequency splitting (about 71010 I'd S-1). This 
corresponds to the following conditions: 

Obviously, the first condition may be not satisfied for low 
< 1015 3density plasmas (Ne cm- ) and magnetic field val­

ues of the order of 104 G. Nevertheless, as mention(~d be­
fore for the electronic broadening, it is justified to lleglect 
the effect of the magnetic field in the calculation of the 
total relaxation rates, far from the Zeeman resonances, 
because the time of interest reduces from wi 1 to l,dwl-1. 

Thus, in SUT, the total relaxation operator, denoted 
by 'Ysur(w), is deduced from Equation (27) where mag­
netic field and fine structure effects are neglected (i.e., tak­
ing only L = Lo in Equations (22-27)). The line shape, 
which includes the magnetic field effects, is given by Equa­
tion (7), where Tsur(w) is expressed in terms of 'YS(lT(W) 

by 

Tsur(w) = i 7r [wI - Lin - +i 'Ysur(w)]-l . (37) 

In this expression, L contains the contributions of the 
magnetic field. It may include or not the fine structure 
contribution. As to the relaxation operator 'YSUT(W), it 
is calculated without the latter effects (i.e., takillg only 
L = Lo). 

3 Numerical results 

3.1 Numerical method 

As indicated previously, the electronic relaxation operator 
is first calculated, in the frame of the Model Microfield 
Method, neglecting the effects of the magnetic field, the 
motional electric effect, and the fine structure. Only the 
real part of this operator is numerically accurate for all 

values of the detuning. In the line wings it converges to­
2wards the usual static limit in l..1wl- 1 / • As may be seen 

from expression (22), the imaginary part of 'Ye(w) cannot 
be obtained from the inversion of (T(w))e, because the 
value (T(w));l is dominated, at large detunings, by L1w. 
To overcome this difficulty, the imaginary part of 'Ye(w) 
is numerically obtained from the real part, by using the 
Kramers-Kronig relation [30]. It is possible to prove that 
the imaginary and real parts are identical in the line wings 
Holtsmark limit [12]. 

Knowing re(w), it is possible to calculate the full pro­
files, including (or not) the effects of the fine structure, the 
magnetic field and the electric motional field. This step is 
performed using the Model Microfield Method. Effects of 
ionic Illotions are also tested against a static ion compu­
tation. The latter is obtained setting v(Fd equal to zero 
in Equation (25). The integration over the realizations of 
the ionic microfield in the presence of a magnetic field 
is more difficult than in the usual case of non-magnetic 
plasmas. Beside the standard integration over the electric 
microfidd modulus, an angular integration over the direc­
tions of the microfield vector is necessary. These directions 
are characterized by two angles, OF and ¢F, which are 
respectively the angle between F and the magnetic field 
(chosen along the z axis) and the angle between the plane 
defined by Band F and the xz plane. In the absence of 
motional electric field (parallel to the x axis), one avoids 
the integration over the azimuth angle ¢F using the prop­
erties of the rotation matrices. In this case, the average 
over ¢ F leads to the cancellation of the matrix elements 
of T(w) between the states Inalamamsa; nolomomso » 
and Inbl'lhmsb; n{3l{3m{3ms {3 » such that: 

rna + msa - m o - mso = mb + msb - m{3 - m s{3. (38) 

If the effect of the motional electric field was included, 
the numerical integration over ¢F should be performed 
numerically. Hence this effect breaks the cylindrical sym­
metry around the z axis. Field distribution functions are 
taken from Hooper [20,21]. The frequency jump is defined 
by the usual expressions given by Brissaud et a1. [31]. We 
shall illustrate for three different electronic densities, equal 

3to 1013 ,1015 and 1017 cm- (Wpe = 1.81011 ,1.81012 , 

1.8101:~ rd.s- 1), and magnetic field strengths equal to 
103 , 5103 , and 2104 G (WL = 8.810 9 , 4.41010 , 1.761011 

rd.s- 1
), the fine structure effects (with an order of mag­

nitude for the splitting of Wfs = 7. 1010 rd.s-1 ) and the 
correlation between the absorption matrix elements TIl and 
Tlv. The temperature is chosen equal to 104 K. The angle 
obetween the radiation propagation vector and the mag­
netic field is set to 0 (observation parallel to the magnetic 
field) . 

The cletuning is given in 109 rd.s- 1 . As a consequence, 
the an~a normalised intensity is given in 10-9 s.rd- I . Us­
ing this choice of units, the "II Holtsmark wing intensity 

2is 2.8510- 13 N e llL1wI 5/ . Note again that TIl is area nor­
malised to 213. 

The correspondence between the detuning expressed 
in units of 109 rd.s- 1 and expressed in Angstroms is given 
by 

.d.\(A) = 7.84 10-5 (L1wl(109 rd.s- 1 
)). (39) 
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The contributions to broadening of spontaneous emission 
decay and of Doppler effect are not included here: because 
we are mainly interested in analyzing the intrinsic varia­
tions of the line, with a view to predicting systematic be­
haviours for all the lines of hydrogen and hydrogenic ions. 
Its inclusion can be easily performed by standard convo­
lution with the pure Doppler line shape (whose halfwidth 
is equal to 5.55 102 (x 109 rd.s- I 

) ). 

3.2 Fine structure effects 

We calculated the line shapes for the three electronic den­
sities. Figures 3, 4, 5, 6 illustrate for the intensity profile 
"1J the fine structure effects in the line center for tIl<' three 
considered magnetic fields values. The variations of the 
profile 7Jv are shown in Figures 7, 8, and 9. lOll dynamics 
effects are included, but Doppler broadening is not. 

At 1017 em-3 (Figures 3, 7), the Zeeman pattern is not 
resolved and the fine structure effects are negligible. This 
is due to the dominant effect of Stark broadening. The 
Stark halfwidth is of the order of 700 (109 rd.s- 1 

) whereas 
WL varies between 8.8 at 103 G and 176 at 2104 G, and 
wfs is about 70. 

3At the intermediate density, 1015 cm- (Figures 4, 8), 
the pure Stark broadening has a halfwidth of about 50. 
The Zeeman pattern is resolved at 2104 G, but this is not 
the case for the two smaller values of the magnetic field. 
The fine structure introduces a small asymmetry in the 
line shapes. 

At the lowest density, 1013 cm-3 (Figures 5, G: 9), the 
fine structure splitting is completely resolved. The com­
bined effects of the magnetic field and fine structure lead 
to a very complicated pattern. These conclusions are valid 
for both profiles 7JI and 7J\'. 

Let us now discuss the effect of fine structure in the line 
wings. Towards large detunings, the line shape is sensitive 
to short range interactions, leading to large values of the 
interaction potential due to the electric field. The intensity 
is dominated by electric field effects, leading t.o an I-Iolts­
mark wing intensity in ILlwl-5/ 2 for 7JI and to a vlll'iation 
of rJ\' due to the effects of both the polarising lllagnetic 
field and the electric interaction. As a consequence, one 
expects a negligible contribution of the fine structure for 
both 7]1 and 7JF. This point is verified in Figures 10, 11 
and 12 for 171, and in Figure 13 for II\' . 

3.3 Ion dynamics effects 

In order to test the effects of ion dynamics on the line 
shapes, we performed the computation of the profiles in 
the static iOIl approximation (i.e., v(Fi ) = 0 ill Equa­
tion (25)), and compared the MMM profiles with tIl(' st.atic 
ones. Ion dynamics effects are very large in the lill(' cen­
ters, as shown in Figures 14, 15, 16. They are ellhanced 
by fine structure effects and are more spectacular towards 
low densities. At the highest density, the profiles oj )tained 
neglecting fine structure effects have not been repres(J.nted 
here, because they are indistinguishable from those shown 
in Figure 14 on the scale used. 

11 I (1 0-9s/rd) 
2.510-4 

010° 
-1000 ·500 500 

Fig. 3. Fine structure effects on 7]1 in the center of the Lya line 
at an electronic density of 1017 em-3, for three values of the 
magnetic field: 103 (dotted line), 5 103 (solid line), and 2 104 G 
(dots-dashes). The profiles including the fine structure effects 
are represented as thin lines, those neglecting the fine structure 
effect as thick lines. Ion dynamics effects are included. 
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I 
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1 

: 
\ 
: 

310.3 
'r

.';
·1 

~ 
. : 
.: 

210 3 

:, 
j \ 
: \.r ~ 

/ : \ \ 
I ~ 

I : 

/ 

/ /
./ 

~::: ....... ' 
010° 

-400 ·300 -200 -100 0 100 200 300 400 

~w (109 rd/s) 

Fig. 4. Same as Figure 3 but for an electronic density of 1015 

cm- 3 . 

3.4 Validity of the SUT 

The description of the line shape by the Simplified Uni­
fied Theory uses a frequency-dependent relaxation oper­
ator ')'(w), to include the ion and electron contributions 
in the Stark broadening. This operator is obtained within 
the MI\'Hvl theory, hence it includes electron and ion dy­

1000 
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j I i I 
~ 10·2 :'\ 

:1 I: ~ ~ 
:i j:( ;j I: :1:1 I: 

10.3 j: :i :j i\i I, ' I 
: \ J: 

r i':: i :\ i \ ,\ . v I ' ' r: 

10.4 /. 
.'

V
' 

,:\ ,I \/ 
I 1\ 
, \ \ 

10.5 \I \ / " 
\ 

10-6 

-400 -300 -200 -100 0 100 200 300 

Am (109 rd/s) 

Fig. 5. Fine structure effects 011 1]1 in the center of t.he LYQ 
line at an electronic density of 1013 cm- 3 

, for three values 
of the magnetic field: 103 (dotted lines), 5 103 (solid lines), 
and 2 104 G (dots-dashes). Only the profiles including the fine 
structure effects are represented (compare to Fig. 6). lOll dy­
namics effects are included. 

I 
! 
1 
t 
~ 
I: 
:\ 
I: 
:\ 
I 

I 

I 

.I 

/ 

/ 

./ 
10.6 /' 

-400 ·300 ·200 ·100 0 100 200 300 

.100 (109 rd/s) 

Fig. 6. Same as Figure 5, hut without fine structllJ'(' l'ffects 
(compare to Fig. 5). 

11 (109 s/rd)v
310. 5 

o 10° ......•....•..•..•.••••..._ •••_•...•_-••• , ,."•••_.__••••__•••••••••_••••••••••.•••. 

/ ..---1 
.1 10.5 '\ A/·· 

\~ ./ 
.210.5 

'\" ./
=v'' 

.310.5 

-3000 ·2000 ·1000 0 1000 2000 3000 

.10> (109 rd/s) 

l!ig. 7. Fine structure effects on T/v in the center of the Lya 
hne at an electronic density of 1017 em-3, for three values of 
the ~laglletic. field: 103 (dotted lines), 5 103 (solid lines), and 
210 G (dots-dashes). The profiles including the fine structure 
effects are represented as thin lines, those neglecting the fine 
struct.ure effect. as thick lines. Ion dynamics effects are included. 

·600 ·400 ·200 o 200 400 600 

.1w (109 rd/s) 

Fig. 8. Same as Figure 7 but for an electronic density of 
1015 cm- 3

. 

http:�....�..�..�.����..._���_�


9 Chantal Stehle et al.: Polarised hydrogen line shapes in a magnetised plasma. 

Tl (1 0-9s/rd)
v 

210" 

1,510.1 

1 10-1 

510.2 

010° , ':f 

-510'z 

II 

\ 

~ : 
J 
I 

-1 10" 1 
I 
I 

-1,510-' I 
I 
I 

-210.1 

-200 -100 0 100 200 

dW (109 rd/s) 

Fig. 9. Same as Figure 7 but for an electronic d(~llsity of 
1013 cm- 3 . 

TIl (10-9 s/rd) 

10.4 : 

10.5 , 

10-6 

10-6 

100 1000 104 

dW (109 rd/s) 

Fig. 10. Fine structure effects on TIl in the wing of the Lyo: line 
(large positive detuning) at an electronic density of 1017 em-3, 

without magnetic field (crosses), and for three values of the 
magnetic field: 103

, 5 103
, and 2 104 G. All profiles are indis­

tinguishable OIl this scale. The asymptotic Holtsmark wiug is 
represented with squares. 

11, ( 10.9 s/rd) 

10 100 1000� 
dW (109 rd/s)� 

Fig. 11. Fine structure effects on TIl in the wing of the Lya line 
3(large positive detuning) at an electronic density of 1015 cm- , 

for three values of the magnetic field: 103 (dotted lines), 5 103 

(solid lines), and 2 104 G (dots-dashes). The profiles including 
the fine structure effects are represented as thin lines, those 
neglecting the fine structure effect as thick lines. The crosses 
correspond to the case B = 0, without fine structure. The 
asymptotic Holtsmark wing is represented with diamonds. 

II\ 
/. 

f \ 11\
./ 'vl\10" . ',: I .. .\ 

..•• 1\ 

"\ ..~ 

~ 

10 100 1000 
Aw (109 rd/s) 

Fig. 12. Fine structure effects on 1JI in the wing of the Lya line 
(large positive detuning) at an electronic density of 1013 em-3, 

for three values of the magnetic field: 103 (dotted lines), 5 103 

(solid lines), and 2 104 G (dots-dashes). The profiles including 
the filll' structure effects are represented as thin lines, those 
neglectiug the fine structure effect as thick lines. The crosses 
correspond to the case B = 0, without fine structure. 
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TJ 
1 
(10 9 s/rd) 

10-6 

10·'0� 
10 100 1000� 

Am (109 rd/s)� 

Fig. 13. Fine structure effects on 1]v in the wing of the Lyo: line 
(large positive detuning) at an electronic density of 1015 cm- 3

, 

for three values of the magnetic field: 103 (dotted liues) 1 5 103 

(solid lines), and 2 104 G (dots-dashes). The profiles inc! uding 
the fine structure effects are represented as thin lines. those 
neglecting the fine structure effect as thick lines. 

TIl (10'9 s/rd) 

-3000 -2000 -1000 o 1000 2000 3000 

600 ( 109 rd/s) 

Fig. 14. Ion dynamics effects on 1}J for the Lyo: line at. (Ill elec­
tronic density of 1017 cm-3 1 for three values of the magnetic 
field: 103 (dotted lines), 5 103 (solid lines), and 2 104 G (dots­
dashes). Thick lines correspond to profiles computed with the 
static approximation for the ions, thin lines to profilcs tak­
ing ion dynamics into account. Fine structure effects are also 
included. 

.~ 

/i"'-
~ 

'i 

..h 
[i 

./
,Ii

.i: 
~. 

.:.Ii·::· 

10.5 h' 
-800 -600 -400 -200 o 200 400 600 800 

600 (109 rd/s) 

Fig. 15. Ion dynamics effects on 1]1 for the Lyo: line at an elec­
3tronic dCllsity of 1015 cm- , for three values of the magnetic 

field: 10:~ (dotted lines), 5 103 (solid lines), and 2 104 G (dots­
dashes). Thick lines correspond to profiles computed with the 
static approximation for the ions, thin lines to profiles tak­
ing ion dynamics into account. Fine structure effects are also 
included. 

namic1-i effects. It is calculated without magnetic field or 
fine structure effects. We shall discuss the consequences of 
this approximation on the line shapes, calculated includ­
ing ion dynamics effects, for the three considered values 
of the magnetic field. At 1017 cm-3, the profiles are in­
distinguishable from the MMM ones and are not shown 
here. At 1015 cm- 3 , we note a small difference in the line 
center (less than 5%) (Figures 17, 18). At 1013 cm-3 , the 
agreement is still correct when fine structure effects are 
not taken into account (Figure 20) and we note a larger 
disagreement between the components when fine structure 
effects a.re included (Figure 19). In fact, the first of the two 
conditions (36) is satisfied only for the lowest magnetic 
field value. The second condition (36) (Le., Wpi > w/ s ) is 
not satisfied at this density. This explains the disagree­
ment in the case where fine structure is included. When 
the finc structure effects are neglected, the second condi­
tion (36) is no longer relevant. The good agreement for 
all thp magnetic field values indicates that the estimate of 
')'(w) is H~asona.bly good at this low density. 

In the line wings, fine structure, ion dynamics and Zee­
man efh~t.t vanish in 'T/I, as shown previously. Fine struc­
ture and ion dynamics do not affect TJv. The line shapes 
obtained in SUT and MMM are identical. 

10.5 
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10" 

10'~ 
-800 -400 o 400 800 

L\ro (109 rd/s) 

Fig. 16. 1011 dynamics effects on 111 for the Lyo: liue at an elec­
tronic density of 1015 cm-3, for three values of the magnetic 
field: 103 (d~tted lines), 5 103 (solid lines), and 2 10

4 
G (dots­

dashes). Thick lines correspond to profiles computed with the 
static approximation for the ions, thin lines to profiles tak­
ing ion dynamics into account. Fine structure effects are not 
included. 

3.5 Relation between "IV and 'Ill in the line wings 

As derived in Sect. 2.4, 1JI and 7/V should be connected 
to each other via the longitudinal magnetic: field value 
(which is equal to B for 8 equal to zero). In order to check 
the validity of this result, we introduce the quantity R(w) 
defined by 

R(w) = 1J v .dw B , (40) 
21JI WL 

which has the dimension of a magnetic field. 
This quantity is plotted in Figures 21, 22, and 23, for 

the three electronic densities considered here. The results 
that are represented have been obtained with the MMM 
calculation, including or not fine structure effects. As ex­
pected R(w) converges towards the value of the external 
magnetic field. The fine structure effects contribut.e only 
in the line center. 

3.6 Discussion 

We have analyzed the effects of the fine structure. of the 
ion dynamics, and of the SUT approximation, in the centre 
and in the wings of the Lyman a: line, for various densities 

III (10'9 s/rd)� 
410'3� 

3,510'3 

310'3 

2,510'3 

210 3 

r'\- \:~~. :r····\-;.
1.510'3 

fl \ \~ 

"

\ :' \":'. \ " . 
1 10'3 \: \/... './ '.', // ~\ \. 
510'4 ,/ ' ..._.....-.. ·4.. " 

,.' ' .._~-. 

010° 
-400 ,300 ·200 ·100 0 100 200 300 400 

~ro (109 rd/s) 

Fig. 17. Comparison between the line shapes (1JI),. obt~ined 
with tIl{' MMM (thin line~), and with the S.UT (t~lck hnes/~ 
in the cent.er of the Lya hne, at an electroUlc denSity of 10 
cm- 3 , for four values of the magnetic field: 103 (dotted lines), 
5 103 (~·;()Iid lines), and 2 104 G (dots-dashes). Fine structure 
effects an' included. 

310'3 

t~ 
, \

210'3 : ~ 

! \ 
! \

./
./ _..."",' 

l010° J. 

-400 -300 -200 ·100 0 100 200 300 400 

~ro (109 rd/s) 

Fig. 18. Comparison between the line shapes (m), obtained 
with the \U.·1M (thin lines), and with the SUT (thick lines), in 
the centc}' of the LYQ line, at an electronic density of 1015 em-3, 

for four "alues of the magnetic field: 0 (crosses), 103 (dotted 
lines),5 103 (solid lines), and 2 104 G (dots-dashes). Fine struc­
ture effect.s are not taken into account. 
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11, (10'9 s/rd) 
111 (10'9 s/rd) 

i j 

II .III =: ~l,I ~ i� !:!: ill 

r ~ i:I Ii f� ;: 
: 

iI ill! j'V 
;:i . !V\ 

I 

:1 J 
;:11.

I, /1/,'i 

1
: 

\\ .~/ 
~j ',./ 

10'6// 
-400 -200 o 200 400 

6ro (109 rd/s) 

Fig. 19. Comparison between the line shapes (11!), ohtained 
with the MMM (thin lines), and with the SUT (thick lilies), in 
the center of the Lya line, at an electronic density of 101:\ cm-3 , 

for three values of the magnetic field: 103 (dotted lines), 5 103 

(solid lines), and 2 104 G (dots-dashes). Fine structun~ effects 
are included. 

and a fixed temperature of 104 K. This temperature is rep­
resentative of the conditions of typical stellar atmospheres 
and of standard laboratory experiments, Changing it for 
a given density should not modify the conclusions already 
given. In particular, the fine structure effects are expected 
to be significant only in the line centre and at Imv den­
sities. The SUT and "exact" !'-11\11\1 line shapes cOllverge 
towards each other in the line wings. They are also close 
together in the line centers. This is illustrated ill Fig1ll'€ 24, 
which shows on a logarithmic scale and for positive d(~tun­
ings, the profile 'TJ/ for an electronic density equal to 1014 

cm-3 (without motional Stark effect), and tempera.tures 
equal to 104

, 106
, and 107 K. \Ve note that the line width 

decreases with increasing temperature, in agreement with 
the width variation in T- 1/ 2 at low density [32). However, 
at the highest temperatures (i.e., greater than 107 K), the 
motional Stark effect can be of the same order of mag­
nitude as the Zeeman effect (see Equations 1,17), and it 
should also affect the centre of the profiles 1]/ and 1/\'. 

4 Conclusions 

We have calculated accurate generalised polarised line sha­
pes of hydrogen Lya: line in a large range of plasma density 
and magnetic field values. We have inspected the effects of 
fine structure, and ion dynamics. 'Ve have shown t.hat it 
is essential to include ion dynamics effects, in the lille cen­
ters. Fine structure also plays a very significant role at low 

;1

i II
10.2 uI: 11ft

1111
:1 I~i
I: i

•
!
Iq ! 1I: ! 

I:
q
\

I
, 

• 
f \
I "� 

I 
./�

10 5 

/ 
10-6 

"'" 

-400 -300 -200 -100 0 100 200 300 400 

600 (109 rd/s) 

Fig. 20. Comparison between the line shapes (r/l), obtained 
with the MMM (thin lines), and with the SUT (thick lines), in 
the centcr of the LYD line, at an electronic density of 1013 em-3, 

for three values of the magnetic field: 103 (dotted lines), 5 103 

(solid liJl(~s), and 104 G (dots-dashes). At this scale, the MMM 
and STJT profiles are almost exactly superimposed. Fine struc­
ture effects are not taken into account. 

R(w) (G) 

~ ••--••_ ••• _ •••_ •••_ •••_.! 
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Fig. 21. R(w) (Equation (40)) vs. the positive detuning, for 
an elect.ronic density of 1017 cm- 3 and three values of the mag­
netic field: 103 (dotted lines), 5 103 (solid lines), and 2 104 G 
(dots-dashes). The profiles including the fine structure effects 
are repn'sented as thin lines, those neglecting the fine structure 
effects as thick lines. 
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Fig. 22. Same as Figure 21 but for an electronic density of 
1015 cm- 3 . 
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Fig. 23. Same iL'i Figure 21 hut for an electronic dcnsity of 
1013 cm- 3 . 

density. In the line wings, however fine structure and ion 
dynamics can be neglected. The profiles in rw and 1]/, and 
the value of the longitudinal magnetic field, are connected 
through a relation (Equation (30)) which differs from the 
traditional one (Equation (35)). The use of the Simplified 
Unified Theory is always justified in the line wings. and 

2: 10 15 3for N e cm- in the line centre. This can lw help­
ful for extensive calculation of more complicated lines, as 
H (3, due to a huge reduction of the required cOlllputer 
time allowed by this method. 
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Fig. 24. Comparison between the line shapes (1]1), obtained 
with the MMM (thin lines) and with the SUT (thick lines), in 
the centre of the Lyo line, at an electronic density of 1014 cm- 3 

and in a magnetic field of 104 G, for three values of the tem­
perat.ure: 104 (solid lines), 106 (dashed lines), and 107 K (dots­
dashes). Fine st.ructure effects are taken into account . 
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