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ABSTRACT (r 

\ The motion of bodies in power-law potentials of the form V (r) = Arc¥ has been of� 
interest ever since the time of Newton and Hooke. Aspects of the relation between� I~ powers 0 and 0, where (0 + 2)(0 + 2) = 4, are derived for classical motion and the� 

lu relation to the quantum-mechanical problem is given. An improvement on a previous� 
expression for the WKB quantization condition for nonzero orbital angular momenta

_I I is obtained. Relations with previous treatments, such as those of Newton, Bertrand, 
Bohlin, Faure, and Arnol'd, are noted, and a brief survey of the literature on the 
problem over more than three centuries is given. 

I. INTRODUCTION 

A student of introductory quantum mechanics often learns that the Schrodinger 
equation is exactly soluble (for all angular momenta) for two central potentials: the 
Coulomb problem, with VCr) ,...., r-t, and the harmonic oscillator, with VCr) ,...., r2 • 

Less frequently, she or he is made aware of the relation between these two problems, 
which are linked by a simple change of independent variable rCoul = r~sc' Under 
this substitution, energies and coupling constants trade places, and orbital angular 
momenta are rescaled. Thus, there is really only one quantum mechanical problem, 
not two, which can be exactly solved for all orbital angular momenta. Still more 
rarely, it is noticed that the classical or quantum-mechanical problem with a power­
law potential proportional to rCX is related to another one with a potential proportional 
to r(i, where (0 + 2)(0 +2) = 4. 

The relation between the Coulomb (or Kepler) problem and the harmonic oscilla­
tor has roots in classical physics going back to the time of Newton [1] and Hooke [2]. 
Other observations of historical interest include ones by Bertrand [3], who studied 
conditions leading to closed orbits; Bohlin [4], who first used a conformal mapping 
technique to relate the Kepler and oscillator problems; Jauch and Hill [5], who dis­
cussed the connection between these two problems in quantum mechanics; and Faure 
[6], who generalized this connection to arbitrary pairs of power-law potentials. 

Recent discussions of Bohlin's results and their generalization to pairs of power­
law potentials with other powers are given for classical motion by Arnol'd and Vasil'ev 
[7] and by Arnol'd [8]. The corresponding quantum-mechanical relations have been 
noted, for example, in Refs. [9] and [10] for the connection between the oscillator and 
the Coulomb problem, and in Refs. [11] and [12] for more general pairs of powers. 
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Within the past year, these relations have been treated in the present journal 
[13,14]. Our purpose in writing this article is three-fold. 

First, we derive the classical relation between motions in pairs of power-law po­
tentials using a change of variables in the energy integral. This treatment, which is in 
the spirit of Ref. [10], makes clear the role of orbital angular momenta in the classical 
problem, and the corresponding existence of a family of solutions of the equations of 
motion. 

Second, we show how quantum mechanics leads to a unique choice of a single 
member of this family of solutions for any given set of quantum numbers, and ap­
ply Newton's original discussion of perturbations about circular orbits for arbitrary 
power-law potentials to derive an improvement of the semiclassical quantization con­
dition for arbitrary orbital angular momenta. 

Third, we add some remarks of a historical nature. In this respect we have greatly 
benefitted from conversations with Prof. S. Chandrasekhar regarding his forthcoming 
study of the Principia [15]. 

We discuss classical results in Section II, passing to the quantum-mechanical prob­
lem in section III. Relations with historical approaches are sketched in Section IV, 
while Section V concludes. 

II. CLASSICAL RESULTS 

The starting point for our discussion is a familiar expression giving the angular co­
ordinate () in terms of a radial integral. We begin from the Lagrangian for a particle 
of mass m = 1 moving under the influence of a central potential V(r): 

(1) 

The Euler-Lagrange equation for () yields the conservation of angular momentum, 
which reads r2iJ = £. Using this in the radial equation of motion yields 

.. £2 dV 
r=--- (2) 

r 3 dr 

Multiplying both sides by r and integrating in the usual way gives an expression for 
the energy: 

1 ·2 £2 V() E (3)2'r + 2r2 + r = . 
From the conservation of angular momentum and Eq. (3) we have 

d(} 9 l/r2 

(4)
dr = ~ = y'2[E - V(r)] - £2 /r2 ' 

so that, up to an additive constant, 

2 

9(r) = Jr l/r dr. (5) 
V2[E - V(r)] - i2 /r 2 
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Inverting this relation to find r in terms of () gives the form of the orbit in a spherical 
oscillator potential: we find 

1 E~22A.-=-+ ---sln28 (14) 
r 2 £2 1,4 £2 ' 

which we recognize as an ellipse with its center at the origin, as expected. 
The map from V{r) I'V rei to V(r) I'V rO can also be done in the quantum mechani­

cal case, with similar results [11]. In the classical case we found that the mapping in­
terchanges the roles of E and Avia the transformation E / /,2 -+ - A//,2, A/1,2 -+ - E / /,2. 

In the quantum case, we find that the variables E, A and /, referring to the potential 
V (r) I'V rei are related to E, X, and l referring to V (r) I'V r a by the equations 

E = -A(ii/a?, X= -E(0:/a)2, and (l + 1/2) = -(o:/a)(£ + 1/2). (15) 

Here we find that E and A undergo a transformation similar to that found in the 
classical case: we have 

E A ----- ----- (16)(/, + 1/2)2 (/,+ 1/2)2' (I, + 1/2)2 

In the limit of large /" these reduce to the relations found in the classical case. The 
quantum case is distinguished, however, by the fact that l is given uniquely in terms 
of /,. In the classical case, it is always possible to rescale the angular momentum when 
carrying out the transformation, so long as compensating changes are made in E and 
A; in the quantum case this is no longer possible. 

The existence of pairs of "dual" power-law potentials has been recognized for quite 
some time. In fact, Newton himself knew that the oscillator problem could be mapped 
into the Kepler problem by means of a simple geometrical construction. In addition, 
he demonstrated that the "self-dual" potential V(r) = -1/r4 has circular orbits 
which pass through the center of force. This potential is one of two (the other being 
the logarithmic potential, corresponding to a = 0) which goes into itself under the 
mapping given above. Finally, he cites a relation equivalent to Eq. (8) in discussing 
the rate of rotation of precession of orbits which deviate slightly from circular ones 
in arbitrary power-law potentials. 

III. RELATION TO QUANTUM MECHANICS 

Using the method of Bohr-Sommerfeld quantization, it is possible to derive certain 
results regarding the energy levels of a particle bound by a power-law potential. A 
similar treatment is given in Ref. [10] for the oscillator and Kepler problems. 

The quantization procedure begins from the so-called action variables, which are 
defined by 

Ji =f Pi dqi, (17) 

where qi is a co-ordinate of the system, Pi is its conjugate momentum, and the inte­
gration runs over a full cycle of the motion. To obtain the energy levels of the system, 
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We can use Eq. (5) to derive a one-to-one correspondence between different pairs of 
power-law potentials. Setting V(r) = >..ra in Eq. (5), we obtain 

1 
OCr) = f

r 
dr. (6) 

r2 J2(E - >..ra)/{l - l/r2 

We can transform this into the corresponding integral for a different power-law po­
tential by making the change of variable u = r-a / fi , with a to be determined later. 
Eq. (6) then becomes 

a t1ua J=r- / 1
O(r) = -- duo (7) 

o u2 J2{ Eu-[2(fi/a)+2] - >"u-[2(fi/a}+2+a]} /.e2 - 11u2 

If we now choose a to satisfy 

(0 + 2)(a + 2) = 4, (8) 

we find that Eq. (7) reduces to 
a / t1a 1u=r­

O(r) = --J duo (9) 
o u2J2( _>.. +Eufi )/£2 - l/u2 

Apart from a few simple substitutions, this is identical to the original integral given in 
Eq. (6). Consequently we have obtained the desired correspondence between pairs of 
power-law potentials. For, consider the orbit of a particle with energy E and angular 
momenturn .e in a potential V (r) = >..ro. This orbit can be specified by the parameters 
EI£2 and )..1.e2

, and the dependence of (J on r can be written as 

o= Oa(E//,2, >../£2; r). (10) 

From this, we can construct the equation of a corresponding orbit in the potential 
V(r) r a by making use of Eq. (9): we find that 8a(r) and Oa(r) are related by f'J 

o= 0a (E / /,2, >.. / /,2; r) = - ii8a( - A/£2, - E1£2; r -a/ i5t) (11 ) 
Q 

As an example of this mapping, we take the case a = -1, corresponding to the 
Coulomb potential. From the relation (8), we find that Q = 2, corresponding to the 
spherical oscillator potential. In this case, direct evaluation of the integral in Eq. (6) 
leads to an equation for the orbits in a Coulomb potential: 

2 2 • [ l/r+AI.e2 
](J = (J,,=-l(E/l ,>'/l ; r) = arCSIn J (12)

()"/{l)2 + 2E/£2 

To obtain the corresponding relation for the oscillator potential, we make use of Eq. 
(11) to write 

2 

( 02 / 2 ) 1 (/ 2 / 2 2) 1 . [ 1/r - E /£2 ]Oa=2 E / .(, ,). £ ; r = -(}a=-1 -).. l ,-E /, ; r = -2 arCSIn J 
2 (E / 12)2 - 2)./12 

(13) 
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It is interesting to note that Newton derived this very result in his study of nearly 
circular orbits [16]. Using (25), Eq. (22) becomes 

8E 1 8E (26)
f)Jr = Ja + 2 aJe ' 

from which it follows that E depends on Jr and Jo only in the combination Jr + Ju/ Jet. + 2. 
If we now quantize Jr and Jo by setting Jr = nn, Jo = in, we find that the approxi­
mate semi-classical energies of the system have the form 

Enl = F(a,n + i/Va + 2), (27) 

where the dependence on a has been made explicit. 
The above form reduces to the correct values for the Coulomb (a = -1) and har­

monic oscillator (a = 2) potentials. It represents the leading i-dependent correction 
to the dependence on n; additional terms of subleading order have been found in 
Ref. [12]. It is a considerable improvement with respect to the functional dependence 
quoted in Ref. [11], where it was argued that the combination n +/,/2 +1/4 appeared 
for all et. > O. 

IV. RELATIONS TO PREVIOUS WORK 

The existence of certain pairs of "dual" power-law potentials has been recognized 
for quite some time; in fact, the earliest observations on this subject date back to New­
ton, who demonstrated that there is a certain correspondence between the harmonic 
oscillator problem and the Kepler problem. 

Newton's treatment [17J consisted of three steps. First, he considered the following 
question: Suppose that a particle with a given angular momentum travels in the same 
orbit whether acted upon by a force F1 acting towards point C1, or a force F2 acting 
towards point C2 : what is the ratio of the forces FI and F2? Having obtained the 
desired result, Newton went on to prove that the orbits in a field of force obeying 
Hooke's law are ellipses with their centers at the center of force. Using these results, 
Newton demonstrated that the gravitational force, varying as l/r2 , has elliptical 
orbits whose foci lie at the center of force. 

A more modern treatment [15] similar in substance to Newton's approach begins 
from a purely geometrical expression for the centripetal force acting on a particle. We 
consider a particle moving with velocity v in an orbit with local radius of curvature p. 
The acceleration of the particle towards the center of curvature is given by ap = v2 / p. 
Consequently, the acceleration of the particle towards the center of force C is given 
by 

(28) 

where € is defined in Fig. 1. Next we note that the angular momentum about C may 
be written as l = mvr sin €, so that the velocity obeys 

1 
vex -.-. (29) 

rSln€ 
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we solve for the total energy of the system in terms of the action variables (17), and 
impose the quantum conditions Ji = nin, where the ni are integers. In the special 
case of a particle bound by a central potential, the action variables corresponding to 
rand () are given by 

Jo = 21rl, (18) 
where l is the angular momentum, and 

21r2 

Jr = J2[E - V(r)] - J;/47r 2r 2 dr,� (19) 
rl 

where r1, r2 are the radial turning points. In general, it is not possible to analyti­
cally evaluate the integral appearing in (19). However it is possible to make certain 
quantitative statements about the dependence of E on Jr and Jr;. Treating Jr and Jr; 
as the independent variables, and differentiating Eq. (19) implicitly with respect to 
these variables gives 

BE [ dr ]-1 (20)
8Jr = 1';2[£ - VCr)) - £2 /r2 ' 

2 
and� 

BE _ -.!.- [I l/r dr] BE (21)
aJe - 21r J2[E - V(r)] - l2/r2 BJr ' 

In deriving Eq. (21), we have used Eqs. (20) and (18). Eq. (21) can be simplified by 
observing that the integral multiplying BE/8Jr is the same integral which appears in 
Eq. (5). Consequently, we may re-write (21) in the form 

8E 6.88E� 
8J = 21r 8J ' (22)�e r 

where ~O is the angle through which the particle moves during one full cycle of the 
radial motion. We can give an approximate expression for 6.(} in the case of nearly 
circular orbits. Setting V(r) = Arcr in Eq. (2), we find that the radius of a circular 
orbit with angular momentuml is ro = (£2 /aA)1/(cr+2). Expanding the right hand side 
of Eq. (2) to lowest order about this equilibrium value, we find that the displacement 
x =r - ro satisfies 

x = _ (Ct +})l2 x.� (23) 
ro 

Consequently, for nearly circular orbits we may write r(t) ~ ro+xQ cos(wrt+8), where 
Xo «: ro, and the frequency W r of the oscillation is given by 

W r = Va + 22" 
l� 

(24) 
ro 

We can use this approximate form of r(t) to obtain an expression for AB. From the 
conservation of angular momentum, we have 

1�
21r wr21r/Wr l 1 , l [2Xo ] 27r 

AB = -()2 dt ~ 2' 1 - - cos(wrt +8) dt = ~. (25) 
o r t 0 ro ro� a + 2 
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Consequently, the repulsive oscillator potential is dual to itself. Finally, Newton ob­
serves that an attractive potential behaving as 1/r4 possesses circular orbits that pass 
through the center of force. From the relation (8), we see that this potential is also 
self dual. 

A modern treatment, based on complex variable methods, has been described by 
Arnol'd [8] and by Mittag and Stephen [13]. This method is related to a theorem 
proved by Bohlin [4], and enables one to directly transform the equation of motion 
for one power into that for another. 

The following results can be obtained elegantly using energy integrals (as in Sec. II) 
[13]. For a somewhat different approach, we may begin from the equation of motion 
for a particle moving under the influence of a central force F ,a. Combining therv 

co-ordinates x and y into the single complex variable w = x + iy, we find that the 
equation of motion may be written as 

w(t) = -w(t) Iw(t) la-I. (35) 

To transform this into the equation of motion for a different power-law, we use the 
mapping z(r) = w( t).8, with /3 to be determined later, and r a rescaled time variable 
chosen so that conservation of angular momentum is preserved under the mapping. 
Since the angular momentum is given by 

l =\ w(t) 1
2 dt 

d 
arg w(t), (36) 

and since arg z(r) <X argw(t), we can preserve conservation of angular momentum by 
choosing 

2
dT = 1z(t) 1 =1 () 12(.8-1) (37)dt I w(r) 12 w t , 

for then we have 

2 d 2 d 
l =1 w(t) 1 dt arg w(t) <xl z(t) 1 dr arg z(r). (38) 

To find the new equation of motion, we evaluate d2z(T)/dr 2 • Using Eq. (35) and 
making repeated use of Eq. (37), we find 

~z(r) = -2/3({3 _ l)w(t)P [! 1 w(t) 12 + I w(t) ,a+1] 1 w(t) 12- 4.8 (39)
dr2 2 2(f3 - 1) . 

If we now choose f3 to satisfy 2(f3 - 1) = a + 1, we see that the quantity in square 
brackets reduces to the energy E, given by E = Itb12 /2 + Iwla+1J(a + 1). Eq. (39) 
then takes the form 

0 1tP:r~) = -2,B(,B-l)Ez(r) I z(t) 1 - • (40) 

This is precisely the equation of motion for a particle moving under the influence of a 
force F rv ,ii, where the new power a is related to the old power a by (a+3)(a+3) = 4, 
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Combining Eqs. (28), (29), we have 

2v 1
Foca=-.-oc .. (30)

p sIn f r 2p sIn3
f 

Now consider a particle moving under the influence of a force F directed towards 
point C. Suppose that the same particle, with the same orbital angular momentum, 
moves in the same orbit when acted upon by a force F' directed towards point C'. It 
follows from Eq. (30) that the ratio of the forces F and F' is given by 

F r f2 sin3 
f' 

(31)
F' = r 2 sin3 f ' 

where r' and €' are defined in Fig. 1. Using (31), and the properties of orbits in a 
spherical oscillator potential, we can show that the force law whose orbits are ellipses 
with their foci at the center of force is precisely the inverse square law. We know that 
the orbits in a spherical oscillator potential are ellipses whose centers lie at the center 
of force C, as illustrated in Fig. 1. Now we ask what force F' must tend toward the 
focus FI =C' in order that the particle move in the same ellipse when acted on by 
F'. Using F oc rand Eq. (31), we find 

(32) 

Next, we observe [18] that the distance r to the center of the ellipse is related to the 
semi-major axis A of the ellipse by 

A sin l = r sin €. (33) 

Using this, we find that F' is given by 

A3 1 
F' oc 12 oc /2'. (34) 

r r 

So we have shown that a force obeying the inverse square law supports elliptical orbits 
with one focus at the center of force. Newton employed a similar argument to derive 
the hyperbolic Kepler orbits from the corresponding orbits in a repulsive oscillator 
potential. In this way, Newton exploited the duality of the inverse square and Hooke 
force laws to derive the form of the Kepler orbits. 

Newton also mentions several other classes of potentials which are "dual" to one 
another in a somewhat extended sense [15,19]. For instance, the attractive l/r po­
tential is dual to the repulsive l/r potential in the sense that a particle moving in 
the attractive potential can describe a hyperbolic orbit with its focus at the center 
of force, while a similar particle in the repulsive potential will move in the conjugate 
hyperbola. In both cases, the orbits possess a similar shape, and we see that the two 
potentials are in some sense dual to one another. In much the same way, a particle 
moving in a repulsive oscillator potential can move on either branch of a hyperbola. 
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In the classical case, all motion is a function of the combinations E I£2 and AI£2, 
where E, A, and £ are the energy, potential strength, and orbital angular momentum, 
respectively. The classical motions in power-law potentials rCi and rO:, where a and 
Q are related as above, are described by variables in which energies and coupling 
strengths trade places: EI£2 = _5...1£2 and AI£2 = -EIl2

• Upon quantization, one 
recovers results obtained previously [11] for the Schrodinger equation. 

We have shown that a consideration of classical motion in power-law potentials 
specifies how the radial quantum number n and orbital angular momentum £ enter 
into the WKB quantization condition. They appear in the form n + .eIJa + 2, which 
reduces to the exact forms for the Coulomb and harmonic oscillator potentials. 
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Figure 1: Orbital parameters for comparison of forces tending toward PI, C. 
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