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Fermion Masses in SO(10): The Case of the Tree-Level Relation my = 3m

Gerard Jungman!

Enrico Fermi Institute and Department of Physics
University of Chicago, 5640 S. Ellis Ave.
Chicago, IL 60637

By considering the renormalization group flow of the top generation Yukawa couplings in S 0(10), we show
that models for which the top generation couples to Higgs fields derived from the 126 scalar representation,
with the tree level relation mj = 3m.., are not viable. Analytic bounds on the flow show that the bottom quark
would necessarily be heavier than ~ 8 GeV in these models.
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The purpose of this note is to show, with a simple analytic bound on
Yukawa coupling renormalization group flows, that SO(10) models [1] for which
the standard model Higgs field(s) derive from the 126 dimensional scalar rep-
resentation predict a mass for the bottom quark in excess of ~ 8 GeV, making
these models non-viable. In previous work [2], we performed a detailed nu-
merical study of the Yukawa coupling renormalization group flows in SO(10)
models for which the standard model Higgs fields derive from the 10 dimen-
sional scalar representation. For this representation, the Yukawa couplings at
the unification scale satisfy the relation hy = h,. Almost entirely due to QCD
effects, the Yukawa coupling of the bottom quark grows rapidly as we evolve the
renormalization scale downward, whereas the Yukawa coupling of the tau does
not share this property. This leads to a low energy mass relation which is ac-
ceptable, my/m, ~ 2.2 —2.7. On occasion it has been remarked that the scalar
126 leads to a roughly acceptable mass ratio because of the tree-level (unifi-
cation scale) relation my = 3m,. However, the same QCD corrections which
make the scalar 10 viable will work against the scalar 126, driving the bottom
mass to even higher values relative to the tau mass. We will show that this
effect is enough to rule out models where top generation fermion Dirac masses
derive from Yukawa couplings to the scalar 126. The purpose of this note is to
show this in a simple analytic way, free from the unnecessary complication of
numerical analysis,

First we recall some facts about the family of SO(10) grand unified theories

- Each generation of fermions in the theory resides in a spinorial 16 of SO(10),
with the requisite addition of a right-handed neutrino. Therefore, possible
Yukawa coupled Higgs representations must lie in 16 ® 16 = 10 @ 120 & 126.
The 120 is antisymmetric and thus contributes only to intergenerational mix-
ing. We will be concerned here only with the top generation, and so we will
ignore the Yukawa couplings of the 120. It will be clear from the analysis that
intergenerational couplings small enouggh to be phenomenologically acceptable
would not change the conclusions.

The viable breaking scheme of SO(10) is to the maximal subalgebra
SU(2) x SU(2) x SU(4), one SU(2) factor being identified as the weak isospin
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group, the other being right isospin, breaking to a U(1) of I3g; the SU(4)
breaks to SU(3)cotor X U(1)p—r [3][1]. The case of intermediate SU(5) symme-
try is ruled out by the non-observation of proton decay combined with current
measurements of sin? 6. We use the notation

G224 = SU(2)L x SU(2)r x SU(4).,
Gaats = SU(2)L x SU2)r x U(1)p-1, x SU(3).,
G214 = SU(2)L x U(1)1,, x SU(4)., (1)
Gans = SU(2)L x U()1,0 x U(1)B- x SU(3).,
G13 = SU(2)L x U(l)y x SU(3)..

There are two symmetry breaking chains,

MA' M, MRo
Giza — Gauy — Gz — Gaa,
M, Mg, Mg, (2)

G4 — Ganz — Gays — Gas.

Recall [4] that the running coupling of an SU(N ) gauge theory obeys the
(one loop) RG equation

d
21;4@(01"): —N--ng--=8S, 3)

where a = g2/4x, ng is the number of generations of Dirac fermions, and S is

- the quadratic Casimir for the scalar representation, tr(6°6%) = S6%°. This is

the equation we will use for the gauge coupling evolution.

Within each of the symmetry breaking chains exhibited above, there are
two possible low energy Higgs spectra; we can have either one or two light
Higgs doublets, each deriving from the 126. In the case of one light Higgs,
some linear combination of the (2,1), and -(2,—1): fields is assumed to be
massive. This introduces an arbitrary mixing angle, which will not concern
us here since we will be interested in the ratio m, /m;, which is simply equal

to hy/h,, independent of the mixing angle. In the case of two light Higgs,

the two extra pieces of information needed to calculate the masses are the two
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independent vev's, but again these do not concern us, as the bottom and the
tau couple to the same Higgs field and the vev cancels in the ratio.

The renormalization group equations for the Yukawa couplings, as well as
the form of the Yukawa interactions, are given in [2], derived as an application
of the results in [4]. Reproduced in an appendix are those equations that we
will use here. The content of ' - statement that the scalar representations
of the low energy theories derive from the 126 of SO(10) is contained in the
unification boundary condition, hy = 3h, at y = M.. This boundary condition
is imposed at M., since it is actually the SU(4). symmetry which enforces it.
In this sense, this type of analysis is applicable to any unified theory giving
rise to an intermediate Pati-Salam SU(2) x SU(2) x SU(4) gauge group(3],
provided the Yukawa couplings have the structure detailed in [2]. As is well
known, this extra structure gives rise to certain attractive features, such as the
natural suppression of flavour-changing neutral currents, so it is not entirely ad
hoc out of the context of SO(10).

Combining the RG equations for hy and h, gives the evolution equations
for £ = (hy/h,)?, both for the one Higgs and two Higgs case. We write t = In u,
and then

G,u, - lnE Tox? [3 — 3h? — 3h2 4 3h2 — 8x(8as — 2aRo — ;081.)] )
G lnf = 16 —_— [3h’+h’ 3h? — 8x(8as — —ay)]

d 4
Gl & Iné = T [3h + h3 — 3h2 — h2 — 8x(8as — 2apo — §au,,,)] .
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In principle we must also study the evolution of the Yukawa couplings in the
Ga213 theory, but in practice the effect of this evolution is at most of order a few
percent because it occurs over a limited range of u and because the smallness

of the couplings at large u makes for smaller beta functions. Thus we ignore
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this stage of the evolution. This amounts to assuming that M. < Mg, when
dealing with the Yukawa coupling evolution.

The property we would like to establish is the non-positivity of the right
hand sides of these equations. This would imply that £ can only increase as
we flow toward the infrared, implying at the least that my/m, > 3, which is
enough to force the bottom mass to a value two or more ¢ from its nominal
value. In fact we will be able to bound the right hand sides to a sufficient degree
that the lower bound on the bottom mass will be >~ 10 GeV for the one Higgs
case and ~ 8 GeV for the two Higgs case.

Consider the one Higgs case first. The non-positivity of the right hand side
of the G} equation is questioned only by the presence of the A} term, but it
is obvious that this term is much smaller than the gauge or top contributions,
since in the one Higgs case we must have hy << h; within the G3;3 theory. We
are assuming here that the “extra” Higgs becomes heavy at the Isg breaking
scale, a natural assumption which was invoked in the analysis of [2]. Of course,
the renormalization group evolution cannot alter the relation hy << h;.

Bounding the flow for the G1!! 5 equations is more difficult than the above,
because we do not have a simple approximation which removes the positive con-
tribution of the h; and h, terms to the derivative. In order to bound these con-
tributions, we note that at the upper boundary, Mg, , the unification condition
implies that the Yukawa coupling contributions cancel, and so the derivative
is negative there. Thus we need only show that the growth of the couplings
hy and h, is bounded strongly enough to insure that the contribution of these
couplings remains small. This is not difficult; the following is a sketch of the
argument.

First, in order to bound the growth of h, and h,, note that their RG
equations give

d
Ehz— 16 2’!5 81( 0L+803) (5)
d 2 2 9 2
h;
& 2 gt [8' ot

In these equations, to ease the algebraic complication, the contributions of the

abelian gauge couplings have been removed. The integrated contributions of
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these couplings are small, and do not affect the result substantially; in any event,
they could easily be re-inserted for completeness. The presence of the h2 term
in the second equation does not cause any difficulty. By integrating both sides
of the full set of RG equations and then solving the resulting simultaneous linear
equations for the integrals of the h? functions, we can rewrite these integrals in
terms of the Yukawa couplings themselves and integrals of the gauge couplings
which can be evaluated explicitly. Thus the integral of h2, which will appear in
the solution of (5), can be replaced by a function of the h; themselves, and of u.
The resulting solution of (5) shows that the most important effect is the growth
of hy; again the SU(3) coupling proves to be the dominant driving force. We
have

() < fi(w)hi(MR,),

b3 () < fa(u)hi(MRy,),
for u < Mg, . The function f; is not appreciably different from unity, whereas
the function f, can be of order a few due to its dependence on the strong
coupling,

(6)

Therefore we have the bound

S < = ($00M(Mr,) + 3R (M,) ~ Smas(a)] . ()

Now we must bound the initial values, hy(Mg,) and h,(Mg,). In order
to do this we invoke the quasi-fixed-point structure of the the RG equations. A
brief explanation of this structure is in order. When we imagine the gauge cou-
plings to be fixed constants, the RG equations will have fixed points at zero and
at the (constant) values of the Yukawa couplings such that the beta functions
vanish. Starting at couplings above these fixed point values will cause a rapid
divergence of the solutions as t moves to the ultraviolet, whereas the flows with
initial couplings below these fixed point values will be smooth into the ultravi-
olet. When we allow the gauge couplings to vary with u, the non-trivial fixed
points are no longer true fixed points, and the solution can “wander” around

these fixed point values, becoming approximately trapped, but not behaving
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monotonically, thus giving a quasi-fixed-point behaviour. Also, it is still true
that sufficiently large initial couplings will cause a rapid divergence toward in-
creasing p, and it is this effect which leads to the so-called triviality bounds
on the top quark mass in the standard model [5]. For our analysis, we assume
that the Yuakwa couplings are such that they lie within the quasi-fixed-point
boundary. This is essentially a statement about the naturalness of the cou-
plings; if we imagined beginning with unified couplings, at scales of the order
10'® GeV, which were arbitrarily larger than the quasi-fixed-point boundary,
then the evolution toward the infrared would rapidly bring them down toward
that boundary, in exponentially fast “time”. In the case of SO(10) models,
this naturalness is insured because there does exist an RG flow for the Yukawa
coupling above the SU(4) breaking scale, and this flow will act to correct any
unnatural initial coupling before it reaches the SU(4) breaking scale, the point
of application for our boundary condition. Thus we assume that the Yukawa
coupling beta functions are not positive at Mg, . In actuality, we need only
make the significantly more conservative assumptions

9
943 (Mn,) < 8x (Jau(Mn, Bas(Mz,)) o
9
142(Mg,) < 8xgaz(Ma,),

which is what we use.
Combining equations (8) and (9) gives the bound

In§(Mr,) 2 lne(Mm)+§ln %}
Mn+
3 [13M(MR+)+ aa(MR+)] /M i‘fﬁ(ﬂ)ﬂz(ﬂ)

(10)
The integral which appears here need not be computed. Instead, the crude
bound which dominates it by the integral of the maximum over the whole
interval will suffice.
Integrating the G}, equation we find
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A ratio of electromagnetic couplings which should also appear here has been
ignored, since it is very nearly unity. Combining equations (11) and (10) gives
the final result for the one Higgs case

a(my) &7 ay(Mz) 1/2 Mg, g
o) Ze(MR*)[G(Mm)] [av(Mm) (Mno) 13

where

a(Mg,) 8/7 [QL(MR+) 27/40 13
a(Mp,) ar(Mnr,) '

This exponent is the manifestation of the small positive contributions which we
have controlled. The effect of this contrary contribution is generically a factor
of order .65 — .85.

This bound is a somewhat complicated function of Mg, and Mg, but the
minimum over the allowable parameter range can easily be determined. We find
£(my) R 4£(MRg, ). Remembering that the boundary condition is {(Mg,) = 9,
this means that m; 2 6m, ~ 10 GeV, as claimed above.

The analysis of the equations in the two Higgs case proceeds precisely as
for the one Higgs case, the one difference being that neither the G323 stage nor

- 2_1. [%;L(MR‘,) + %as(Mm)] [

the G113 stage admits an obvious monotonicity property. Instead one must,
for each stage, perform a detailed analysis analogous to that of the Gi¥ 4 case
above. In this case the positive contributions to the derivative of £ can come
from growth of h; and hq, as opposed to h; and h, in the G3ii4 case. There
is one minor simplification in that an integrated Yukawa coupling does not
appear. The final bound which is derived will be less strict than that for the
one Higgs equations because of the existence of small positive contributions to
the derivatives in each of the G3;3 and G213 stages, as opposed to just in the
G113 stage as in the one Higgs case. The bound for the two Higgs case becomes

8/7 11/2 -pP
‘('"‘)Z“M“*)[a?m)] [:f(%f.)). (ﬁ) (19

where

p=o [%aL(MR+) + Sas(MR+)] [

(15)

a(MR,,)r/? raL(MR+)]27“° .
a(MRg,) | ar(MR,)
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The minimum of this bound is £ 2 2.5. or mp & 4.6m, ~ 8 GeV.

The result of this analysis has been confirmed by numerical analysis of
the RG equations. The final result, however, was of such a simple nature
that it seemed appropriate to give a straightforward (though perhaps tedious)
derivation. In short, the QCD instigated infrared growth of hy/h, operates
to make non-viable those SO(10) models with a heavy bottom quark at tree
level. In particular, SO(10) models with top generation Dirac masses arising
from couplings to the 126 dimensional scalar representation are not viable. The
extension to other groups which break through a Pati-Salam (3] intermediate

stage is envisioned.

Appendix A. The Yukawa Coupling RG Equations

In this appendix we collect the RG equations for the Yukawa couplings of
the intermediate theories in the cases that interest us. The normalization of
the Yukawa couplings was chosen such that “mass” = “Yukawa” x 174 GeV .

We use the abbreviated notation
D= 16722 (A1)
dp

A.1. Gas, One Hkggs doublet

These are the usual Yukawa coupling RG equations for the standard model
with one Higgs doublet [6]. The couplings are as defined in Section 4.

Dh? = h? [9h? + 3h7 + 2h2 — 24.] ,
Dh? = h? [9h] + 3h7 + 2h2 — 244] ,
DA? = K2 [5h? + 6h? + 6h7 — 24)] ,

9 17

A, =4x (ZOL + EGY + 803) ) (A-2)
9 )

Ag=4x (ZQL + %Y + 8a3) )
9 15

A =4x (za[, + -4-011') .



A.2. G213, One Higgs doublet

Dh? = h? [9h7 + 3h] + 2h2 + 2h2 — 24} ],
Dh} = h} [9h? + 3h7 + 2h2 + 2h2 — 24}]
Dh? = h? [5h? — h2 + 6h? + 6h3 — 24]]

Dh? = b3 [5h3 — h? + 6h? + 6h] + 2h3 — 24)]
Dh3 = h} [3h] + 4h2 — 244],

17 17
A, =4r (2011, + —aRr, + —mapL + 803) )

4 20 30 (A.3)

«a +1a +1a +8a)
4L 4Ro 68L 3}

9
Ag = 4Ax (-2-(!3[, + zano) .

A.8. Gais, Two Higgs doublets

Dh? = h [9h? + h} +2h3 — 2A,] ,
Dhi = b} [h} + 9h] +2h2 — 244] (A.4)
Dh? = h? [5h2 + 6h} — 24)] ,

Here Ay, A4, and A; are as in the G313 one Higgs case.

A.4. Gans, Two Higgs doublets

Dh} = hi [9h] + h} +2h3 - 241] ,
Dhi = h} [h? + 9k} + 2h2 — 24}],
Dh? = h? [6h] + 5h2 + A2 - 24]],
Dh2 = h2 [6h? + h? + 5h2 + 2k} — 24!

‘A B

The hg eqn., A,, A}, A}, and A are as in the G3;13 one Higgs cas¢.
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