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1. Introduction to Deep Inelastic Scattering and rarvo...

The precise determination of the partonic structure of the proton is important,
since the parton densities are essential ingredients in the detailed analysis of any
hard interaction involving a proton. Recent fixed-target deep-inelastic scattering data
have considerably improved our knowledge of parton distributions, as we shall see in
section 3 and, incidentally, provided an impressive confirmation of perturbative QCD.
However it is the results that are just starting to come from the recently commissioned
electron-proton collider, HERA, that are causing excitement. The reason is that
HERA is probing the previously unexplored small z regime where novel perturbative
QCD effects are anticipated. The aim of these lectures is to cover the above topics
and if possible to convey some of the excitement.

There are many excellent reviews of perturbative QCD and deep inelastic scat-
tering, some of which are listed in ref. [1]. The generic diagram for deep inelastic
scattering is shown in Fig. 1. The lower or hadronic vertex is described by two in-
variant kinematic variables Q? = —q? and the Bjorken variable z = Q*/2p - ¢.
“Deep” and “inelastic” refer to @* > M2 and W? = (p+q)* > M 2 respectively,
which ensure that perturbative QCD is applicable and that we are above the region
of nucleon resonance production. M is the mass of the nucleon.

T we concentrate on the photon exchange contribution to ep — eX then the spin-
averaged matrix element squared has the form e*L,, W** [Q* where L is the known
lepton tensor and W is the hadronic tensor associated with yp — X transition. The
general expression for W is (see, for example, [2])

MW* = Fy(z,Q") (—g~" + %) + Fy(z, Q") P*P* (1)

where P* = p* — (p- q/¢*)¢". 1t satisfies g, W** =0 as required by current conserva-
tion. The structure functions F; are arbitrary functions of the kinematic variables z
and Q? describing the yp — X transition. The differential cross-section for ep — eX
is readily shown to be
2
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where y = 2p - ¢/s. Thus the F; can be obtained from experiment with z,Q? and y
determined from, for example, the energies and directions of the incident and outgoing
electrons.

The basic idea of the original parton model was that at large @? the photon-proton
interaction can be expressed as the sum of incoherent scatterings from point-like quark
constituents, which behave as if they were free inside the proton during the interac-
tion, see Fig. 2. The argument is that the scattering occurs over a short timescale of
order 1/+/QF during which the photon sees a frozen state of non-interacting quarks



Y(Z)W
q

p p

Figure 1: Deep inelastic lepton-proton scattering, £p — £X. The processes ep — eX and
vp — pX, for example, proceed via y(or Z) and W exchange respectively.

and that the final hadronization process occurs long after. If this is the case the
differential cross section for ep — eX is of the form
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where f;(¢) is the probability of finding quark ¢ in the proton with a fraction ¢ of its
momentum. The cross section for electron-quark elastic scattering is

do; ra? §24+ a2
= s ( = ) )
in terms of the electron-quark subprocess variables. Using { =t = —Q? and /s =
u/s = (y — 1) we have
da; 4ra?
TagE = gr il + -y~ ), (5)

where the §-function arises from energy-momentum conservation and the neglect of
the mass of the outgoing quark, that is ((p + ¢)* = 0 which gives ¢ = Q*2p-g=1z.
Inserting (5) into (3) and comparing with (2) gives
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The equality F, = 2zF,, which is only true in this naive quark model, is a direct
consequence of the spin § character of the quarks. Also we see that in the naive model
the structure functions Fi(z, Q%) are predicted to scale; that is they are functions of

a single variable, the so-called Bjorken scaling variable, z = Q?/2p - q.
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Figure 2:  The quark parton model approximation of the hadronic vertex of Fig. 1. The sum is
over all the quark (antiquark) constituents of the proton; p is the 4-momentum of the proton and
the fraction ¢ carried by the struck quark is equal to Bjorken z.

In addition to the three “valence” quarks (uud) which carry its quantum numbers,
the proton also contains an infinite “sea” of ¢§ pairs. When probed at a scale @ all
sea quark flavours with m, < Q are active. Thus we may write

fuz) = u(z) = u(z) + tha(2) (M
fa@) = 4z) = tsalz) 8

with the constraint . .
/o (4~ @)dz = /0 udz = 2, 9)

and analogous relations for d,d with, in this case, the sum rule constraint set equal

to 1 valence quark.
From (6) we see that the quark parton model predicts

FP = zlfut+id+is+ia+.]. (10)

For neutrino deep-inelastic scattering vp — £X the virtual W+ probe measures the
quark distributions weighted by the square of the weak charges

F* = 2z[d+s+a+3d. (1)

Neutrino scattering involves a third structure function Fj, arising from the parity-
violating €,,qPa9p term in (1), which has the expansion

zF3? = 2z[d+s—a— ¢ (12)

with the antiquarks contributing with a minus sign. The expressions for the structure
functions of the neutron are obtained from those of the proton by the interchanges

u « d and @ « d. The antineutrino structure functions are obtained from the



neutrino functions by the interchange g < g, together with the insertion of an overall
minus sign for zF3.

Experimental measurements of the structure functions for deep inelastic gp, uD —
uX and vN — pX scattering were used to estimate the g(z) distributions and early
on it was found

5 [ sla(e) + a(z))éz = 05 (13)

which indicated that the quarks only carry about half the momentum of the proton.
The remainder was attributed to gluon constituents of the proton and indeed was
some of the first (early) indirect evidence for the existence of the gluon.

2. The QCD improved parton model

With the advent of QCD it became clear that the quarks cannot be regarded as
completely free when struck, but couple to gluons, and that the naive quark parton
model is the zeroth order approximation in a perturbative expansion in a,. In other
words the proton is not simply composed of three point-like “valence” quarks but as
Q? increases the photon (or W) resolves more and more substructure of the proton.
For example, the photon may scatter one of a pair of “sea” quarks which originate
from a gluon (g — ¢§) itself radiated from one of the valence quarks. Indeed the
resolution increases with increasing Q? so that the apparent number of partons which
share the proton’s momentum increases, and hence there is an increased chance of
finding a quark at small z and a decreased chance of finding one at high z. Such
scale-violating Q* dependence is evident in the data, see, for example, Fig. 3.

In order to see whether the observed behaviour is in line with QCD expectations
we must calculate the higher order (QCD) corrections to ¥*q — ¢. The corrections up
to O(a?) are shown, and discussed in detail, in the lectures by van Neerven [3]. These
important calculations are very involved and so here we give an introductory discus-
sion concentrating on the lowest order, O(a;), corrections. The relevant diagrams are
shown in Fig. 4. The calculations involve loop and  phase space integrals (since
for an inclusive process we have to integrate over the outgoing parton momenta).
Most of these integrals are divergent and have to be regulated. It is standard to
use dimensional regularisation in which the calculations are performed in n =4 + ¢,
rather than 4, dimensions and where the singularities are identified as (1/¢€)? poles
with p = 1,2 etc. Most of the singularities are no problem. The ultraviolet singulari-
ties are removed by coupling constant renormalization, leading to a running coupling.
Infrared singularities cancel between real and virtual contributions. Final state “mass
or collinear” singularities (which arise when the momentum of two massless outgoing
particles become parallel) cancel in an inclusive process. This leaves the initial state
“mass or collinear” singularities. These must be removed if the parton model is to
survive.
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Figure 3:  The BCDMS {4] and NMC [5] measurements of F}7, together with the fits by KMRS
[6] and MRS [9]. The NMC data were not available for KMRS. The figure is taken from ref. [9].
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Figure 4:  The O(a,) corrections to y*q — g.

If the O(a,) corrections are included then the parton model formula? takes the
modified form

v

2o nfSdo(-3) g (mGa @) e

where P and R are known calculable functions. The offending collinear divergence
shows up in the log Q?/u® term which arises when the gluon in v*q — gg is emitted
parallel to the incoming quark. It comes from t-channel quark exchange (the first
diagram of Fig. 4) which gives a contribution

a, [z [~9 dk3 . 4 (1+2°
P (5) /,,, e with  Ps)=3 ( e ) (15)
where kr is the transverse momentum of the emitted gluon and £ = —k2 /(1 — z) with

z = zfy. (At first sight we would have expected the t-channel quark propagator to
lead to a factor 1/ in the amplitude squared, but helicity conservation at the gluon
vertex weakens the collinear singularity by introducing a factor k% in the numerator.)
Thus x in (14) and (15) is a regulator introduced specifically to avoid the collinear
singularity (which occurs when kr — 0).

These collinear or mass singularities appear to pose a real threat to the validity
of the parton model. However they can be removed by factorizing them out of the
partonic subprocess and absorbing them in the “bare” parton densities f;(y). This

2The fractional momentum variable ¢ of (6) is from now on denoted by y, which is not to be
confused with the deep inelastic variable y of (2) which we do not use again.

renormalization procedure is called “mass factorization”. For the parton model to be
useful the renormalized parton densities f,(y, @?) must be process independent and
so the mass singularities must be universal. That is they must be the same for Fy
and F; and for Drell-Yan, jet production etc. Indeed this proves to be the case to
all orders in perturbation theory. Since the log Q? terms are absorbed into f, the
renormalized parton densities are Q? dependent, that is f,(y) — f,(y,@?), or to be
more correct f2*(y) — f7(y, @%).
After mass factorization (14) takes the form

B _ vy nels(1-2 . (2 &
T = X g |s(1-7)+aci(fom (16)
where the renormalized distributions are
a, fldy z M? e
fed) = s+ [ Lnw{r (el er (2] o

It is easy to check that the substitution of (17) into (16) reproduces (14) with Cj
having a logarithmic dependence on Q?/M?. The separation of the singular part of
the partonic subprocess (that is, of [...] in (14)) from the remaining finite part (the
[..] in (16)) takes place at “mass factorization” scale M (often chosen to be equal
to @). The scale M separates the short distance (“partonic”) effects from the long
distance (“hadronic”) effects. The finite part of the partonic process remaining in
the [...] of (16) is thus infrared safe and independent of the long distance effects
characterised by u. It does not depend on which hadron is involved, but rather
is specific to the partonic subprocess, v*¢ — ¢ with QCD corrections. In contrast
the renormalized parton distributions f,(z, M?), which have absorbed all the infrared
sensitivity, are specific to the hadron. However the crucial observation is that they are
universal in the sense that the same distribution enters whenever the hadron enters a
hard interaction. Moreover the renormalized distributions f,(z, M?), unlike the bare
distributions f,(z), are finite. This can be seen from (16) since the measurable F;
is finite and [...] is finite by construction. It is clear from (17), with its arbitrary
4? behaviour, that there is no absolute prediction for fy(z, M?). However QCD does
give the M? dependence. From (17) we have

dfy(z,M*) o, f1dy z
_‘;IOST = ;;L 7fq(y,M’)P(;)- (18)

The factorization scale M leading to the “running” of f,(z, M?) therefore plays an
analogous role to the renormalization scale m, that is needed to remove the ultra-
violet divergences and which leads to the “running” of a,(m?). (For simplicity we
have not shown, or discussed, the coupling constant renormalization but implicitly
assumed that it has been done; usually m is also set equal to @Q.) Eq. (18), known
as the Altarelli-Parisi evolution equation, is the analogue of the § function equation
specifying the behaviour of a,(m?) as a function of log m?.

7



Clearly the separation shown in (16) of the singular and non-singular parts of [...]
in (14) is not unique. As long as the collinear singularity is absorbed into f,(z, M?)
we can add any additional finite parts we wish. We must therefore specify a “factor-
ization scheme”, and use it consistently from process to process. Two schemes occur
frequently in the literature. By far the most common is the MS (or modified minimal
subtraction) scheme in which only the (1/€)? pole terms (and the (yg — logdr) that
naturally accompanies these poles) are absorbed. The other is the DIS scheme in
which all the subprocess QCD corrections to the particular structure function F; are
swept into f,(z, M? = Q?), so that we have simply

F2("202) = Zc:fq(z’ Q’) (19)

The disadvantage is that the corrections for the other structure functions, and for
other processes, then become more complicated.

To determine the parton distributions we must turn to experiment. The proce-
dure is to parametrize the = dependence of f;(z,Q3) at some scale Q2 and then to
evolve in Q? using the Altarelli-Parisi equations, (18), to specify the f;(z, M? = Q?)
at all values of z and Q? where deep inelastic and related data exist. Using (16), and
analogous expressions, we then perform a global fit to the data to find the optimum
value of the parameters describing the initial distributions. Important ingredients
are therefore the (coefficient) functions C§(z/y) of (16) and the (splitting) functions
P(z/y) of (18), both of which have calculable QCD perturbative expansions in a,.
Our outline discussion has only been to O(a,). A much more detailed and informed
discussion, including the O(a?) contributions, is given in the lectures by van Neer-
ven [3] in these proceedings. There he describes not only how all the leading af
log™(Q?/1?) singular terms are absorbed, but also the inclusion of the next-to-leading
logs, a? log"~'(Q?/u?), as well. These are important calculations and the resulting
QCD expansions for the coefficient and splitting functions up to and including O(a?)
are used in the global analyses described in section 3. Clearly the higher the order of
a, that can be included the less the dependence of the results on the arbitrary choice
of scales.

At O(a,) we note that we need to sum and absorb the whole series of [o,(Q?)
log(Q?*/u®)]", terms with n = 1,2..., since, although o,(Q?) decreases like 1/logQ?,
the series does not converge as Q* — oco. We shall explain in section 4 how the
iterative Altarelli-Parisi equations effectively “re-sum” this series of leading logs.

Even at O(a,) our discussion is incomplete. We have only included the corrections
to 4"q — ¢ coming for v*q — gg9. To O(a,) we must also include contributions where
a gluon in the initial state produces a quark-antiquark pair which the virtual photon
then probes, that is the process y°g — ¢§. The evolution equation (18) then becomes

“end) _ @)y (2) 0 en, (D) oned] e

dlog@? 2 y
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where, to lowest order in a,, we find (cf. (15))

41 +z 1
Ppy(z) = 31— Pp(z) = 5[22 +(1- 2)2]-

‘We have been cavalier about the running of &, and it might cause concern to see
that a,(Q?) suddenly appears in (20). We may trace the origin of this back to (15)
which, for running a,(m?) = 2r/blog(m?/A?), should read

P(y) - dkk:“:f:T) = Tlog(logQ). (21)

Following this through we have

dg 1 / _a,(@%)
dlogQ? ~ blog(Q*/A%)J T T 2r

as in (20).
To complete the description, there is also an equivalent equation to (20) giving
the evolution of the gluon distribution

431(:;32’) Ay, dy[ ( ) g(y,Q=)+zp,,() y,Q’)] (22)

with

Pyy(z) = 6(1 -

bl 4

IS

, (23)

+

Zha1-2), Pale) =

Equations (20) and (22) suggest a classical interpretation of evolution where as Q?
increases a parton ¢ splits into partons j and k carrying fractions z and (1 — z) of
its momentum respectively with probability a, .,(z)/27r, per unit of log(Q?/@3?). Of
course this classical probabilistic interpretation is simply a verbal description of the
leading order QCD evolution and such an intuitive picture cannot be maintained at
higher orders.

We see that P,, and Py, have infrared singularities at z = 1 corresponding to the
emission of soft gluons. These smgulantles are cancelled by virtual graphs (Fig. 4(b)),
which are proportional to §(1— z) since a virtual gluon cannot change the momentum
of a parton. We can implement this cancellation by replacing the singular factor by

a distribution ) ]

1-z  (-2) (24)
defined such that for a smooth function f(z)
! fz) - f(1)
./d(l—z)+ /d (l—z) ' (25)



In terms of this “plus prescription” we may write

41422
“(Z) = 3(1 )

where the coefficient ¢, can be found by explicitly evaluating the virtual contributions.
More simply we can determine c, by noting that the probability P,,(z) must satisfy
the constraint

+cd(1—2) (26)

[,1 Py(z)dz = 0 @7

which expresses the fact that the total number of quarks minus antiquarks is con-
served. This requires ¢, = 2. Similarly using overall momentum conservation we can
show that the coefficient of the §(1 — z) term in Pyy(2) is ¢, = 11/2 —ny/3.

3. Determination of parton distributions

As mentioned above, the parton distributions at some scale must be determined
by experiment. The basic procedure is to parametrize the z dependence of f;(x, Q3) at
some low Q3 but where Q2 is sufficiently large for perturbative QCD to be applicable.
Then we evolve up in Q2 using the next-to-leading order Altarelli-Parisi equations to
determine f;(z,@?) at all values of z and Q? where deep-inelastic and related data
exist, and in this way we are able to perform a global fit to the data.

There is a long history of determining parton distributions from deep-inelastic
data. Table 1 lists just the next-to-leading order analyses, together with the data
fitted. The most significant recent (pre-HERA) expenmental developments are the
new NMC measurements [5] of F* and F£ (or rather F#*P) and the CCFR measure-
ments [11] of F}V and zFV. They have had a profound impact on our knowledge
of parton distributions, especially for z < 0.1. Only the MRS(’92) and CTEQ(’93)
analyses (that is the last three in Table 1) were able to incorporate these new data,
and so should be able to provide a more reliable basis for extrapolation to smaller
x. Figure 3 serves to highlight the problems associated with the extrapolation. It
shows (dashed curves) an earlier KMRS global fit [6] which included the BCDMS
data, together with the new MRS(’92) fit to both BCDMS and the new NMC data
sets. We see that extrapolations of the old solutions considerably undershoot the new
data at small z. The new quark distributions are therefore much larger at small z.
On the other hand for = 2 0.1 there is no change; we see both the “old” and “new”
up data and the partons are all in excellent agreement with each other.

As is apparent from Table 1, the parton distributions, f;, are determined from
global fits to a wide range of deep inelastic and related data. The deep-inelastic
muon and neutrino data pin down the valence and sea quark distributions, but hardly
constrain the gluon distribution, which only enters directly at next-to-leading order;
essentially the only constraint is the momentum sum rule which shows that the gluon

10

carries just less than 50% of the proton’s momentum at Q3. On the other hand the
gluon enters at leading order in prompt photon production. Indeed for “large” pr
photons produced by pp — v.X, the dominant QCD subprocess is g¢ — g, in contrast
to pp — 4X where the annihilation process ¢§ — v¢ is much more important. The
relevant data are from the WA70 collaboration [12] which determine the gluon in the
region z ~ 0.35. Combined with the momentum sum rule constraint, this gives an
input gluon behaviour (1 — )2 at large z. Data for the Drell-Yan pN — utu-X
process, which is mediated at leading order by ¢.ea — 7°, constrain the (1 — z)™
behaviour of the sea quark distributions. Finally data on W production at p colliders
impose tight constraints on the u and d distributions, particularly when the accurate
NMC measurements of F§?/F}? have to be fitted simultaneously.

To be specific we discuss the MRS(’92) analysis. The input parametnzatlons at
Q% = Q2 (= 4 GeV?) of the gluon (g), valence (u,,d,) and sea (& = d ~ 23) quark
distributions each are assumed to have the form

2fi(z,Q) = Aiz™N(1 - )51+ vzt + 6iz) (28)

where u = fy = ty + Ugea, T = Usea €tc. and where the parameters A, A;, 8i, i, 6; are
to be determined by the fit to the data. Not all the parameters A; are free since we

require
¥ [efia) = 1 (29)

by momentum conservation, and
/ (u—)dz = 2, / (@d-dydz = 1 (30)

due to the flavour content of the proton. Moreover we have some idea of the values
of the parameters \; and §; from the expected behaviour of the parton distributions
as z — 0 and z — 1 respectively. Naive counting rule estimates suggest

fi ~ 1=z (31)

as z — 1, where n, is the minimum number of spectator partons accompanying the
probed parton. So for valence quarks, gluons and sea quarks we expect §; ~ 2n, — 1
to be 3, 5 and 7 respectively. Naive Regge arguments suggest A=, =~ ap(0)—1 =~ —1
since in this model the z — 0 (i.e. p- ¢ — 00) behaviour of valence quark distributions
are controlled by the intercept ap(0) of the p — a2 — w — f; meson Regge trajectory.
On the other hand ;s = Ay > ap(0) —1 = 0 if we assume the Pomeron has intercept
about 1.

Of course the above arguments only give estimates of the parameters A; and §;. In
fact, as we shall see, there are theoretical reasons from perturbative QCD to believe
that Aea = Ay = 0.5. We thus must distinguish a “soft” pomeron (applicable in the
Regge domain, Q* = 0) which would suggest a small z behaviour zg,z§ ~ = with

11



u-DIS v-DIS Prompt v D-Yan W,Z
MRS °88 EMC + .. CDHSW AFS(+J/9) - =
DFLM 88 (EMC +.) CHARM +.. - E288 + .. -
ABFOW'89 | BCDMS - WAT0 - -
HMRS 90 EMC ~ CDHSW WAT0 E605 -

BCDMS

NMC(n/p)
MT '90 EMC CDHSW - E288 -

BCDMS E605
KMRS '90 BCDMS  CDHSW WAT0 E605 -
(sets Bo,B_) NMC(n/p)
MRS (Apr '92) | BCDMS __ CDHSW WAT0 £605 (UA?,
(sets Do,D.) | NMC(p,n)} CCFR! ‘ CDF)
MRS (Nov '92) | BCLDMS ~ CCFR WAT0 E605 (UA2,
(sets D4,D") | NMC(p,n) CDF)
CTEQ (93) |BCDMS  CCFR WAT0 E605

NMC(p, n) E706,UA6

Table 1: NLO determinations of parton distributions [8, 6, 7, 9, 10] together with the
data used in the various analyses. Data marked { were used in preliminary form.
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A =~ ap(0)—1 = 0, or to be more precise 0.08, from a “hard” or “QCD” or “Lipatov”
pomeron (applicable at Q? values where perturbative QCD is valid) which implies

29,24 ~ z-% (32)

for small z (see section 6). To illustrate the difference we will obtain parton sets with

= Asea = 0 (sets Do and Sp) and a set with Ay = A,.a = 0.5 (set D).

Let us return to the input assumption that the sea quark distributions® satisfy
@ = d = 23. First the evidence that the strange sea is about half as weak as the
non-strange seas comes from observations [14] of deep-inelastic dimuon production,
vN — ptu~ X, for which the dominant subprocess is vs — u~(c — u*). Secondly,
although until recently all analyses assumed @ = d, the new NMC data [5] indicate
that this equality may not be exact. This is best seen in terms of the Gottfried sum
rule

1dz “ un

/",7(F’P—F’)

[+ 0+ 3+ D -4+ D - Y+ a)ds
1 1 -

- %/o dz(u,-d.)+g/° dz(i ~ d)

= L ifa=d (33)

On the other hand NMC find [15]

Igsr

0.8
—(F*-F™) = 0. X tat.) £ 0.014 . 4
/omx( ) = 0.227:£0.007(stat.) + 0.014(sys.) (34)
at Q* = 4 GeV?. A straightforward comparison of (10) and (11) implies @ # d. To
allow for this MRS [7] parametrize

i@ = As(l—z)* (35)

where a 2 ap(0) since the difference may be associated with the lack of Regge p—a,
exchange degeneracy. When this is done (sets Do,D..) it is found d > @ and that
Igsg of (10) is about 0.26. It is interesting to note that it is still possible to maintain
# = d and obtain an equally good global description of deep-inelastic and related
data but at the expense of a somewhat contrived small  behaviour of the valence
distributions, see set Sy of [7]. However it is more physical to allow @ # d and so the
discussion will concentrate on sets Dy and D_.. Fig. 5 summarizes this Gottfried sum
rule discussion.

In addition to the parameters describing the input distributions there is the final
important parameter, Agcp, which specifies the running of o, and which determines

3CTEQ (10] use freely parametrized input distributions for &, dand 5. A critique of this approach
is given in Ref. [13).
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Figure 5:

The upper curves give the accumulated contribution, f: , to the Gottfried sum rule,
(33), as a function of z, the lower limit of integration. Predictions are shown for sets Sy, Do and
D.. of partons of ref. [7). The lower curves compare the integrand, F4? — F§", with NMC data [16].

The figure is taken from ref. {7), see also [17].
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by the uppermost scale. The curves take this Q? dependence into account. The values of F4™ have
been obtained from uD data corrected for deuteron screening effects. The figure is taken from ref.
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the rate of evolution in Q?. We use the MS scheme. Thus, in summary, MRS fit to
deep inelastic and related data with a total of about 15 parameters. The quality of
the fit to the recent high precision deep-inelastic data is shown in Figs. 3,6,7 and 8.
Only data with Q% > 5 GeV? are fitted. The value of A is found to be [9)

Ams(ny =4) = 230 % 55MeV (36)

which corresponds to
a,(M?) = 011257350, (37

to be compared with a, = 0.120 + 0.006 which is the average of the LEP determina-
tions.

We note that to determine f;(z, Q%) from the evolution equations, (20) and (22),
we only integrate over y from x up to 1. Thus the fits to the data do not involve,
or determine, fi(z,Q?) for values of z below that for which data exist. However
the precision of the data means that we should now have reliable sets of parton
distributions at least in the region z 2 0.05. Extrapolations outside the region of the
data are notoriously unreliable. All we can do is to use the input parametric forms,
together with the evolution equations, to extrapolate the various sets to small z to
show the general trends.

Fig. 9 shows parton sets Dg and D’ where the latter set incorporate the singular
“Lipatov-like” forms zg, z§ ~ z~¥ at small z. These two sets are essentially identical
for z 2 0.02 (though there is some difference in the gluon that is necessary to conserve
momentum), but they are dramatically different at small z. In particular Fig. 10
shows that they lead to very different predictions for F;* in the HERA regime.

4. Summing LL(Q?) via the Altarelli-Parisi equations

In preparation for the study of the small z region? it is useful to return to the
Altarelli-Parisi equations and to show how they effectively resum the leading log
Q? (LL(Q?)) terms (see also ref. [21]). For simplicity consider a non-singlet quark
distribution (e.g. u—1), since it decouples from the evolution of the gluon distribution
so that the (leading order) Altarelli-Parisi equation is simply

d(5,Q")  al@) fdy (_) .
dlog_Q"’ 2r Je quv v a(y, Q%)

= a,ég’) [ dy/O‘ dz8(z — yz)Poo(2)e(y, @%), (38)

which can be pictured as a “quark” of momentum fraction y splitting up into a
“quark” of momentum fraction z = zy and a gluon of momentum fraction

*Recent reviews of small z physics include those listed in ref. [19].
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Figure 9: The parton distributions of the proton at Q% = 20 GeV? corresponding to (a) set
D}, and (b) set D’ of the analysis of ref. [9]. Although the two sets are essentially identical in the
z region of the data fitted (z 2 0.05) they differ greatly at small z due to the more singular input
forms (32) used for the gluon and sea quarks in set D_.



4 ﬁlllllllr ) L] lllllll L) LA ALL

EP(x,0%= 15GeV?)

3R\ D’ .
N ]
2 :_G H1 (prelim.) '
L Dy ]
0 1 lJllllll — I n-unl 1
0" 10 1072 10"
X

Figure 10:  The predictions of F,” obtained from extrapolations of Df, D’. [9] and GRV [20] to
small z. The new HERA data for F;” {18] and the fixed target NMC measurements of F” [5] are
also shown. Only the latter data were fitted in [9].
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(1 — 2)y; note that y > z. The Altarelli-Parisi equations can be solved either by
direct numerical integration step-by-step in logQ? or by inverting the moments of the
z distribution. The first method is usually used in global analyses of the data of
the type that were described in section 3. However here it is useful to introduce the
moment analysis.

If we take the moments of (38) then the Altarelli-Parisi equation factorizes and
the resulting differential equation can be solved to give their Q? evolution. From (38)
we have

[ et = 5P a4 [ Gorste vt @)

2
== Q ) /ol & Pyy(2) fo l %y"q(y,Q’),

which giv& dMn(Qz) _ 1 A M(Qz) (39)
dlogQ®* = blog(Q?/A%) """
where o pds, ,
MAQ) = [ Zarq(e,Q¥), (40)
4 = [‘”;”‘z"a,() (1)
o, (Q%) W(Ql’/l\_’) (42)

Eq. (39) can be readily solved giving

Qg An/b
MA@ = cn(logﬁ) )

where ¢, cannot be calculated from perturbation theory and so its value, via M, (Q3),
must be determined by experiment. In other words we only know the evolution

a(Qz)]""”’
o(Q?)
and not the absolute values of the moments. It is straightforward to evaluate (41)
and to show that A; = 0 and A, < 0 for n > 2. The first result follows from (27)
and the second simply reflects the expectation that as Q? increases the distribution
q(z, Q%) decreases at large z and increases at small z.

Incidentally we note that we can recover the parton z distributions from the mo-
ments by taking an inverse Mellin transform. We analytically continue the moments
into the complex n plane and use the inverse relation to (40)

9(2,Q%) =

Mi(Q%) = Ma(Q7) [ (44)

c+i0o

M(n,Q*)z"dn (45)
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Figure 11:  O(a,) real gluon emission contributions to Fy(z, Q3).

where ¢ is chosen such that the contour lies to the right of the singularities of M in
n. However here the result we wish to use is (43).

To gain insight into how the Altarelli-Parisi equation sums the leading log Q*
terms we return to Fig. 4(a). The resulting contribution to F, is shown in Fig. 11.
While the sum of these graphs is gauge invariant, their relative importance depends
on the choice of gauge. Dokshitzer [22] showed that in an axial gauge the log Q?
term comes from the first graph, and that the LL(Q?) sum comes from the sum of
ladder graphs. An axial gauge is one in which the gluon has only the two physical
polarization states. (In such a gauge we do not need unphysical ghost contributions
which in general would be required to cancel the scalar polarization component of the
gluon).

Here we shall use (43) to give a heuristic discussion of how the Altarelli-Parisi
equation is equivalent to the LL(Q?) sum of ladder diagrams. We write (43) as

An @Y
Cn€Xp (Tlog (logﬁ))
1 (A Y
and show that the 7t term is equivalent to the ladder diagram with r rungs.
We begin with the 1-rung ladder of Fig. 12(a). This contribution was given  in

(14) which, with the help of (21), may be expressed as

M =X /, l éygq(y)eZP,, (—;5) @ dikf au(k7) )

M,(Q%)

K 2n

Working to leading order, we rewrite the various factors in the form
1 1 1 Q?
5l @) = D6 [ de [ ot - vo)P(e) pos (losgs) 49
which on taking moments gives
ldr n _ [Ty, ldz 1 Q?
[ Earate@ = [ Lyrato) [ Larpyte) pos (10g ). (a0
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Figure 12:  O(a,) and O(a?) “ladder” diagram contributions to Fy(z, Q?).

and so

A, 2
Ma(@)1rung = chl°8 (105%) ’ (50)
where A, is defined in (42) and
= 19 .
w = [y (51)
We have therefore identified the 1-rung contribution, (50), with the r = 1 term of
(46).

We evaluate the 2-rung contribution in the same way, but now we have to integrate
over the variables shown in Fig. 12(b). The LL(Q?) contribution comes from the
region of phase space that is “strongly ordered” in k%

Q' >k >k (52)
so that we effectively have the nested integrations

@ dkfy as(kfy) [H d_k'}‘x a,(k})

k., 2 k., or
1 @ k) 1 ki
= 53/ o8 (“W 5% {1832
11 Q\1?

The integration over the longitudinal momenta, which we denote L(z), must satisfy
the physical constraint
1>y>z >z, (54)
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which reflects the degradation of the proton momentum along the ladder. Thus we

have
L) = [ 25 (2)[[ LR (2) )

/o dz /0 dz16(z — £12) Pyy(2) [/ Wp, (”‘) (y)] (55)

We take moments so that the z and z, integrations factorize

[E10) = [ Lona{[ L[ 2p, (2)w]]
An{endn} = cad] %9)

where {...} has precisely the form of the moments which occur in the 1-rung case and
so can be factorized to give ¢, A, exactly as in (47) to (50). Combining the results
of the integrations over the transverse and longitudinal momenta, (53) and (56), we
have

I

2 2
Mn(Qz)2—nmg = C,.zl!' [%l(’g (log%)] (57)

which is precisely the r = 2 term of (46). It is straightforward to extend the argument
and to verify that the LL(Q?) resummation implicitly embodied in the Altarelli-Parisi
equation, (38), is equivalent to summing ladder diagrams (in an axial gauge), with
each additional rung giving an extra log(Q?), or rather log(log@?).

5. Summing double leading logs at small z and large Q%
DLL(Q?1/z)

In the small z regime we encounter new logarithmic effects associated with log(1/z)
contributions. These will need to be resummed. For simplicity we take e, fixed. First
we consider the case when -

a, log; log@ ~ 1 (58)
but where a,log(1/z) and a,log(Q?/Q2) are both small. At small z the gluon dom-
inates and so we keep only g(z,Q?). The Altarelli-Parisi equition which sums the
double leading logs (i.e. the [o,log(1/z)log(Q*/Q2)]" terms) is

dg(.’t, Qz) Qs 1 dy o 2
- = — [ =P, |- ,@%). 9
dlogQ? 2“./1 v o\y 9(y, Q%) (59)
We speak of the double leading log (DLL) approximation based on the small z be-
haviour Pyy(z) = 6/z (see (24)). Then (59) becomes

d 2 L d
——(zj:’g ) - 3%/: ?yyy(y»Qz) (60)
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Figure 13:  The n-rung gluon ladder diagram.

which can be solved directly to give the asymptotic behaviour
214
zg(z, Q%) ~ exp (2 [% log% lognQ—zJ ) . (61)
0

Thus as z — 0 we see that the DLL summation implies zg grows faster than any
power of log(1/z).

Here it is useful to identify the DLL behaviour (61) with the sum of ladder dia-
grams. The n-rung diagram is shown in Fig. 13. Each additional rung,  say rung
1, brings in a factor (cf. (14) and (15))

[ ol g ()} - 25 ) @

where the factor (z;_;/z;) will be absorbed to translate the result for g(z, Q?) into one
for zg(z, Q?). As before we treat the integrations over the transverse and longitudinal
momenta separately. Again the LL(Q?) terms come from the strongly-ordered region

Q> kL, > .. >k, (63)

so that we have nested integrations

3a,\" (9" dkh, [Hha dkba [ dRh, 1 3a, 2\ "
(w) / k;n/ P / B, log e0? (64)

In a similar way the LL(1/z) terms arise from the strongly-ordered region

2L Ty € 11 K Y (65)
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so we also have the nested integrations

/: dz,y /l dz /liy_ y9(¥,Q3) = %(logi-)n(}o (66)

zn—l

where Gy is the small z limit of zg(z, Q3).
The DLL approximation for zg(z, @?) is the sum of ladder diagrams, each of which
is given by a product of forms of the type of (64) and (66),

z9(z,Q%) = Go z,‘: (%)2 (3"&103% logQ’) . (67)

The sum may be evaluated using the identity

Zn: (%)2 (%2)" = Ip(z) = \/;_:; as z — 00, (68)

where Ip is a modified Bessel function, which gives

]
zg9(z, Q%) ~ Goexp (2 [% log% logQ’] ) (69)

in the DLL limit.

6. The LL(1/z) sum and the BFKL equation

Fig. 14 summarises our discussion so far. The figure shows the strongly-ordered
momentum configurations that gave rise to the LL(Q?) and DLL(Q?,1/z) approxi-
mations, which were discussed in sections 4 and 5 respectively. Recall that the DLL
approximation only includes the LL(1/z) terms that are accompanied by LL(Q?).
For HERA we need QCD predictions for small z but moderate Q2. Starting from a
knowledge of g(xo, @%) (with say z¢ 2 0.01) we wish to predict g(z, Q?) at smaller z,
that is to evolve in the upwards direction in Fig. 14 at moderate Q2. For moderate
Q? we must sum the LL(1/z) terms but keep the full Q? dependence, not just the
LL(Q?) terms. Clearly we must relax the strong ordering of the kr’s which gave the
LL(Q?) behaviour and integrate over the full kr phase space.

As in the other cases, we can picture the LL(1/z) behaviour as a sum of “ladder”
diagrams, but now the QCD calculation is much more involved. The resulting struc-
ture does indeed look like a summation of ladder diagrams but actually they are only
an effective representation for a whole set of Feynman diagrams, most of which are
of non-ladder form, which were originally> summed by Fadin, Kuraev, Lipatov and

5More recently an alternative approach, based on the introduction of a non-Sudakov form factor,
has been proposed by Marchesini et al. [24). In this way they have managed to derive an equation
which reduces to the BFKL equation at small z and to the Altarelli-Parisi equation at large z.
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Figure 14:  The three different limits of g(z, Q?) in the IogQ?, log(1/z) plane: (i) the LL(Q?) region
where a,logQ? ~ 1 but a,log(1/z) is small, reached by Altarelli-Parisi evolution from g(z, Q3), (ii)
the DLL(Q?, 1/z) region where a,logQ’log(l/z) ~ 1 but vt,logQ2 and a,log(1/z) are both small,
and (iii) the LL(1/z) limit where a,log(1/z) ~ 1 but a,logQ? is small, reached by evolution from
g(zo, Q?) using the Lipatov or BFKL equation. We also indicate the regions giving the dominant
contributions in the integrations over the phase space of the emitted gluons; these are strongly-
ordered in the longitudinal and/or transverse momenta of the gluons along the chain.



Figure 15:  Diagrammatic representation of the BFKL recursion relation (70).

Balitsky [23]. It turns out that one set of diagrams, which must be included, can
be shown to collectively reduce to the reggeization of the t-channel (i.e. “vertical”)
gluons in the ladder. If you are willing to take this ingenious LL(1/z) summation of
BFKL on trust, then the result may be written in the form of a recursion relation
(see Fig. 15) which relates the n-rung contribution f, to the (n —1)-rung contribution

f n-1
14z’
@B = [ [ dkE K k) foes (@', KD), (70)
z X
where the BFKL or Lipatov kernel is

Kk = gl - s -} @

with

dk? 1 1

2 T

= ’ - . 72
) = |Gt - ) )
Here we work in terms of the unintegrated gluon distribution, f(z, k%), in which we

unfold the “last” k2 integration of the gluon distribution g(z,Q?) that we have been
using hitherto;

s @) = [© Bhse . (73)

The two terms in (71) correspond to real gluon emission and virtual corrections respec-
tively; the apparent singularity at k% = k% cancels between these two contributions.
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Let us check that we reproduce the DLL approximation if we constrain the kp’s
to be strongly ordered, i.e. k} 3> k. Then (71) becomes

3 3a, 1
K(krik) = o (74)
In this case the recursion relation (70) effectively becomes
3a, 1 k3
o 2 Do () s () 7

and, on summing over n, we reproduce (69).
The BFKL kernel, (71), is much more complicated than (74) and it is not so simple
to find the small z behaviour arising from the summation of the LL(1/z) terms. The

result is found to be
flz,k7) ~ h(kp)z™> (76)

as £ — 0, where ) is the maximum “eigenvalue” of the kernel.
Insight into the z= form may be obtained from a toy model [6] in which it is
assumed that the kernel has a factorized form

K(kr,kr) = u(kr)v(k7) (77)

although of course, we see the BFKL kernel (71) has a more complicated structure.
Substitution into the recursion relation (70) then gives

Mk = wkn) [ 2 [ (k) fun(e' 1), (78)
which itself is of factorizable form
Fa(z, k2) = u(kr)ta(z). (79)
Rewriting the recursion relation (78) in terms of ¢, we obtain
1 dg!
: ta(z) = A L Sl (80)
where o
= /o di2u(kr)v(kr). (81)
The nested integrations of (80) give
an 1
tala) ~ =plog (), (82)
which on summing over n generate the small z behaviour
1
[, ~ hEexp (o) = h(k)s™. (83)
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The exponent ), defined in (81), can be seen to be a eigenvalue of the kernel, viz.,

KQu = j u(kr)o(ky)u(kp)dkZ = Mu. (84)

Clearly the maximum eigenvalue will dominate the small z behaviour of the gluon
distribution f.

We can use the recursion relation (70) to write the BFKL equation in either
differential or integral form. Symbolically (70) has the structure

fu = K®fu—l where f = Efn (85)

n=0

and where the * indicates that there is an z, as well as an k}, convolution. Performing
the sum from the n = 1 term, the symbolic recursion relation gives

f—fo = K&f
or, to be explicit, the integral equation
1@k = fk)+ [ Z [agkGn e ) ()

where fo is frequently called the driving term. Eq. (86) may be used to obtain the
BFKL equation in differential form

0f(z, k1) _ n ’ ]
Blog(ljz) /der(kr,kr)f(z s k7). (87)
For fixed o, the BFKL equation can be solved analytically. The solution is found
to be _
o) | G, (g /) )
k,}', [27 Mlog(zo/z)]* 2)Mog(zo/z)
where 3
A= %4 log2 (89)

and X' = (3a,/7)28((3) where the Riemann zeta function ((3) = 1.202. We see
the characteristic z* behaviour, modulated by a (log(1/z))~% factor. If we insert
a typical value of e, into (89) then we find A = 0.5. This is the origin of the input
forms zg,zq ~ z~¥ for small z that were used in the global analyes of section 3 (see
32)).

( )onrmula (88) shows another characteristic feature of the solutions of the BFKL
equation. Since there is no ordering in kr there will be a “random walk” in kr as we
proceed along the chain and evolution to smaller z will be accompanied by a diffusion
in kp. Formula (88) displays explicitly the diffusion pattern, namely a Gaussian
distribution in log(k%) with a width which grows as (log(l/z))lf as z decreases. The
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Figure 16:  The variation in the width of the Gaussian logkZ distribution of f(z, k2)/(k%)?% as we
use the BFKL equation to evolve down in z from a starting distribution at z = z4 of width ~ V4.

position of the maximum of the Gaussian distribution (given by logk3), as well as
the normalisation of the solution, is controlled by the boundary conditions at z = zo,
that is by f(zo, k}).

The approximate analytic solution (88) only applies for < z¢. For z near zo a
more realistic treatment modifies the Alog(zo/z) factors in (88) to A'log(zo/z) + A
where A depends on the initial k2 distribution. Fig. 16 shows a sketch of the diffusion
pattern. We foresee that diffusion will be a problem in the applicability of the BFKL
equation since it can lead to an increasingly large contribution from the infrared (and
ultraviolet) region of k% where the equation is not expected to be valid. We return
to this discussion in section 8.

7. Shadowing and the GLR equation

A A

The increase f ~ 2% or zg ~ z™*, as z decreases, cannot go on indefinitely.
If the density of gluons within the proton becomes too large they can no longer be
treated as free partons. The growth, as z — 0, must eventually be suppressed by
gluon recombination. When do we expect the “shadowing” contributions to start to
become appreciable? If we view the proton from a frame in which its momentum p
is large, but in which zp > @, then a measurement of g(z,Q?) probes a gluon of
transverse size ~ 1/Q, but much smaller longitudinal size ~ 1/pz, so that the proton
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appears as a thin disc. The number of gluons, n,, per unit of rapidity is zg(z, @?)
and the gluon-gluon cross section & ~ a,(Q?)/@?, so the crucial parameter is
n,G

2
W 2T (50)

where R is the radius of the proton. In regions of z and Q? where W < 1 the
interaction between the gluons should be negligible. However at sufficiently small =z,
when W ~ a,, we must allow for a suppression of the growth of the gluon density
due to 2g — g recombination. By carefully considering QCD diagrams which become
important at small z, recombination was estimated some time ago by Gribov, Levin
and Ryskin [25], and a little later by Mueller and Qiu [26]. To a first approximation
the normal evolution, Fig. 17(a), is corrected by including Fig. 17(b) (the so-called
“fan” diagram) in which the gluon ladder branches into two ladders which couple to
the proton. The triple ladder vertex (shown as a rectangle) represents the sum of
several (non-planar) diagrams. The iteration of this fan diagram produces a whole
series of fan diagrams like the one shown in Fig. 17(c). In order to make progress
GLR assumed that the coupling of n gluon ladders to the proton is proportional to
the n** power of the single ladder coupling and in this way they were able to account
for these shadowing effects by including an additional term in the BFKL equation,

(87), so that \ arin
9f(z, k 8l
ol - ko s- Tt (91)
The minus sign and the quadratic nature of the extra term reflect the suppression
of growth of f, as z decreases, due to gluon recombination. The equation is known
as the GLR equation [25]. The derivation of the GLR equation assumes that there
are no correlations between the two gluon ladders (in Fig. 17(b)) which recombine.
However Bartels [27], and subsequently Levin et al. [28], have established that there
is a weak interaction (~ 1/N! ~ 10~2) between the ladders. The consequences of this
additional interaction are the subject of debate {29).

The GLR equation includes only the leading O(a,) shadowing corrections. If we
were to proceed to ultra small z we would pass from the region where W < O(ay)
into the region where W 2 O(a,) where, first, higher-order shadowing effects became
significant, but soon into a region where perturbative QCD is not applicable. We
may thus only regard the GLR equation to be a reasonable approximation below a
“critical line” which divides the (z,@?) domain into regions with W < O(e,) from
regions with W 2 O(a,), see Fig. 18. From (90) it is clear that as Q? increases
shadowing becomes less important as Fig. 18 indicates.

Quantitatively the crucial “shadowing” parameter in (91) is R. It says how the
gluons are concentrated within the proton. The conventional assumption is that they
are uniformly spread across the proton; then R is the proton radius (~ 5 GeV-?).
However it has been advocated that they may be concentrated in “hot-spots” within
the proton. Analyses have therefore also been performed with R = 2 GeV-!. These
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(a) (b) (c)

Figure 17: (a) The ladder diagram responsible for the BFKL “linear” QCD evolution (87), at
small z; (b) the basic gluon shadowing or recombination diagram, also pictured as a “fan” diagram;
(c) the sum of fan diagrams, such as the one shown, form the basis of the “quadratic” GLR equation,
(91). .
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Figure 18:  The (z, Q?) regions of validity of the various evolution equations. The gluonic content
of the proton (as resolved by a Q? probe) is also indicated. Perturbative QCD is applicable below
the critical line (provided Q2 > A?).

33



numerical studies (6, 30, 31] of shadowing effects using (91) indicate that the kinematic
regime accessible at HERA 1is below the critical line, unless very small “hot-spots”
exist.

8. Solutions and applications of the BFKL equation

Recently there have been several studies of the properties of the solutions of the
BFKL equation [30, 31, 32, 33, 34]. In some cases numerical solutions have been
obtained. The usual technique is to solve the differential form of the equation, (87),
by step-by-step integration down in z from an input distribution f(zo,k}), at say
zo = 0.01, determined from one of the parton sets of section 3. Running «, and
the effects of shadowing have been incorporated (30, 31). One straightforward way
to avoid the diffusion of the solution into the non-perturbative infrared region is to
impose a lower limit cut-off k3 on the k7 integration in (87). For a given value of
k%, the characteristic behaviour f(z,k}) ~ Cz~* soon sets in with decreasing z. The
normalisation of the solution C is found to be much more sensitive to the choice of
the cut-off k2 than is the value of A [34]. For k2 ~ 1 GeV? we find ) =~ 0.5 essentially
independent of the value of k3.

The resummation of the gluon ladders, f(z, k%), is 2 universal ingredient in the
perturbative QCD predictions of all small z processes driven by the gluon. For
example f(z, k%) occurs in the calculation of the structure functions; of deep-inelastic
events with jets; of heavy quark-pair[35), J/y and prompt photon production; as well
as deep inelastic diffraction at small z.

(a) QCD predictions of deep inelastic structure functions at
small x

At small z, say = ~ 1072, the deep inelastic probe dominantly interacts with a
sea quark and so, to leading order, the structure functions Fi(z, Q?) reflect the small
z behaviour of the sea quark distributions. Since the density of gluons increases
rapidly with decreasing = the sea quark distributions are themselves increasingly
dominated by the gluon distribution, via g — ¢§. This component may be calculated
in perturbative QCD. The relevant diagram is shown in Fig. 19(a). According to the
kr-factorization [36] the contribution to the deep inelastic structure functions, say
F3?, may be written in the form (31]

Re) = [Zf fi,:%f (Z.8) RO 1, @Y (92)

where z/z’ is the longitudinal momentum fraction carried by the gluon which disso-
ciates into the ¢¢ pair. The function FQ(O) can be calculated from the quark box (and
crossed box) approximation to the photon-gluon subprocess shown in the upper part
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Figure 19: The upper diagrams show a gluon “ladder” contribution to small z for (a) deep-

inelastic scattering and (b) for deep-inelastic scattering together with an energetic jet. The quark
box factor F(®) implicitly includes the contribution of the crossed box. The lower sketches show the
k3 diffusion patterns in the form of the variation of the width of the log k% distributions of (93) as
a function of z; along the chain,



of Fig. 19(a). We may regard F(%, or rather to be dimensionally correct F©/k3,
as the structure function of a gluon of approximate virtuality k3. The gluon density
function f, which denotes the sum of the gluon “ladder” diagrams, is obtained by
solving the BFKL equation.

The perturbative QCD predictions for F;” [34] are compared with preliminary H1
data in Fig. 20. We see the normalisation is infrared cut-off dependent (with a “cut-
off” value k? = 1 GeV? favoured) but that the shape is in excellent agreement with
the data. The comparison suggests that HERA may have seen the first indication of
the BFKL growth caused by the resummation of soft gluons.

Fig. 19 also shows the effects of diffusion in k3. Unlike Fig. 16 the diffusion pattern
is now determined by boundary conditions at both ends of the gluon ladder. To be
specific it is given by [33, 34]

-2

. -z z
Han ) () 1K ~ x
Viog(zo/z1log(z:1 /2)

w exp [ LB (/R log'(K}/E])

exp 2\"og(zofz1)  2A"log(z1/z)
where k2 is determined from boundary conditions controlled by the quark box function
Fz(o). The variation of the width of the diffusion pattern (93), as z, varies between =
and zo, is sketched in the lower part of Fig. 19(a). Even for large Q?, the boundary
conditions at zo mean that the non-perturbative infrared region is penetrated, which

is reflected in the cut-off dependence of the perturbative QCD predictions shown in
Fig. 20.

(93)

(b) Deep inelastic events containing a measured jet

A major problem in identifying the characteristic BFKL z~* behaviour from the
observed shape of Fy(z,@?) at small z is that the predictions depend on assuming a
set of “starting” distributions, fi(z,@?), as a function of z at some Q% = Q2. The
necessity of this input is a reflection of our lack of knowledge of the non-perturbative
regime. As a result, we cannot be certain whether the observed steep behaviour at
z ~ 1073 is indeed a manifestation of the BFKL perturbative QCD effects or if it is
due to the evolution from a steep non-perturbative input z distribution. Processes
such as heavy quark pair, J/i and prompt photon production encounter the same
dilemma.

However Mueller [37] has indicated an ingenious way to side-step the problem. The
suggestion is to observe deep inelastic (z,@?) events which contain a measured jet
(2, k};) in the kinematic regime where (i) the transverse momentum of the jet satisfies
k%; ~ Q% (ii) the jet longitudinal momentum, z;, is as large as is experimentally
feasible, and (i1} z = z/z; is small. A diagrammatic representation of the process
is shown in Fig. 19(b); since z; is to be chosen as large as experiments allow (z; ~

36

S L ‘;‘ L] LA § ""l Ll L T ll'l" T T T rf‘[jz
i \\ o} 2 2 1
1= 0.5GeV? F7(x,Q°=15GeV") .
b kﬁ"\ GeV data: Hi(prelim.)
3K -
2 1> ]
1k .
0: T ) llJLlJL i I .1::..' 11 |.nn:
5 1§ “: rTlll'l L] R} ¥ lll'll L] LENRJ III'|-
VRN FEP( x,0%230Gev?) ]
LF vV .
3k ]
2f ]
s :
: A i 1.1 lllj[ A 41 1 lJJL' 1 1 I llll‘
10 10° 107 10"

X

Figure 20:  The perturbative QCD predictions for F;*(z, Q?) obtained from the kr-factorization
formula, (92), for different choices of the infrared cut-off parameter k2, compared with preliminary
data obtained by the H1 collaboration [18] at HERA. The predicted curves contain a slowly varying
“background” non-BFKL contribution estimated from the measured value of Fy(z, Q%) atz=0.1.
The figure is taken from ref. [34].
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0.1) the strong ordering assumed at the parton a-gluon vertex should be a good
approximation. The beauty of this measurement is that attention is focussed directly
on the BFKL z~*-type behaviour at small z arising from the resummation of soft
gluon emissions. The choice k}; 2 Q? neutralizes the ordinary gluon radiation which
would have arisen from the Altarelli-Parisi evolution in Q3.

It can be shown [38] that the differential structure function has a leading (= z/z;)

form
F,
% 6::?62%: = a-(Qz) [2‘: zjf.(-rj, k‘;‘;)] z-kv (94)

where ¥ f, = g + 3(¢ + §), which indeed contains the anticipated z~* behaviour. As
before, A is the maximum eigenvalue of the BFKL kernel. The parton distributions
fo(zj, k};) that are needed in (94) occur for z values where they are well measured
and so, in principle, observation of the differential structure function should allow an
unambiguous determination of A.

Another advantage of this process is that we can choose k}; = Q* sufficiently large
to minimize the kr diffusion into the infrared region; a choice which, incidentally, will
also suppress the contamination from bremsstrahlung background jets. A typical
diffusion pattern is shown in Fig. 19(b). As compared to the pattern in Fig. 19(a),
we now have a 6(k} — k%) distribution at the “bottom” of the gluon ladder.

9. Conclusions

Once more deep inelastic scattering has become a “hot” issue, stimulated by much
new data® from fixed target and HERA experiments. We have seen that the former
data now pin down the parton distributions rather precisely for z 2 0.05. Indeed
the wide range of data that are well described in this way provide an impressive
confirmation of QCD. With the new HERA data it is fair to say that small z physics
has come of age. Novel perturbative QCD effects are expected in this regime and
seem to be reproduced in the data. However we are a long way from having a deep
understanding of the small z regime. From the perturbative viewpoint the higher
order effects are far from under control. Attempts to approach the HERA regime from
the non-perturbative or Regge domain have not been discussed in these lectures, Such
studies present enormous, but worthwhile, challenges. Nevertheless from all points of
view the new HERA data have already stimulated much theoretical activity, which
will hopefully lead to a greater understanding of one of the most interesting areas of

SThis year has also seen renewed interest in the spin structure of the nucleon with the recent
polarised neutron deep inelastic measurements [39], to complement the earlier polarised proton
experiments [40].
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