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ABSTRACT

The BRST cohomology of two dimensional gravity coupled to 0 < ¢ < 1 min-
imal conformal matter is investigated in the conformal gauge. We formulate a
general procedure to write down the physical states via the technique of spectral
sequences. Paying attention to the ghost sectors, we show that the physical states

corresponding to microscopic loops, and macroscopic loops are described by b-

. ghosts, and c-ghosts, respectively. For pure gravity, first several physical states are

calculated explicitly, and in addition, the general formula for macroscopic loops
is obtained by relating it to a simpler Lie algebra cohomology. We also discuss
the local operator algebra of microscopic loops in relation to the Schwinger-Dyson

equation in the matrix model.



1. INTRODUCTION

Recent progress in the study of 2D gravity has led to a number of remark-
able results. By the discovery of thevdouble scaling limit in the matrix model[1],
the partition function as well as the correlation functions has been computed
nonperturbatively[2][3][4]. Throughout this study it has been revealed that the
matrix model has unexpected close relations with various subjects, such as the
integrable KdV hierarchies[2], the intersection theory on the moduli space of punc-
tured Riemann surface[5][6], and the topological gravity[7][8]. These remarkable
successes are expected to play important roles in our complete understandings of
more realistic string theories and quantum gravity. For this purpose it might be
necessary to confirm these results within the conventional continuum field theo-
ries. The continuum theory in the conformal gauge, i.e., Liouville theory is one of
the most important approaches[9]. Since this approach is perturbative in string
coupling constant and the Liouville dynamics are governed by the non-linear in-
teractions it seems so far rather difficult to treat it. However by the techniques of
CFT we have already had some successes, for example construction of the corre-
lation functions by analytic continuation methods[10][11][12] and the structure of
physical spectrums[13][14]. In particular for the latter case Lian and Zuckermann
classified the physical spectrums of 2D gravity coupled to ¢ < 1 minimal conformal
models in the framework of BRST quantization. They found that there exist an
infinite number of physical states with non vanishing ghost numbers which appear
corresponding to the singular vectors in the Virasoro Verma module of a conformal
matter. These infinite physical states have been also found in the matrix model
and from the view point of the ordinary bosonic critical string theory they can be
interpreted as the remnants of higher massive modes. However the unusual situ-
ation is the existence of ghost numbers of the physical states and it is important
to reveal the role of such ghost fields. For this end it seems necessary to know the

explicit operator contents of physical states, especially on ghost sectors.

In this paper we present a systematic prescription to calculate the physical
states of 2D gravity coupled to 0 < ¢ < 1 minimal conformal matter. In the con-

formal gauge the system reduces to the Liouville, the matter and the ghost sectors
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coupled by the BRST constraint. Then the physical states are defined to be the
cohomology of the BRST charge @p which acts on the tensor product of the Liou-
ville Fock space, the irreducible Virasoro module and the ghost Fock space. On the
other hand we can replace the irreducible Virasoro module by Felder’s cohomology
with an appropriate choice of resolutions[15]. Through this Fock space represen-
tation we can naturally consider the double complex graded by the ghost number
and Felder’s degree with the coboundary operator D ~ § + @pg. The key obser-
vation is that there exist the following isomorphisms between the cohomologies:
Hp & HgyHs = HsHg,. Indeed starting from the HsHg, which we can easily
obtain [14], it is possible to arrange the general procedures, ”collating formula”, to
write down the cohomology Hg, Hs (,i.e, physical states ) by the explicit construc-
tions of the isomorphism between them. This procedure is equivalent to the use of
the the simplest case of spectral sequences. If we inspect the construction of the
isomorphism we will find the following general structures of physical states: The
physical states are divided into two types by the difference of ghost fields ,i.e., the
microscopic loops (Seiberg state) contain the b-ghosts only aﬁd the macroscopic

loops (anti-Seiberg state) contain c-ghosts only[16].

This paper is organized as follows. In section 2 we briefly review the results by
Lian-Zuckermann and establish the notations. In section 3 we arrange the general
procedure to write down the physical states. Then we clarify how the ghost fields
appear in the physical states. In section 4 we apply our construction to the case
of pure gravity (c=0). In this case the general formula for macroscopic loops is
obtained and is identified with a Lie algebra cohomology[17]. Section 5 is devoted
to discussions. In particular, we refer to the relationship between the local operator
algebras of the microscopic loops in Liouville spectrums and those in the Schwinger-
Dyson equations of the matrix models from the view point of the conservation of

ghost numbers.



2. BRST ANALYSIS OF PHYSICAL STATES

In this section we briefly summarizes the BRST formalism for 2D gravity and
the recent results by Lian and Zuckermann. Let us consider the 2D gravity coupled
to 0 < ¢ < 1 minimal conformal matter. Upon the conformal gauge fixing the
theory factorizes into three parts, i.e., Liouville, matter and ghost sectors. We first

establish the notations of these sectors respectively.

Liouwville sector: Under the zero cosmological constant limit the Liouville theory
is described by a free boson with a background charge. We take the following

convention for the stress energy tensor

1 .
K(z) = —5 : 0¢1(2)0¢1(z) : +iQrd’¢r(2) , (2.)
where the two point function is (¢1(2)¢r(2)) = —In(z — w). In terms of the mode
expansion the Liouville field ¢y, is expressed as follows: i9¢r(2) = Y,z as.L)z""1

(L) (L) (L)

and pr, = ay’ with the commutation relation [an ’, am’] = nénymo. The mode

expansion of stress energy tensor

1
Kn = 5 gZ : agll-/!-)ma(.erz : _(n + I)QLale) ’ (2’2)

satisfies the Virasoro algebra with the central charge cp = 1— 12Q%. We denote by
Fr(pr) the Fock space which is built on the vacuum state |py) with the momentum
pr, and the conformal dimension Ay (pr) = %pL(pL -2Qr).

Matter sector: The minimal conformal model[18] with the central charge

- 7(p <g, ng(P, q) = 1) ’ : (23)

comprises the irreducible Virasoro module Vir(cyq,Ars) (1< r<g—1,1<s<
p—1,pr > ¢s) with

Ay = (P" - qs)::p; (p — Q)z ) (24)

The convention of the free field representation of the stress energy tensor and the
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Virasoro generators is the same as that of the Liouville field

T(z):—-%:8¢M(z)8¢oM(z):+iQM82¢M(z) , (2.5)
Z aff_{,)n (_A,ln) :—(n+ l)QMaglM) , (2.6)
mGZ

with ¢, , = 1 — 12Q%, and Qp = ZI%= +a' (ag = Y o= —,/-Z(JI?).

Ghost sector: Upon gauge fixing, the ordinary reparametrization ghosts (b, c) ap-
pear with the conformal dimension (2, —1). The ghost system is also a CFT with

central central charge c;. = —26 and its stress energy tensor is given by
T = —2b(2)dc(z) — Bb(2)c(z) . (2.7)

Let A}, be the ghost Fock space with * representing the ghost number. The ghost
Fock space has both the SL(2,R) invariant vacuum |0),4 and the physical vacuum
¢1|0)gn. The physical vacuum is annihilated by the mode c,(n > 1) and by(n 2 0).
Finally we take a convention that (b,c) has the ghost number (—1,1) and the

physical vacuum has ghost number zero.

Under the above preparations we are now ready to review the BRST analysis
and the result by Lian and Zuckerman. In the BRST formalism physical states are
identified with the BRST cohomology[19][20]. The BRST operator is defined to be

dz 1
Q= § 57 (K()+T() + 5T"@)el) s (238)
which acts on the tensor product space
Caps = Fr(pr) ® Vir(cpg, Ars) @ A}, . - (29)

The nilpotency of the BRST operator is equivalent to the anomaly cancellation

condition

Ctot = C[, + Cpg — 26 =0 y (210)
in which case we can study the cohomology.
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We denote this cohomology as H}, (Fr(pr) ® Vir(cpe, Ars) ® Ape) and it is

abs

called the absolute BRST cohomology. Moreover it is convenient to introduce the
relative BRST cohomology H,,(Fr(pr)® Vir(cpq, Ar,s) ® Apc) which is defined as
the cohomology of @p on the subcomplex C},; = C¥, N KerL{” N Kerby. If we
decompose @p with respect to the ghost zero modes, we can easily see that the

BRST charge reduces on the relative complex into

. 1
Qp = E :Con(Kn+ Lp): -3 E (n—m):conCombnim : . (2.11)
n#0 n,m#0
n+m#0

For a moment we will focus on the relative cohomology H?,. In the present case it
is straightforward to compute the absolute cohomology from the relative one. We

will refer to this relation in Section 5.

Let E, ,(p,q) denote the conformal dimensions of the singular vectors in the

embedding diagram of Virasoro Verma module M (cpg) Ar,s)

Er,s(py Q) = {ahbt I te Z}

where

o= Cpeitprte)t—(p—q , _ (2pgt—pr+gs)’ —(p—q)
4pg ’ 4pq

’

(2.12)
and furthermore we define a set E‘,,, ={1—-a1—b: |t €Z} Note that E,), is
a set of weights of the singular vectors appearing in the dual embedding diagram
of M(cp,q,4rs), that is, it is also a embedding diagram with 26 — c, ; obtained by
replacing each conformal weights E; , by E‘r,s with all arrows reversed. Finally we

can summarize the result by Lian and Zuckerman [13] as follows:

For any irreducible Virasoro module the relative BRST cohomol-
ogy H} (Fr(pL) ® Vir(cpq, Ar,s) ® Ape) is non-vanishing only for the
discrete values of the Liouville momentum pr s.t. Ap(pr) € E‘,,, in
which case dim H],(L(pL) ® Vir(cpg, Ars) ® Abe) = Sny(pr)d(Alpr))s
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where n(pr) = sign(i(pr — QL)) and

20+ 1| ifA=1—-aqa; ,
d(A) = | | f ‘ (2.13)
I 2t | 1f A=1- bt s
ts the number of arrows leading from the selected singular vector to the

tip in the embedding diagram.
3. COMPUTATION OF THE COHOMOLOGY

In this section we present a general procedure to compﬁte the elements of
the relative BRST cohomology. Owur procedure is similar to the one when we
prove the isomorphism between the de Rham cohomology and the Cech cohomology
(see e.g.[21] ). However there is a crucial difference between them because the
cohomology considered here is defined on the space of the semi-infinite forms, i.e.,
the semi-infinite cohomology theory[22]. Therefore some careful treatments are

needed as we will see below.
3.1 Double complex

For any irreducible Virasoro module (0 < ¢ < 1), we can replace it by Felder’s

free field resolution [15]

Vir(cpg, Brs) 2 H) Far(pe(r,s),6)) (3.1)
tezZ

where Pzt(’“,s) = Ops-2tp P2t+1(7”,3) = Op —s-2tp with apl = %a— + 1—2-10‘+~
Therefore the computation of the cohomology can be done on the product of the

Fock spaces due to the isomorphism,

H}o(F(pp) ® Vir(cpg, Ars) @ Ase) & HY 5 (H(FrL(pr) ® ) Fu(pe) ® Ase)
: : t

r

(3.2)

Now let us consider the double complex &; ; C* graded by the ghost number
and Felder’s degree

CY =[Frlpr) ® Fu(pi(r,s)) ® Aylrar (3.3)

and define the cohomology on it. This complex is equipped with two coboundary
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operators, i.e., the BRST operator and Felder’s coboundary operator. Since opera-
tions @p and § commute each other, we can introduce a new coboundary operator
D =6 + (—1)Qp which acts on the singly graded complex @i4j=nC as
D: @ C¥— @& CY . (3.4)
i+j=n i+j=n+1
Here we should note that, for a given n, the two gradings ¢ and j are bounded from
both above and below. This is due to the fact that the total conformal dimension

of the double complex is always restricted to zero. We denote the cohomology on
the double complex {®C*/, D} as H}y p(FL(pr) ® 3 Fm(pe) ® Age).

The following result by Bouwknegt et al[14] will play an important role in our

construction:

If either the condition PY(n) # 0 for alln € Z,n # 0 or the condition
P~(m) #0 for allm € Z,m # 0 are fulfilled-and, in addition, the on-shell
condition Ap(pr) + Ap(pp) = 1 is satisfied then

lpL) ® |par) ® c1|0)gn ifn =0

HP((F F Abe, Q) = 5
rel(FL(pL) ® Fm(pm) ® Ave, @B) {0 £ 0 (3.5)

where the generalized momenta Py(n) are defined by
Pe(r) = Z((ow = (0 + DQu) 2 ilpr — (n+ QL) . (6)

Before going into the detailed discussions let us briefly outline our general con-
struction. As will be confirmed in the subsequent section there exist the following

important isomorphisms.

H:el,QB(fL(PL) ® Vir(cpg, Ars) ® Aye)
= H 5, (H5(Fr(pr) ® Z; F m(pe) @ Aye))

rel

> H p(Frlpr) ® Y Fm(pr) ® Ase) (3.7)

> HP(H?, 5 (Fi(pr) ® > Fulp) ® Ase))

Fortunately the cohomology H";H?el s is more tractable and can be obtained

through the result (3.5). Therefore our strategy to compute the physical states
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in H;"e,’QBH s can be summarized to prove the existence of such isomorphisms and

to construct them explicitly. Then starting from any given cohomology element of
n g0

Ha Hf el,QB

the cocycle in H rel 0pHs through the isomorphisms.

we can construct the corresponding cocycle in H, j, and finally obtain

In view of the application of (3.5), we should choose Felder’s resolution ap-
propriately. By closer examination the appropriate choice of the momenta in the

resolution turns out to be

4

if n(py) >0 and Ap(py) € Ers(p,q)+
pi(r, ) _ .
or n(pr) <0 and Ar(pr) € Ers(p, q)-
P = { (3.8)
3 if n(pr) >0 and Ar(pL) € Ers(p, 9)-
pt(r’ S) ~
\ or n(pr) <0and Ap(pr) € Ers(p, ¢)+

where py(r,s) = 2Qp — p-i(r,s) , E,,s(p, g)+ = {1 —a;,1 — bift € Z5o} and
E~'7',3(p5 q)-— = {1 — ag, 1-— b—t—llt € Z<0}.

3.2 Construction of the isomorphisms

We will now give an explicit description of the isomorphisms and formulate the
procedure to obtain the physical states with non-vanishing ghost numbers. The
key ingredient is the fact that as we have summarized in the previous section both
the § cohomology and the Q B cohomology are trivial except the degree n = 0. We
will investigate the n > 0 case and the n < 0 case separately because there is a

crucial difference between them as addressed at the beginning of this section.
Case (I) n>0

We explain how the following isomorphism arises:

HZ p(Fr(pr)® Y Far(ps) ® Ase) = H?, o, (H(Frlpr)® Z Fum(pt) ® M)
: :

(3.9)
Let ¢ = Zi-{-j:n ¥;,; be a D-cocycle with ¢; ; belonging to CJ. As we have already
pointed out both gradings (3, j) are bounded from above and below. Then there
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exist two integers (k,!) such that ¢ is expressed by

Y =Yntl—t+ Ynpi-1,-141F+ Yo+ Fdont P - (3.10)

Henceforth we assume both k£ and ! to be positive in order to consider the most
general situation. Substituting the r.h.s. of (3.10) into the cocycle condition Dy =

0 we obtain

6'¢’n-—k,k =0 ,
QBYnti,-1=0 , (3.11)
D"‘»bn-l—l—m,m—l + 6¢n+l—m+1,m—l—1 =0 (1 <m<li+ k) ’

where we set the notation D' = (—1)Qp and hence D = § + D' for simplicity. It
is helpful to remember that this cocycle condition is often pictured as a ”zig-zag”
in the (j,¢) plane. The condition §%,_k = 0 and the é-exactness for k£ # 0 tell
us that t,,_j i is written as 6 of something, which we denote as 6"11,&,,_;‘,,;6. Then
by subtrécting D61, _ k& from ¢, we can remove the component t,,_j r and still

stay in the same D-cohomology class as 1

Y =D bk =Pnpi -1+ + Pnp

- , (3.12)
+-c+ton+ ot Wnoktrk—1— D6 p_k k)

where Yn_k41k-1 — D'6  nk k € Cn_ky1k-1. Substituting again the r.hs. of
(3.12) into the D-cocycle condition, we obtain 6(¢n—g+1 k-1 — D'6 1 ¢p_k k) = 0.
Therefore the same procedure as above can be applied and we can proceed to the
next step. After iterating this procedure until the non trivial cohomology element

( 0-th cohomology of § ) appears, we will find the following D-cocycle
1) k .
'Sb = ¢n+1,—l +---+ 1/)n,O + Z(-S)J¢ﬂ—j;j ’ (3'13)

j=1

where we define S = D'6~1. Notice the fact that both Zf:l(*s)j¢n—j,j and vy o

belong to the same space C™° and Y is D-cohomologous to .
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Next let us consider another condition Q3¢n+l,-l = 0. Because of the Q B-
exactness for a non-zero ghost number, we can develop the same argument as in the

case of §-cohomology and move 1/)' to a D-cocycle @n,g with only C™? component,

l k
"Zn,o E; "/Jn,O + Z(—S')i"/)nh',—i + Z(—S)jlpn—k,k ) (3‘14)

1=1 j=1

where § = 6D'~!. Since 'J,Zn’o is D-cohomologous to 1, the cocycle condition

DYno = 8%no+Qp¥no =0 , (3.15)

leads to 5@,,,,0 = QB'lano = 0 which implies &n,O € H:e,,QHg.

In this way we can always take the representative of the form 1/:,,,0 (ii-e.,
15,",,_,; = 0 for ¢ # n), which is not uniquely determined for a D-cohomology
element [¢]p € H}. The remaining ambiguity of adding the coboundary term
D¢ =D(3; tj=n-1 $ij) is the one which preserves the condition of 1/;,-,,,_,; = 0 for
¢t # n, and can always be put into the @ p-coboundary term due to the similar

argument to (3.11)-(3.14):

D( Y ¢ij) = D(¢no+ DX) = @péno

t+j=n—-1

Therefore the map [¢]p — [’J)n,o]gl constitutes a well defined map from H relD —

H:el, s Hg. This map turns out to be the desired isomorphism. In fact, if ’th,o €
[Qdbn—1,0]1r With [¢n_10]1r € C:Zlc}- (HY), then for arbitrary choice of the represen-.
"B

tative ¢n_1,0 of [fn—1,0]1', there exists ¢, 1 € C™~! such that

Yno = QBPn-10+6fn-1 , QB6n-1=0 . (3.16)

Owing to the é-exactness, HY = 0 (n # 0), the relations (3.16) means that there
exist ¢p_;j_1,(¢ < 0) so that IZn,o = D(}:?___k ¢n—i-1,) for k < 0. Thus we see that
the map [¢]p + [ o]z is injective. On the other hand the surjectiveness follows
rather easily from the same argument as above, and thus we arrive at the proof of

the isomorphism(3.9).
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The next isomorphism

Hiop(Frlpr) ® ) Fulp) ® Ase)  HP(H), o (FL(p1) ® ) Fulpr) ® Asc))
t t

(3.17)
follows in the same way: for each D-cocycle 1, we can construct this time
. n+4l . k—n )
Yon =ton+ I (=S in-i+ D (=SYt¥jnti - (3.18)
=1 j=1

Then the map []p + [ho n]2 constitutes the desired isomorphism.

Now we can present how to construct the physical state utilizing the isomor-
phism HsHy 2 Hpy Hs. According to the result (3.5), Os(pr, pn) = |pL) ® |pn) ®

c1|0)44 is a cocycle in H ng and furthermore,\in the present case n > 0, the

el ,Q B
state O5(pL,pn) is a D-cocycle at the same time. Therefore we obtain the cocycle

OQB(PL,Pn) in H:el, Qaﬂg through the isomorphism (3.9)
O45(PLPn) = (=5)"Os(pr,pn) - (3.19)

Case (II) n <0

Due to the exactness of both - and -'QB-sequences, we can follow the same
processes as in case (I), but the final form of the cocycle is quite different from the
former. In this case, we will find that the D-cocycle ¥ (3.10) is D-cohomologous to
¥,

¥ =om+Y-1ng1+ + Yngr-1 + Pnp (3.20)

where we define ";n,o = ¢n,0+z:;‘c=1(—s)j"/)n—j,j and "ZO,n = "/)0,n+2?:1l(—“§)i¢i,n—i-
It is possible to show through the similar argument to the case n > 0, that the
map [¥]p = [Yon)z ([¥]p — ["Zn,O]Z’) realizes the isomorphism H,. p & HsH_, 5,

(-Hrel,D & HreI,Q5H5)'

~-19 -



In contrast to the case (I), when constructing the physical states, we must first
find the D-cocycle which corresponds to the cocycle Os(pr,pn) in HsH 05" The
D-cocycle corresponding to (3.20) turns out to be

Op(pr,pn) = {1+ (=8) +(=5")" + - +(=8)"}0s(pr,pn) ,  (3:21)

where S’ = (1) le& Therefore we can obtain the corresponding physical state

in HQBH6 as

04,(PL,pn) = (=5)"Os(pr,pn) - (3.22)

3.3 The general structure of physical states

In the previous subsection we have obtained the general formula which entails
the physical states in (3.19) and (3.22). By examining carefully the operations of

(=S)™ and (—S’)~™ there, we can confirm the following forms of physical states.

0 (or.p {P({L—m}, {c-m}) | PL)® | Po) ® c1|0) g if n>0

3 LyPn) =

.QB P({K—m}) {L—m}1 {b—m}) | PL)® | pO) ® Cl|0>gh ifn<0
(3.23)

where P means some polynomial of the arguments and py = po(r,s) or ZQM —
po(r, s) depending on the value py. As it is clear now, physical states with positive
ghost number (n > 0) contain only c-yhost' excitations and those with non-positive
ghost number (n < 0) contain only b-ghost excitations from the physical vacuum.

Let us explain the above proposition.
(i) n > 0: We first rewrite (3.19) to the following sequence of maps and investigate

each operation QB(S‘l, ?zig-zag”, in detail,
P g-zag

-1 A -1 A -1 A ‘
Oo,n R Oo,n-1 2, O1,n-1 = O1,n—2 <5, O2.n-2 LERURL2 Onyo (3.24)

where Oon = Os(pL,pn) =| PL)® | pn) ® c1|0)gs and Onpo = Oy (pL,Pn). Owing

to the property of Felder’s resolution, the first action 6! results in the co-singular
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vector in F(pn—1); which can not be written via L_,’s and is determined up to the

action 6 of something,

00,n—1 = 5_100,11

‘ (3.25)
=| pr) ® P({a-m}) | pn-1) ® c1[0)gn - -

Now introduce the following notations: ,

QB = QL + QM + th with QL = Zn;éo C—nKay, QM = Zn;go c-nln and Qy_h =
—%E(n — ) : ConCombnim :. Then due to the fact that Qp | pr) ® c1|0)gn = 0
and Qghcllﬂ)gh = 0, only the Qp-term acts on the state Oon-1 as

O1,n-1 =QBO0,n-1
= | p) ® QuP({a-m}) | Pa-1) ® c1|0)gn (3.26)
=P({L-m},{c-m}) | PL)® | Pr-1) ® c1|O)gn ,

where in the last line all the oscillators {a_,,} can be replaced safely with the
Virasoro generators. This is indeed possible because the conformal dimension of
the matter sector is reduced to the amount that the ghost excitations have used,

and there is no longer the degeneracy between the basis a,’s and L,’s.

The subsequent operations are essentially the same as (3.25) and (3.26). In fact

since the coboundary operator § commutes with Virasoro generators it follows that

-1
O1n-2=6""01n1

| (3.27)
= P({L-m}, {c-m}) | pL) ® P({a-m}) | Pn-2) ® c1|0)gn ,

and again the same structure as (3.26) can be found in 02 ,—3 = (:23(91;,,_2. Iterat-
ing these processes, we can deduce that the b-ghosts never appear in the final result.
Another important point in the process is related to the ambiguity associated with
the action 6"i. Although each action of the zig-zag suffers from this ambiguity, it
can be seen that only the one arising from the final step is relevant to the form of
Ono. And this ambiguity is not important when we view the Virasoro irreducible
module as Vir = H)(3 F;). In this sense, we arrive at the general form (3.23).
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(i1) n < 0: Let us write the operations of (—S’)™™ on Os(pL,pn) as.
5 25 5 Q5 5 5 Q5
Oopn=>O0nt1 ~2O0_1 941 — O 1pt2—O0_gpp2—+— Ony10—20np
| (3.28)
where Oo,n = Os(pL, pr) =| PL)® | pn) ® c1]0)gn and Onp = O, (pL, Pr). Since
the state | p,) is mapped under § to the Virasoro singular vector in F(pn41), it
follows that

Oont1 = 600,
" " (3.29)
=|pr) ® P({L-m}) | Pnt1) ® c1]0)ga
By noting the fact 7
QBOont+1 = Qp60o, = 6Qp0pn =0 (3.30)
and Op n41 is trivial in erl o5’ we can write Og 41 as a QB—exact form:
Oont1 = QBO-1 041 - (3.31)

Our assertion is that in general @_; 41 can be taken as the following form:

O.i1p41 = PI({E-m} {Lom}, {b-m}PlpL)® | pat1) ® c1]0)gn ‘1(3.32‘)

where P, means some homogeneous polynomial of b-ghosts with degree k.
This fact is confirmed in the following way. From (3.29) O_; 541 is defined so that

it satisfies
P({L-n}) | p)® | pu1) ® c1lO)gh = Q5011 - (3.33)

The constraint from the ghost number restricts the general form of O_; ;1. In

our case, the following types of monomials exhaust the possibility;

{K}{L}b, {K}{L}bbc, {K}{L}bbbcc, --- {K}{L}bb---bec---¢c ,

n n-1

where for simplicity we omitted the subscripts of each modes and {*} means some

products of *. If we inspect the way of operation Q B on these monomials, excluding
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the trivial operation arising from C}"’B = 0, we will find that only the first type of
monomial satisfies the relation (3.33). In other words any monomials except the
first one and their arbitrary linear combination never give rise to single {L}- term

under Q. Thus follows our assertion.

We can apply the similar argument to the subsequent steps and will find the

following result,

Otk = Pe({K-m} {Lom}, {b-mDIPL)® | Pasr) ® c1|0)gn , (1< k< —n)

(3.34)
up to Q p-exact forms. Generally, as has been the case for n > 0, the ambiguities
associated with Q p-exact forms at each zig-zag are irrelevant to the final expression
of Opno except the last two zig-zag operations. One of the two ambiguities which
are remaining will disappear again when we view the Virasoro irreducible module
as Vir @ HJ(3 F:), and the other is the one which is always associated with the
BRST analysis.

4. PURE GRAVITY

In this section, we will apply our general procedure to the case of ¢ = 0, i.e.,
the pure gravity. Then it will be found that there is a close interplay between the
embedding structure of the Virasoro Verma modules in the matter Fock module and
that in the Liouville Fock module. As our general formula shows, the construction of
thg physical states is different depending on n > 0 or n < 0; the former corresponds
to the macroscopic loops (n(pr) > 0) and tvhe latter corresponds to the microscopic
loops (n(pr) < 0) which have direct relation to the observables found in the matrix

model.

Let us first recall some results on Felder’s free field resolution and the structure
of the Liouville Fock space FL(pr) as the Virasoro module. In the case of ¢ = 0,
where (p,q) = (2,3),(r,8) = (1,1) and Qu = ﬁs, Felder’s resolution can be

obtained via Coboundary operator expressed through a single contour integration
6= /dz V3 (4.1)
The conformal dimensions of the (co-)singular vectors are given by so-called Euler’s
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pentagon numbers,
ar=(2t+1)(3t+1) , b=t(6t+1) (t€Z) . (4.2)

Under the on-shell condition, Ar(pr) + as = 1 or Ap(pr) + bs = 1 for some
s € Z, the Liouville Fock space F(pr) belongs to the type III(+) or III;(—) in
ref.[23] depending on n(pg) < 0 or n(pr) > 0, respectively. The embedding struc-
ture of the Virasoro Verma modules in II14(+) are drawn in Fig.1, in conformity
with the recent correction by E.Frenkel[24], where the degree of the (co-)singular
vectors are given by 1 —a; or 1 —b; (Jt| < |s]).

The on-shell condition Ap(pg) = 1—as or 1 — b (¢t € Z), under which the

physical states exist, can be solved with respect to the Liouville momentum as

2

pr(2t)F = (—2)5—:':12127;;—1—I for the choice of b_; ,

{pL(2t + 1) = (—z)w for the choice of a; ; (43)

with — sign for n(pr) < 0 and + sign for n(pr) > 0. The general form of the
cocycles OQB(pL’ pn) which has been revealed in the previous section simplifies

further in this specific case as

0. P({c—m}PlpL) ® |po) ® c1]|0)gn for n(pL) > 0 ;

QB‘“”’"):{P({K_m},{b_m})m)®|po>®cl|o>g,., for n(pz) <0, Y

with pp = 0 or 2Q s depending on the value of py ( see (3.8)).

Now let us look into the details how the concrete expressions (4.4) can be
obtained through our general formula (3.19) and (3.22).
The case of n(pr) <0 :

The first simple but non-trivial example is the construction of the physical state
|O7) = (b_y + %K_lb_1)|7i5)1; ® |0)ar ® c1]|0)gh, where and hereafter the subscript

of observables O indicates the KdV flow which the observables are assumed to
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generate under the correspondence to the matrix model. According to our general

formula, |O7) is represented as

OQB(pL(_l)—:p—l(l’ 1)) = (_Sl)oé(pL(—l)—)p—lv(l) 1))

a ] (4.5)
= _leél_z\/'g)L®| —\/g)M®Cl|0>gh ’
and is evaluated as follows: The first action of § is
51— V3p = LoalO)yr . (49

In contrast, we must be a little involved in evaluating the action Q_,';l; we first find
the following relation

n : 3
QB(b-z + =

; .
2K_1b_1)|%)1, ® |0)ar ® c1|0)gn

3 z. (4.7)
={Los+(K_2+ §K31)}|7-5>L ® |0)ar ® c1/0)gh

Here we recognize that the operators which have appeared in the right hand side
coincide with the singular vectors in the Virasoro Verma modules M(c = 0, h = 0)
and M(c = 26,h = —1). However, in the Fock space representation, both of
them do not constitute the singular vector at the same time; in the present case
L_2|0) 5 is a singular vector in Fps(py = 0) whereas (K_, + %K31)|:}§)L vanishes
identically in Fr(pg = 7‘5) because of the existence of the co-singular vector. Due

to these facts, we obtain an representative of the physical state as

3
|07) = —(b 92+ — I( 1b-1 ® |0)M®Cllo)gh . (4.8)

)|\/—>L

Now let us consider the next example |()1;) whose construction is more com-
plicated. The observable |011) is the one which arises‘from the on-shell condition

Ar(pr) =1—b_1, and can be expressed via our general formula as
Op,(PL(2)-,5-2(1,1)) = (—5")? O5(pr(2)-, 5-2(1,1))

. A 4.9
—Q§15Q515|2\/§>L \/—)M ®C1|0)gh ( )

As has been the case for [O7), we can see again an interplay between the singular

vectors in Fa(pp) and the existence of the corresponding co-singular vectors in
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Fr(pr) in each step of the ”zig-zag” operation, leé. The first zig-zag operation

can be solved by noting the following relation;
§ iV3)L ® f)M ® c1|0)gh = @BI¥(_1,-1)) (4.10)

where the state |[¥(_; _;)) has an complicated expression with arbitrary constants
A and B (, see appendix for its expression). From the construction of Felder’s
resolution for the Lh.s. of (4.10) and the evaluation of the commutation relations

for the r.h.s. of (4.10), we obtain

(Lh.s. of (4.10)) = V,|iv3), ® \/_)M ® c1]0)gn (4.11)

(r.h.s. of (4.10)) = (V; + gx‘;)h’\/?—))l, Q|- \/—)M ® c1|0)gn (4;12)

where V; and x4 are the expression of the singular vectors in the Verma modules

M(c=0,A =0) and M(c = 26, A = —4), respectively, and are given by

Vo=L_4—L_sL_y— L%, + —g-L_gLZ_ - 1L‘*_ :
13 2 3 2 ) (4.13)
=K_ s+ —~K_3K_ —K_ K2+ —K2,
X4 =K_4+ oK 3K_1+ 2 T 76K

Then, the equality (4.10) is attained due to the fact that x4|iv/3); = 0. The
evaluation of the second zig-zag proceeds in the same way but is more complicated.

The fundamental relation we note is aga.inv

6|¥(-1,-1)) = -QplOn) (4.14)

with setting A= -3, B=-1in |¥(~1,-1)) and defining

1.,
|O11) ={b_zb-1(K_2 + = Iizl) - —b sb_1K_1
1 (4.15)
+ gb-gbr - b_3b_s}iv/3) ® I%)M ® c1[0)gn
If we note (L_3 — 3 1)]7-)M = 0 in the matter Fock space, we will find for the
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Lh.s. of (4.14)

6% (-1,-1))
1 1 1
= {55-411-1 - b_3(§K_1L_1 +L_2)+b (K2l 1+ EKLL—I + L_3)
1 1 ' 1 ) 1
- b—1(gK§1L—2 — EK_1L_3 —K_9L_9— EL—4)} IZ\/§)L ® |%>M ® Cl|0)gh .

(4.16)
On the other hand, for the r.h.s. of (4.14), we obtain

R 1 -\ 1 '
—@B|011) = (r-hs. of (4.16)) + (2b_2x3 — §b-1X4)|2\/§)L ® |7§)M ® c1|0)gn
(4.17)
where x3 = K_3 + %‘IX’_zK_l + %1{31 and x4 = 19x4 — 9K _1x3. Again the facts
that x3/iv/3)r = 0 and %4|iv/3); = 0 entail the equality (4.14). Thus we finally

arrive at the expression for the observable |0;1) of the general form (4.4).

Here two general remarks are in order; 1) the- action le in each zig-zag is
always accompanied with the ambiguity of the term Qp(x) where (%) is an arbi-
trary operator with a definite ghost number and a definite conformal dimension.
However, in the successive actions of the zig-zag; (leé)(leé) “e (leé), all the
ambiguities except those from the last two zig-zags are irrelevant to the final ex-
pression of the observables because ,e.g., (Q;&)(Q};lé)ég(*) = 0. One of the
remaining ambiguities are fixed uniquely by demanding the general form (4.4) of
the observables. 2) As is clear in the above examples, each zig-zag operation Q};lé
is solved under the deeﬁ interplay between the singular vectors and the existence of
the corresponding co-singular vectors in the matter and the Liouville Fock spaces.
This structure in our procedure stems from the duality in the representation theory
of the Virasoro algebra with (¢, A) and (26 —c, 1— A), and can be extended to other
Kac-Moody Lie algebras [24]. Physically such an extension means to construct a

G/G-topological field theory[25] and seems interesting in its own right.

We list the results for some other examples in table 1.

The case of n(pg) > 0:

Although we will find later a general formula for all physical states in this

case, it seems still instructive to see how our formula works. As an example let
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us consider the physical state |@1;) which corresponds to the on-shell condition

Ar(pr) =1—b_1 with n(pz) > 0. Our general formula leads us to

04, (PL(2)+,p2(1,1)) = (=5)* O5(pL(2)+, p2(1, 1))
A A .8
= —Qp67'Qp67 —i—=)L ® [2V3) M ® c1[0)gn
V3
(4.18)
The first action 6~ on |2v/3) s brings us the co-singular vector in F(py = V/3)

which can not be represented via L_,’s,

3 3 V3
§7M2V3)p = (a4 — VBa_za_; - %az’-z + 5“—202-1 - ?051)|\/§>M , (4.19)

where the right hand side is determined up to the action 6 of something. The next

action Q B entails a rather complicated expression

Qps~t| - Z\/—)L ® |2V3)p ® c1|0)gn
117 22 25 41
= 75{?0_1L_1 - —3-C 1L_oL_1 + ?C 1L_3— 1—20 gL
17 . 8
+Tc_al_y+ Tc_3L_ — 70-—4” - Zﬁﬁ ® |V3)m ® c1|0)gn

(4.20)
The following action 671 has the effect of simply replacing |v/3)y with a_1[0)a
again with the ambiguity § of something. Then the final action Qp results in

|@11> = OQB(pL(2)+ap2(1) 1))

= {13—90—20—111—2 +9c_3c_3 — 1—3%6—46—1” - Z%)L ® |0)ar ® c1|0)gh -
(4.21)
Here we should note two important facts in the above process; the first is that the
excitation of the Liouville fields does not appear at any steps and the second is
that among the émbiguities associated with the action 67! only the final one is
relevant to the expression of the physical states. In the case of (4.21) we can choose

a representative for |@1;) utilizing this ambiguity as

1011) = (c_g0s — c_gc_y)| - f)L @0 ®crlO)gn . (4.22)

3
As apparent from the above example, all physical states can be described by the
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polynomials P({c_,}). Therefore the physical states live in the subspace |pr) ®
lpo) ® Ac where Ac =31, 0} Ceony - cony(c1|0)gn). Since the BAST operator

turns out to act in this subspace effectively as an operator

. ,
d= -3 Z (n—m)c—ncmbntm (4.23)

n,m>0

the cohomology is naturally embedded into a sirﬁpler cohomology H *(/\c,.d). One
should note that the cohomology H*(A.,d) is nothing but the standard Lie alge-
bra cohomology [17] H*(AL4, C) with trivial coefficient C. Where £; means a
subalgebra, spanned by the generators with positive conformal dimensions of the

Virasoro algebra L = L4 & Lo ® L_. The embedding is in fact an isomorphism.

All physical states with n(pg) > 0 (, anti-Seiberg states,) have rep-
resentatives in H*(AL4, C) and thus )

> H*(Fr(pr(t)+) ® C® Aw, @B) 2 H* (AL, C) . (4.24)
teZ )

The problem to calculate the cohoniology H*(AL4, C) was first posed by I.M.
Gel’fand at the 1970 mathematical congress, at the early stage of the representation
theory of the Virasoro algebra, and subsequently it was solved by Goncharova and
Gel’fand, Feigin and Fuchs[26]. To describe their results, let us define the coherent
state representation for a state |¥) = ) a(ny, -+, ns)cen, - - - c=n,(c1|0)gn) With a

fixed ghost number s by

U(z1, -0, 2) = 01( D 20%bm) -+ (D 6a)1T) (4.25)

n1=0 n,=0

where (0| means (c1|0),4)" = (0[b—1 (, note that the definition of the dagger op-
eration for our harmonic theory is unconventional here). It is an easy task to

recover the form of |¥) from the totally anti-symmetric function ¥(zy,-- -, z).
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Within this representation of states Gel’fand et al obtained the all harmonic co-
cycles in H*(ALy, C) as z1 -+~ 2,113 and 2{ -- - 22113 where I = M <icj<q(2i — )

and g € Zyg. Using their results, we can express all physical states by

(4.26)

= { lpL(s)4) ® z1 - - - 2,113 (s>0);
lpp(s)4) ® 2222113, (s<0)

In table 1, we list some of the observables in the form of operators using the state

and the operator correspondence.

5. DISCUSSIONS

BRST analysis of two dimensional gra,vitly tells us that there are infinitely many
physical states with ndn—vanishing ghost numbers. On these non- standard ghost
numbers, we have shown in this paper that c-ghosts and b-ghosts are attached to
the macroscopic loops and microscopic loops, respectively. To reveal the role of
such ghost fields must be important to our deeper insight into the whole theoiy.
As such a possible attempt within our approach we discuss the consistency of local
operator algebra of microscopic loops with those in the Schwinger-Dyson equation
of the matrix model paying attention to the ghost numbers and the gravitational
scaling dimensions of physical states. We will study this for two examples ,i.e.,
pure gravity (c=0) and Ising model coupled to gravity (c = %) As a result a part
of correspondence of both theories is indeed observed although some appropriate

choices of cohomology elements will be required.

So far we have only considered the relative BRST cohomology. In the present
case the relation between the relative cohomology and the absolute one is simple

and is given by [1.4]

abs(FL(pL) ® Vir(cpq, Ars) ® Aye) = Hg(FL(pr) ® Vir(cpg, Ors) @ Ape)
D CQH*

re_ll(}.L(pL) ® Vir(cplp Ar,s) ® Abc)
(5.1)

In order to relate the matrix model to Liouville theory, let us recall the definition of

the gravitational scaling dimension [9] of some spinless operator ® with conformal
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dimension A
_p+aq—|2pgt £ pr+gs|
p+qg—1

gdim &5 =1 , (5.2)

where + sign for a; and — sign for b;. Now define A; = |2pgt + pr + g¢s|, B; =
|2pgt — pr + g¢s| and denote the local operators of Liouville theory as O4,, Op,
which just correspond to the microscopic operators associated to the generalized
KdV flows [2] in the matrix model.

(i) pure gravity (c=0)

In this case there are one puncture operator P and its gravitational descendants
whose scaling dimensions are A; = |12¢ + 5| and By = |12t + 1|. It is convenient
to divide‘the local operators {Q4,, Op,} which belong to the relative cohomology
into two sequences: a-sequence {Ogk41}r>0 and ﬂ-sequénce {O6k-1}r>1 where
both Ogr4+1 and ng_l have the same ghost numb\er‘ —k. If we assume the local
operator algebra 0,0, ~ Op44-3 from the Schwinger-Dyson equaﬁon, then the
following relations are expected to hold |

axan~nf, BxB~a axf~0 . (5.3)

where the last relation means that the products of operators in a- sequence and
those in S-sequence produce the the boundary operators[27] which do not appear
in our present approach. The first relation is consistent with the ghost number
conservation whereas the second one is not consistent with it. In fact for § €

Ogk-1, Ogrr-1

O6k-106k-1 ~ Op(k+ki-1)41 » (5:4)
and the ghost number of L.h.s. (—k — k') does not coincides with that of r.h.s.
(—=k — k' + 1). However we note that, in the sense of the absolute cohomology
- (5.1), 0¢c0O; also has a meaning as a BRST invariant operator with the same scaling

dimension as (0;. Therefore if we assign co to either of the two operators in the

Lh.s. of (5.4), then the ghost number conservation can be recovered.

(i) Ising model coupled to gravity (c = %)
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There are two gravitational primaries P, and Q in this case[28]. For convenience

we will arrange the local operators as follows:

Py —sequence {O125-5(P)}x>1, P2 —sequence {O13141(P)}x>0
P3 — sequence {O12k—2(P)}>1, Q1 — sequence {O12£45(Q) } >0 (5.5)
Q2 — sequence {O12k-1(Q)}k>1, @3 — sequence {O12x42(Q)} x>0

where each representative has the ghost number —k. We can easily confirm that

these sequences satisfy the following relations from the Schwinger-Dyson equation,
Op(P)O(P) ~ Op1g-1(P), Op(P)0¢(Q) ~ Opyq-1(Q) , (5.6)

and

0p(@)04(Q)0(Q) ~ Opigir—s(P), Op@)O4(P)OH(P) ~ Opigir—s(Q)
(5.7)

Note that we have the local operator algebras (5.7) when three operators coincide
as well as the algebras (5.6). There are several cases in which the ghost number
conservation is violated for the relative cohomology elements. However as in the
case of pure gravity it is possible to recover the ghost number conservation if we
replace some appropriate operators O; by the corresponding operators dcQ; in
the absolute cohomology 0cQ;. It is expected that the similar discussion is also

applicable to the general matter case.

Finally let us briefly refer to the implication of our results in comparison with
the Seiberg’s analysis on Quantum Liouville theory[29]. Within the minisuperspace
approximation Seiberg showed the existence of two kinds of states ,l.e., macroscopic
loops (n(pr) > 0) and microscopic loops (n(pg) < 0)) by using Hartle-Hawking like
constructions. Macroscopic loops are not local operators and correspond to normal-
izable wave functions while microscopic loops are local operators and correspond
to non-normalizable wave functions. As we have seen in this paper the same clas-
sification by Seiberg naturally arises in our BRST analysis and that if restricted to
ghost sector, macroscopic loops contain c-ghosts only and in contrast microscopic
loops contain b-ghosts only. These correspondences might possibly suggest the new

aspect of the different geometrical and physical roles of ghost systems.
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APPENDIX:

The state which appears in eq.(4.10);

31
[¥1,-1)) = {3 b—4+b—3(—K~1—'—L 1) +b_o(K_y— L_ 2——K-1L 1)

5 1. .4
3K_2K._1 + -4—K_1 - —IEL..s

1 1
+ §L-2L-1 - ZL_I + ZK_le_l - ZKEIL—I)

- 1
+ AQB(_Eb—Iib—l +b_gb_1L_4)

+ b_1(—K..3 +

+ BQB(Zb_ab-1 + b_zb_lK_l)}li\/gh, ® \/—)M ® C1|0)gh ,

where A and B represent arbitrary constants.
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a) 0, = ceV341 ; Os = e VA% co2c O; = e2V391 .93,
O = e%“(ca%a‘*c — %06206?0) ; O3 = e3‘/§¢L(084035c - %cc??’casc)
b) O, = Ce%«h ; O =1 ; 07 =: (bc + %K-l)e'—#‘h :

O =: {b(K_2 + 1K%,) — 186K _1 + 10% — dbbcye~V3¢r .

O13 =: {b(K_4 + 1sK_3K_1 + gg’C? + gagK- oK) + 5hKL))

K oK1+ SK21) + £0%6(K_z + £5K%))

—%Bb(IC_;; + 397
_1524556 oK1 + 15456 miss0'b — gg Obbe(K - 2 + 1—7’C 1)

— - 82bbcK ) — 25 8%bbe + LLo2bdbe e oL

Table 1; List of the observables:

O and O; correspond to the anti-Seiberg states and Seiberg states, respec-
tively. The subscripts indicate the KdV flow which these operators are assumed
to generate under the correspondence to the matriz model.




I, (-) m, (+)

Fig.1. Structure of the Fock module for the Liouville part.



