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ABSTRACT 

We solve a relativistic Hailliltonian theory where we treat the a111pli


tudes of definite isospin and angular 1110lllentuill obtained fro111 a chiral 


SU(2) x SU(2) invariant Lagrangian as separable potentials. We find that 


the constraint of quantum lllechanical cOlllpleteness, which is built into 


the Halniltonian 1110del, finds a natural expression in well known Lorentz


invariant and crossing-symmetric sum rules. In particular, by way of the 


Adler sum rule, we show that the lowest order effective potentials yield a 


solution for 7r-7r scattering that treats the 1=0 amplitude in an inconsistent 


way. By including the next-to-leading order contributions in the effective 


potentials, we find solutions that satisfy the Adler SUlll rule and in the pro


cess fix the crossed-channel renonnalization constants to values that are 


consistent with experilllent. As a lnore speculative application, we con


sider the line shape of the Higgs resonance in the standard 11lodel, and the 


lllodifications that result from the presence of a a techni-rho Il1eSon. This 


fonllalisIll provides a powerful parametrization of Goldstone boson scatter


ing in the presence of resonances. In a n10re general sense, the constraints 


iInplied by cOlllpleteness sum rules serve to delimit the class of Illodels that 


yield a consistent parailletrization of Goldstone Boson scattering in the 


resonance regIon. We consider the 111ethod of Pade approxill1ants as an 


exalllple of a lllodel that fails to satisfy these constraints. 




2 

1. Introduction 

In the lin1it where the u and d quark Inasses are set equal to zero, the Q. C. D. 

Lagrangian is invariant under the chiral group SU(2) x SU(2). This synllnetry is assuIned 

to be spontaneously broken by the Q. C. D. vacutUl1 to the diagonal subgroup of isospin 

transfonnations. The resulting three pseudoscalar Goldstone bosons are identified with 

the pions. Fortunately, the strong interaction dynalnics of the pions is accessible to an 

expansion in powers of InOInenta and quark Inasses. This expansion can be obtained in 

a systeInatic and elegant fashion froIn an effective Lagrangian involving only the pion 

fields [1]. The non-renonnalizable character of the Lagrangian is Inanifest in the need to 

introduce new undeternlined parameters at each non-leading order in the expansion. These 

scale dependent paraIneters are unconstrained by chiral synllnetry and represent the low 

energy effect of the underlying theory. Presulnably they depend on the quark Inasses and 

the Q. C. D. scale, and in principle can be derived froll1 the Q. C. D. Lagrangian. However, 

no one knows how to do this and so these paraIneters are obtained phenoInenologically 

near threshold [2,3]. This Inethod constitutes a powerful test of chiral synunetry. 

In the resonance region, for obvious reasons, it is no longer Ineaningful to keep only 

the first few tenns in the chiral expansion. This poses no apparent setback since one can 

couple any fields to the pions in a chiral invariant way [4]. However, these fields appear in 

the scattering alnplitudes as zero width particles, and the couplings of these fields to the 

pions, which are related to the decay width, are in general unknown. Furthennore, it is 

not clear how to generate imaginary parts of propagators associated with higher order loop 

cliagraIlls within chiral perturbation theory. These difficulties can be circuInvented by using 

a shnple unitarization scheme, however, as will be seen below, this will not always yield the 

correct width. If the resonance is integrated out, its effect is felt at low energies through 

the renonnalization constants associated with loop diagraIlls involving Goldstone bosons 

alone. In the case of 1r-1r scattering, the low energy constants are completely saturated by 

p exchange [2,5,6]. This is reminiscent of vector meson dominance [7] and has been refered 

to as "chiral duality" in ref. [6]. In general, one expects the resonance with the lowest 

11lass to have the greatest effect near threshold. Of course, the resonance spectrulll itself is 
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not fixed by chiral syulluetry; although the Lagrangian incorporates all of the syulluetries 

that the S-Iuatrix is known to satisfy, the particle content is unconstrained. 

There have been Iuany attelupts to go beyond chiral perturbation theory and luake 

definite stateluents regarding the resonance spectrtuu [8-13]. Recent interest in this ap

proach is in part due to the "equivalence theorem" which relates the Goldstone boson self

interactions with the interactions of the longitudinal conlponents of the standard Illodel 

gauge bosons [14]. In particular, the Higgs boson should occur in the custodial-isospin 

= 0 S-wave channel of longitudinal gauge boson scattering. The cOluplete lack of ex

perilllental data in this energy region renders the effective Lagrangian approach academic. 

Moreover, there is reason to believe that, even if there is an observed enhanceluent in the 

yield of longitudinal gauge boson pairs in the energy region that will be probed by the 

sse, it will prove difficult to make use of chiral Lagrangians in relating the data to an 

underlying theory [15]. 

An alternative approach to the Goldstone boson interactions in the resonance region 

involves using a chiral Lagrangian to calculate an effective potential, rather than the S

luatrix itself. The effective potential is subjected to a l110del dependent prescription which 

generates the S-ulatrix. In this paper we treat the partial wave amplitudes of definite 

isospin, obtained froln a chiral Lagrangian, as effective potentials. We then obtain the 

scattering amplitudes by solving a SchrOdinger equation for a relativistic Hauliltonian 

(R.H.) [16]. In particular, we consider a separable potential model [17] where we replace 

the energy variable by the center-of-mass energy-squared, s. The positions of the poles of 

the scattering amplitudes are determined by the renormalization constants associated with 

subtracted dispersion integrals. We assume the absence of exotic resonances and therefore 

focus our attention on the 1=0 and 1=1 channels. We work in the chirallimit since we are 

particularly interested in physics at the p scale. 

For a tree-level effective potential, the I = 1 aluplitude that we derive is identical to the 

Brown and Goble aluplitude [8] obtained by considering an effective range expansion about 

the current algebra low-energy theorem. It automatically yields the KSFR relation [18] for 

the p width which is in good agreement with experiment. We find that there are distant 

tachyon poles in both the 1=0 and 1=1 amplitudes, however we show that these occur 

beyond the scale at which our effective theory breaks down [19]. 
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In relativistic field theories, the use of cOInpleteness stun rules is cOInplicated by the 

fact that the aSYInptotic behaviour of cross sections renders nlost dispersion integrals di

vergent, thus requiring the introduction of undetennined subtraction constants. However, 

argtunents based on Regge pole theory allow the derivation of a slnall nUInber of stun 

rules [20,21] for a given process, based on the properties of the leading Regge trajectories 

that participate in that process. In particular, we find that for the R.H. aInplitudes with 

tree-level effective potentials, the Adler stun rule [22] is not satisfied with the p and f 

contributions in the resonance-saturation approxilnation. We show why this is the case by 

rearranging the Adler SUIn rule into stun rules for the direct-channel isospin aInplitudes. 

These stun rules display the direct- and crossed-channel resonance-exchange contributions 

separately. We find that if one asstunes, as in the current algebra derivation of the KSFR 

relation, that crossed-channel contributions to the I = 1 anlplitude are absent, then it is 

inconsistent to asstune the saIne for I = O. This suggests that the tree-level I = 0 effective 

potential is inadequate. 

In order to overCOlne the difficulties inherent to the tree-level case, we construct the 

R.H. aInplitudes with one loop effective potentials [16]. We find that the p and the f widths 

are Inodified by the crossed-channel corrections. We fix the renonnalization constants that 

deternline the strength of these corrections by requiring the Adler sum rule to be satisfied. 

The resulting paralnetrization of the 1=0 and I=l1r-1r scattering aInplitudes depends only 

on the p and f Iuasses, and is in good agreement with experitnent. 

The stun rule analysis is completely general, and can be applied to any SU(2) x SU(2) 

synunetric theory. Of course, the analysis must be supplelnented with assuInptions con

cerning the resonance spectrUlll. The falniliar isolnorphism between the 1r-1r interac

tions, and the interactions of the longitudinal cornponents of the standard Inodel gauge 

bosons [14] suggests an interesting application for the stun rule analysis. Specifically, we 

consider the deviations from the Higgs line shape due to the presence of a techni-rho 

resonance, which presulnably would exist in Q.e.D.-like theories such as Technicolor. 

Several recent papers have critiqued the Brown and Goble paralnetrization and claimed 

that the Inethod of Pade approxirnants is a superior unitarization schelne since it includes 

crossed-channel contributions [12]. We show, by way of our sum rule analysis, that the 

Pade anlplitudes do not include the crossed-channel contributions in the proper way. 
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The paper is organized as follows. In sect. 2 we obtain the effective potentials froll1 

a chiral Lagrangian. In sect. 3 we introduce the separable potential III0 del , and explic

itly calculate the scattering alnplitude for an arbitrary potential. We then consider the 

special case of a tree-level effective potential for 1r-1r scattering in sect. 4. In sect. 5 we 

construct completeness SUll1 rules for fully crossing sYlnmetric aInplitudes and consider the 

constraints that these SUln rules iInpose on the R.H. model 1r-1r amplitudes. In sect. 6 

we construct the alnplitudes with I-loop order effective potentials and again consider the 

special case of 1r-1r scattering. Sect. 7 applies the results of sect. 6 to the scenario of 

a strongly interacting Higgs sector. In sect. 8 we lnake use of our SUll1 rule aI1alysis to 

critique the Inethod of Pade approxilnants. Finally, in sect. 9 we sUllunarize our results 

and state what has been learned by way of this analysis. Our 1r-1r conventions are given 

in an appendix. 

2. Effective Lagrangian 

In the chiralliInit, the lowest order tenn in the effective Lagrangian is the non-linear 

siglna lnodel 

(2.1) 

where 

iT' if)
~=exp ( T (2.2) 

and has the transformation property 

(2.3) 

under SUL(2) x SUR(2). This lowest order term reproduces the current algebra low

energy theorell1 [4]. There are no undetennined parallleters at this order since all theories 

invariant under SUL(2) x SUR(2) must posses this tenn. At next-to-Ieading order there 

are two additional terms, 
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where C1 and C2 are unknown constants which characterize the underlying theory at low 

energy. According to the usual power counting rules [1], the contributions of order E4 

are obtained frol11 loop graphs using .c(2) and tree graphs using £(4). However, since the 

unknown constants are associated with the real part of the alnplitude, we can just as easily 

dispense with .c(4) and use .c(2) together with unitarity and subtracted dispersion relations 

to obtain A(4)(s, t, u) [9]. In that case, C1 and C2 take the fornl of subtraction constants. 

A direct Feynlnan diagral11 calculation using £(2) and £{4} yields [1] (see Appendix for 

conventions) 

(2.5) 

The logarithmic divergences resulting fronl loop diagranls involving £{2} have been ab

sorbed into a scale dependence J.l for C1 and C2. In particular, 

CI (1'2) = CI (v2
) - 24 (~7r2) log (~~) (2.6) 

C2(1'2) =C2(1})-12(~7r2)log(~~). (2.7) 

For later use we project out the alnplitudes of definite isospin and angular lllolllentulll, 

aJJ. We find, 
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where we have deCOll1pOsed the all1plitudes according to the following prescription: 

(2) (4)D (4)C
aIJ ()8 = aIJ (8 (8) + aIJ (8). (2.9)+ aIJ 

The second and third ten11S are contributions frol11 direct- and crossed-channel loop dia

grall1s respectively. We note that due to a cancellation between the direct- and crossed

channel loop contributions, no 10garitlu11 appears in the I=.}=1 all1plitude to this order. 

3. A Relativistic Hamiltonian Model with Separable Potentials 

In this section we recall the Relativistic Halniltonian 1110del of ref. [16] for the two

Goldstone boson interaction. Since total angular 1l10111entuln and isospin are conserved, the 

various spin-isospin chal1nels do not Inix with each other. For the two-Goldstone Boson 

systell1 the problem thus reduces to a single channel problem which can be treated in 

tern1S of a series of "Hamiltonia" with the states labeled by the center-of-mass energy

squared, s. We will ell1ploy a separable potential with an interaction obtained frOll1 chiral 

perturbation theory. We choose the separable potential for two reasons: first, the structure 

of the wave functions and the scattering amplitudes is relatively simple [17,23] even with 

the natural constraint of unitaritYj second, no generality is lost since anyone channel 

scattering alnplitude can be reproduced by a suitable separable potential [24]. 

The systelll consists of two fields associated with Nand f) particles. The Halniltonian 

is given by 

(3.1) 

where without loss of generality, g(8) Inay be chosen real and positive and the - or + signs 

designate the potential to be respectively attractive or repulsive. The theory decolnposes 
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into a countable set of distinct sectors labeled by the N - () content. The Inatrix elelnent 

of the Hall1iltonian l)etween the one N-one () sector is given by 

(N ()s IHIN ()s') = s<5 (s - s') + 9 (s ) 9 (s') . (3.2) 

The continuunl wavefunctions are detennined through the eigenvalue equation 

(3.3) 


Explicitly evaluating this 111atrix elelnent yields 

(-y - s) <P-y (s) = H (s) Jds'g(/)<p-y(s'). (3.4) 

The "in" solutions are 

(3.5) 

A series of algebraic nlanipulations deternlines the integral on the right hand side so that 

(s) =<5( -s g(s)g(,). 1 (3.6)<P-r ,) + + . J g2(s')ds' . ,-s 1+ .t€ 
-r-s'+u 

These scattering-state wavefunctions, together with the wavefunction of a bound state, if 

present, satisfy an appropriate orthonormality relation and are complete. The scattering 

all1plitude is given by [17] 

(3.7) 
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4. Renormalization and Particle Content 

We define our effective potential as 

V 
-

(s) =_ 
±71"g

2 
(s). ( 4.1) 

For a given V(s), we obtain an "exact" scattering anlplitude t(s). In order to avoid dou

ble counting, our effective potential consists of all direct-channel two-particle irreducible 

diagranls in chiral perturbation theory. The effective potential, or nUInerator function, 

includes all contributions associated with the left-hand discontinuity. To lowest order, the 

effective potential is given by the current algebra result. Say 

- (2)
V(s) = aI} (s) = aIls (4.2) 

with 

1 1 
a =-----",- and au = . (4.3) 

00 - 1671"F1r ' 9671" F1r 

Then 

aIls (4.4)t I } ( s) = 1 _ !!ll.. roo ds's'. . 
1r Jo S'-S-'I.{ 

The dispersion integral is clearly undefined. It requires SOine fonn of regularization. Define 

00 f
aI}1 ds SfII} (s) = - f • + counterterms. (4.5) 

71" 0 S -s-u 

With two subtractions l we obtain 

II} (s) ds's' (s - sO)2 2 + p (s)) (4.6)= al} ([00 
71" 10 (Sf - s) (Sf - so) 

where P(s) is a polynonlial of the first degree. Integrating and noting that So is arbitrary 

and not independent of P(s) yields 

1 The subtractions take place at the saIne point so for the amplitude and its first 

derivative. 
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(( (4.7)a1 J -s) -( 2))11J(S)=----;- s 10g(M2) +P S;ll 

where 

(4.8) 


We can absorb b1 J into a redefinition of the pion decay constant, 

F;R = F; (1 + aI~lJ). (4.9) 

However, we set b1J = 0 since quadratically divergent loop integrals involving Inassless 

particles vanish in dilnensional regularization. That is, in chiral perturbation theory with 

the Goldstone bosons alone, the pion decay constant is not renormalized. It follows that 

(4.10) 


where independence of the amplitude on the choice of scale requires 

(4.11 ) 


The appearance of an undetermined paralneter is a reflection of the nOll-renonnalizability 

of the chiral Lagrangian froln which we derived our effective potential. We note that the 

absence of the left-hand discontinuity in the tree-level effective potential illlplies a violation 

of crossing sYllunetry [25]. 

At this point we Inust say something about the spectruln of the specific systeln that 

we are considering. We specialize to the Tr-Tr systenl, and we aSSUlne the existence of a 

p-lneson in the 1=1 P-wave channel, and an f-lneson in the 1=0 S-wave channel. We choose 

our renonnalization point such that the resonance occurs "near" S = JL2 (i.e. when the 

narrow width approximation is valid). Defining 

(4.12) 


we aSSUlne that at S = JL2, ReD1J( s) = 0, which gives 
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(4.13) 

and 

(4.14) 

Finally, we obtain 

s -s )( ) s (Doo s == 1 - --2 + 2 2 log --2 ' ( 4.15) 
mf. 1611" F7r mf. 

and 

s s (-s)Du (s) = 1 - -2 log m 2 . ( 4.16) 
rnp p 

We define the resonance widths as 

d8IJ(S) I __I_ 
2 ( 4.17) ds s=m - rm 

froln which we obtain 

(4.18) 

where the last approximation follows when the narrow-width approxiInation is valid. For 

the p we obtain 

(4.19) 

This relation, known as the KSFR relation for the p width, was first derived using current 

algebra Inethods [18] in a calculation that implicitly aSSUlnes that left-hand cut contribu

tions to the I==J==1 amplitude are negligible [26]. 

If we also treat the f in the narrow-width approxiInation, we find 

(4.20) 

There is a broad enhancement in the I=.J=O phase shift in the vicinity of the p. However, 

an f this broad should not be amenable to a narrow-width treatInent. Nevertheless, we 
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continue to use the narrow-width approxilllation and hope that at least our qualitative 

conclusions relllain unaffected. This treatInent is in the spirit of Q. C. D. in the large

Nc-liInit [27], where elastic Ineson-Ineson scattering is given by a stun of tree diagranls 

involving the exchange of zero width lnesons [28,29]. 

An interesting feature of our alnplitudes is the existence of poles at euclidean Ino

lllenta, which we refer to as tachyons. There are distant tachyon poles in both atnplitudes. 

Following the conventional approach [19], we define a cutoff A, which we interpret as the 

scale at which our alnplitudes cease to Inake sense as an effective theory. Fronl Eq. (4.11) 

and Eq. (4.13), we obtain a renonualization group equation for the 1=0 renonnalization 

constant, 

(4.21 ) 


Defining our cutoff as the scale at which rn2(/,,2) blows up, we find 

(4.22) 


where in the last approximation we have assulned that rn,( = mp = 770 MeV, and 

F1C' = 93 MeV. On the other hand, from Eq. (4.15) we find that the position of the 

distant tachyon is given by 

_ 2 A2.sT - -rnT ~ - . ( 4.23) 

Therefore, we regard the distant tachyon as outside the range of validity of our effective 

theory. A siInilar analysis follows for the 1=1 alnplitude. In that case we find 

(4.24) 


This difference of two orders of magnitude between the two cutoffs is related to physics 

near the threshold point: the 1=1 low-energy theoreln has a larger domain of validity than 

the 1=0 low-energy theoreln, as is made clear by the saturation of the unitarity bound [3]. 
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5. Completeness Sum Rules 

We recall that assuming the leading Regge trajectory for 1=1 t-channel exchange has 

0:1(0) < 1 leads to an unsubtracted dispersion relation for the 1=1 t-channel all1plitude. 

Evaluating at threshold and using the optical theorem yields the Adler SUln rule [22], 

1 _ 1 roo ds [2 0 1 5 2 ]
F'Jr 2 - ;:io -:;- '3O"tot + O"tot - '3O"tot • (5.1) 

In the resonance-saturation approxilnation [30], where we aSSUlne the absence of "exotic" 

1=2 resonances we find 

1 

F'Jr 
(5.2) 


This relation is not satisfied by the p and f widths given by Eq. (4.19) and Eq. (4.20) 

respectively. The only other resonance with a significant coupling to the 7r-7r channel is 

the f2(1270) which contributes about one third as lnuch as the p to the Adler stun rule. 

However, inclusion of this contribution only serves to increase the discrepancy, so for now 

we will neglect it. 

We can understand the failure of Eq. (4.19) and Eq. (4.20) to satisfy Eq. (5.2) if we 

deconlpose the Adler sum rule into algebraically equivalent sum rules for the direct-channel 

isospin alnplitudes which display the direct- and crossed-channel contributions separately. 

With the help of the crossing lnatrix given in the appendix, we find for /(s)=O and /(s)=l 

' t ,respec Ive y I 2 

00 00

1 11 ds [ 0] 11 ds [1 0 1 5 2 ]--2 = - - fItot - - - -fItot - O"tot + -O"tot ; (5.3)
F'Jr 7r 0 S 7r 0 s 3 3 

1100 00
1 ds [ 1] 11 ds [ 1 ° 1 1 5 2 ]
- - O"t t - - - --O"t t + -O"t t + -O"t t ' (5.4)0 0 0
2F'Jr 2 7ro S 0 7ro S 3 2 6 

Saturating these sunl rules with p and f yields 

2 It is interesting to note that, within the resonance-saturation approximation, the SaIne 

results follow if we assume that we can write an unsubtracted dispersion relation for 
A(s)(s,O) 

s 
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1 ~ (167rr() _ (487rrp)] (u) ; (5.5)
--2 = 3[ 3rn3 rn3 ( pF7r 

1 [(487rr )] (8) _~ (167rr() + ~ (487rrp)] (u) (5.6)
2F,,2 = m~ p [ 3 3rn~ 2 rn~ 

We note that if the u-channel contributions are neglected in Eq. (5.5) and Eq. (5.6), we 

obtain Eq. (4.19) and Eq. (4.20). This is reasonable since the R.H. anlplitudes with tree

level effective potentials explicitly neglect the u-channel resonance-exchange contributions. 

However, we see frOl11 Eq. (5.5) and Eq. (5.6) that if it is a good approxil11ation to aSSU111e 

that the u-channel contributions cancel in the [(8)=1 St1111 rule, then strictly speaking it is 

inconsistent to assunle that th~ u-channel contributions cancel in the [(s)=O SUlll rule. Since 

the KSFR relation is well satisfied experiInentally, this iInplies that a tree-level effective 

potential Blight not describe the 1=0 channel in a satisfactory lnanner. This clearly does 

not lllean that a tree-level effective potential cannot serve as a good approxiInation in the 

1=0 channel, since the Inissing contributions are associated with the crossed-channel and 

are therefore necessarily small in the resonance region. 

We can also consider a superconvergent SUIll rule for the I=2 t-channel aIllplitucie which 

follows if the leading Regge trajectory for I=2 exchange has Q'2(0) < 0 [31]. We obtain 

(5.7) 


In the resonance saturation approximation, if we aSSUIne that the Adler St1111 rule and the 

KSFR relation are satisfied, we find rrt( = rnp. 

In fig. 1 we display the I=O and I=1 phase shifts for the tree-level effective potentials 

in the special case where m( = m p , in accord with the superconvergence relation. 
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6. I-Loop Effective Potential 

In this section we construct the R.H. alllplitudes with I-loop order effective poten

tials [16]. Appealing to Eq. (2.9) we find 

~ (2) (4)C
V (.'I) = all (.'I) + all (.'I). (6.1) 

That is, in accord with our prescription given in sect. 4, we include all two-particle 

irreducible diagralns at order s2 in chiral perturbation theory. As explicitly displayed in 

sect. 2, this includes loop diagralns in the t and u channels as well as tree diagrams which 

are the low-energy Inanifestation of resonance exchange in the t and u channels. 

In order to obtain the alnplitude frOln this effective potential, we llUlSt evaluate another 

dispersion integral. Define 

l100d ' (4)C( )
II (.'I) = - ~ all ~ + counterterms (6.2) 

7T 0 S -8-'/, € 

where 

(4)C _ 2 [ ( S ) ] (6.3)all (s) = /3Ils log 1-12 +"'Ill , 

with 

-1 ( 7 ) 2 and /311 == -1 
(all)

2 
. (6.4)/300 =-;- 18 (aoo) , 

7T 

The "'II J 's are the renormalization constants associated with crossed-channel resonance 

exchange. With three subtractions3 we can write 

d ' ,2 1 ( s' ) ()3 00 2 3OO/3IJ1 s s og p:I s - So /3Il"'lIJ1 ds's' (s - so)
I1 (,-'l)=- 3 + 3+ P1 (s), (6.5) 

7T 0 (s' - s) (.'I' - so) 7T 0 (s' - s) (s' - so) 

where 

(6.6) 


3 The subtractions take place at the sallle point So for the axnplitude, its first derivative, 

and its second derivative. 
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Evaluating the integrals, we obtain 

f3I J 2 ( - s ) 2 f3I J,I J 2 ( - s ) p ( ) (6.7)II (s) = --s log(-) - slog -2 + 1 .5 . 
2~ ~2 ~ ~ 

NI J=O follows fro111 our definition of RIJ. 01 J=O for the saIne reason that bI J=O in sect. 

4. MI J consists of a new set of undetennined paraineters which appear at order s3 in the 

effective potential. For the full ainplitude we have 

One can easily verify that this ainplitude is scale invariant if 

(6.9) 


and 

M (/,2) = M (v2) + 2, (v2) log (::) -log (::) . (6.10) 

For 1=0 and 1=1 we continue to choose our renonnalization point such that a resonance 

occurs "near" s = J/,2. For the denoininator function we find 

s aIJs -s f3IJ -s -s2 ]DIJ = 1- 2" + --log(-2 ) + _s2 [(log(-2)) + 2,IJ (~2) log(-2) + ~2 . (6.11) 
~ ~ ~ 2~ JL JL 

An interesting new feature that arises from a I-loop effective potential is the shift in the 

resonance widths. In the narrow-width approxiination we find 

(6.12) 


The width is shifted from the tree-level case by an ainount whose strength is detennined 

by the crossed-channel renonnalization constant, ,IJ. This is cOlnpletely consistent with 

our stun rule analysis of sect. 5; there should be contributions to particle widths associated 

with crossed-channel resonance exchange. 
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For the p width we find 

(6.13) 

where 

(6.14) 

which yields 

(6.15) 

Since the KSFR relation is well satisfied experiInentally, we set fill = 1 or ,11 0 which I"V 

is consistent with the fact that the tree-level effective potential is a good approxiluation 

for 1=1. 

In turn, the Illodified € width is given by 

(6.16) 

where 

(6.17) 

or inverting, 

(1 - fioo) 2881T2F1r 2 

,00 = 2· (6.18)
7m( 

We can fix the paralueter fioo by requiring that the Adler sum rule be satisfied. If we 

saturate with the p and € alone, this determines fioo = i. Inclusion of 12(1270) reduces 

fioo to !. In fig. 2 we plot the 1=0 phase shift for these two values of fioo where we choose 

m( = mp in accord with the superconvergent sum rule. 



18 

7. The Higgs Boson Line Shape 

In the standard Illodel Higgs sector, the Adler st1111 rule no longer follows frc)1u the 

properties of the 1=1 Regge trajectory, but rather fronl the good high energy behaviour 

associated with renonllalizable gauge theories [32]. The statenlent of renonnalizability is 

closely related to the fact that only the Higgs particle is necessary to effect the cancellations 

aillong FeynIuan diagrains which ensure that physical mnplitudes are well behaved at high 

energies. In fact, the tree-level Higgs width, obtained fronl the Illinirnal standard Inodel 

couplings, trivially satisfies the Adler SUIU rule [29,33]. On the other hand, in Q. C. D.-like 

theories such as technicolor, one would expect a spectruin of low lying resonances as in 

Q. C. D. With the replaceinent of the pion decay constant with v, the weak scale, we can 

nlake use of the fonnulae in the previous section. With a Higgs alone, the Adler Stll11 rule 

is satisfied with A:OO = !. Whereas if we asstune the existence of a techni-rho with a width 

that satisfies a KSFR-type relation, we find A:oo = ~ as in 7r-7r scattering. In fig. 3 we 

exhibit the scalar meson line shapes corresponding to these two alternatives. 

8. Critique of The Method of Pade Approximants 

Beyond giving a powerful parainetrization of Goldstone boson scattering in the reso

nance region, the Adler sum rule serves to deliInit the class of Inodels which yield a con

sistent unitary parainetrization. For exainple, it is interesting to note that the [1,1] Pade 

approxinlant, applied to the chiral perturbation series [9-12], includes crossed-channel con

tributions, yet in the narrow width approxiIuation the € and p widths are the saIne as 

those obtained froin the R.H. Inodel with tree-level effective potentials. The [1,1] Pade 

approxiIuant is given by 

[1,1] ( ) _ a}~ (8 ) (8.1)
alJ S - (4) 

1-~ 
a~~(s) 

where we appeal to the formulae of sect. 2. It is clear that the [1,1] Pade approxiInant 

suffers froin the saIne ailment as the R.H. ainplitudes with tree-level effective potentials: 

the denoluinator function has no imaginary part in the right-half plane whose strength 

is detenllined by crossed-channel contributions. Our SUIn rule analysis suggests that it 
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is reasonable to require that the lowest order contributions associated with resonance 

exchange in the crossed-channel contribute to the width in such a way as to allow the 

Adler Slun rule to be satisfied. Froin this point of view, the Inethod of Pade approxiInants 

is essentially equivalent to the Brown and Goble parainetrization since neither unitarization 

scheine properly accounts for the crossed-channel contributions, and as a result, the particle 

widths are cOlnpletely detennined by unitarity. 

As was Inentioned in sect. 2, the logaritillnic tenn does not appear in the I=.J=l 

ainplitude to order E4 in chiral perturbation theory because of a cancellation between 

direct- and crossed-channel loop diagrains. It has been noted recently [12] that it is a 

positive feature of the [1,1] Pade approxiinant that it also lacks this logaritillnic tenn in 

the I=.J=l denoininator function (as can be seen from Eq. (8.1)). We find it difficult to 

understand why this should be a desirable feature, since the one-to-one correspondence 

between a resonance and a pole on the second Riemann sheet is lost. Clearly the R.H. 

ainplitudes with I-loop effective potentials do not possess this feature since they are of ~ 

fonll and therefore allow no cancellation between direct- and crossed-channel contributions. 

In fact, it is precisely this structure which allows the Adler Slun rule to be satisfied. 

However, if we expand the 1=1 P-wave amplitude, the logarithm is absent at order 82• 

9. Summary and Conclusion 

We solved a relativistic Hamiltonian theory with effective potentials given by the low

energy theorelllS of current algebra, and obtained the Brown and Goble parainetrization 

of 7r-7r scattering [8]. By considering suitable dispersion relations, particularly in the for111 

of the Adler SU111 rule, we were able to understand that strictly speaking it is inconsistent 

to neglect the left-hand cut in the 1=0 alnplitude, although and because the experiIllental 

validity of the KSFR relation indicates that it is a good approxiInation to do so for I=l. 

This delll0nstrates that simple unitarization procedures do not necessarily fix resonance 

widths to the correct value. The case of the p is special because it turns out that in the I=l 

p-wave channel, there happens to be a cancellation aillong the u-channel contributions. 
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We included crossed-channel contributions by going to the next order in the effective 

potential. We found that these contributions Inodify the ilnaginary parts of the denoln

inator functions, as they should, in order that the tree-level difficulties be resolved. In 

particular, we found that we could shift the € and p widths in order to achieve con

sistency with the Adler sunl rule, and in the process fix the renonnalization constants 

associated with the next-to-Ieading order tenns in the effective potentials. The resulting 

paralnetrization of 7r-7r scattering acts as a Lorentz-invariant and crossing-sYllllnetric fonn 

of the Breit-Wigner approxitnation [21], and is in good agreelnent with experilnent. As a 

Inore current application, we considered the itnplications of our analysis with regards to 

the line shape of the Higgs resonance. We found that the R.H. Inodel a1l1plitudes, con

strained by the Adler sum rule, exhibit the modifications to the Higgs line shape due to the 

presence of a techni-rho. Finally, we considered wether the Inethod of Pade approxiInants 

can be nlade consistent with cOinpleteness sunl rules. We found that although the [1,1] 

Pade approxitnant includes the contributions that are neglected by Brown and Goble, the 

Adler stun rule implies that these contributions appear in the wrong place. 

In general tenns, our analysis appears to be a vindication of the ~ fonn for the 7r-7r 

scattering amplitude as first advocated by Chew and Mandelstam [34]. Of course, the 

~ fonn was Inotivated by analogy with potential theory where the N-function is said to 

provide the interaction force. The surprising thing here is that it proves fruitful to extend 

the analogy further by introducing the notion of cOlllpleteness, in the fonn of well known 

stun rules, as a constraint on the fonn of the relativistic alllplitudes. 
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Appendix: The 1'1-1'1 System 

The 1'1-1'1 scattering aluplitudes are detennined by crossing sYlluuetry in tenllS of a 

single analytic function A(s,t,u) as 

(1) 

where 

S = (Pa + PfJ) 2 , (2a) 

t = (Pa _ PI )2 , (2b) 

U=(Pa-PS)2, (2c) 

are the usual Mandelstalll variables. These aluplitudes can be decolnposed into alnplitudes 

of definite isospin by using the standard techniques of projection operators. We find, 

To (s, t, u) = 3A (s, t, u) + A (t, s, u) + A (u, t, s) , (3a) 

Tl (s, t, u) = A (t, s, u) - A (u, t, s ) , (3b) 

T2 (s, t, u) = A (t, s, u) + A (u, t, s) , (3c) 

where the crossing matrix that relates the amplitudes in the s-channel to those in the 

u -channel is given by 

-1 

(
T.S) (1 

(4)"2~~ = ~i 1 

1 

"2 
In turn, the partial waves can be projected out. The result is, 

aIJ (s) = 3~1l"1>(cos 0) PJ (cos 0) TIC s, t, u) (5) 
• 

where for elastic scattering (in the chirallimit), 

iSIJ • r aI J = e SIn U I J . (6) 
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The total cross section follows froll1 the optical theoreln, 

167r
a}1 (s) =  I rn (aI J ( .s ) ) 

s 

and the phase shifts are obtained froll1 

(7) 

Re (al J (s)) 
cot 81 J ( s) = I ( ()r rn a] J S 

The narrow width approxilnation for the total cross section is given by 

(8) 

(9) 


Figure Captions 

Fig.(1) (a) 1=0 s-wave phase shift froll1 R.H. lllodel all1plitude with tree level effective 

potential cOlllpared with experitnental data of ref. [35](points), ref. [36]( open circles), and 

ref. [37]( open squares). (b) 1=1 p-wave phase shift froll1 R.H. Inodel amplitude with tree 

level effective potential compared with experilnental data of ref. [35](points), ref. [36]( cir

cles), and ref. [38]( crosses). All data points are extracted froln ref. [5]. 

Fig.(2) 1=0 s-wave phase shift from R.H. 1110del amplitude with I-loop effective po

tential cOlllpared with experilnental data of ref. [35](points), ref. [36]( open circles), and 

ref. [37]( open squares). The Solid line corresponds to 1'\:00 = ~, and the dotted line corre

sponds to 1\:00 = !. All data points are extracted frolll ref. [5]. 

Fig.(3) The scalar Ineson line shape. The solid line corresponds to 1'\:00 = ~, and the 

dot ted line corresponds to 1'\:00 = !. 
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Postscript 

We thank the referee for bringing to our attention a publication by T.N. Truong (Phys. 

Rev. Lett. 67, 2260 (1991)) which is related to this work. Truong conlpares various unita

rization schenles by focusing on the properties of the 1=1 P-wave alnplitude. He considers 

the ~ alnplitude with tree-level effective potential (equivalent to Brown and Goble result). 

He notes that due to a neglect of the left-hand cut contribution, the expanded alllplitude 

does not allow the cancellation of logaritluns that is a property of the 8 2 tenn in the chiral 

expansion. He further notes that the [1,1] Pade approximant does satisfy this property. 

However, we note that consistency requires that the Pade result be conlpared with the 

~ (RH) alllplitude with I-loop effective potential, since it is through the I-loop tenll in 

the effective potential that the lowest order left-hand cut contributions lllake their appear

ance. The cancellation among 10garitllllls at order 8 
2 then follows, as stated. We have also 

shown that due to a cancellation anlong crossed-channel contributions in the 1=1 P-wave 

aluplitude, its properties are not generic. 
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