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Abstract 

The parton model for semileptonic B meson decays is studied with 
special attention to the decay distributions. We find that the spectra 
show dramatic variations when we introduce cuts on the hadronic 
energy or invariant mass ofhadrons. Results for both b -+ u and b -+ c 
decays are presented. The detailed spectra may help to separate the 
two types of decays. 
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1 INTRODUCTION 

The decays of B-mesons have been studied extensively and have been very 
useful in extracting properties of the weak interactions. In particular, the 
b -+ U transition is still an active field of investigation. On the experimental 
side there is a large effort hindered by the difficulty of identifying the decays 
of B-mesons to light quarks. This difficulty of identifying b -+ u events forced 
investigators to concentrate on the end-point spectrum of the electron energy 
or study exclusive decays[1]. In this article we present an extended study of 
the semileptonic B-decays. We are interested in the decay 

B-+Xu+e-ii 

for which we wish to give explicit distributions in several kinematic variables. 
With the decay spectrum completely determined by a single fragmentation 
parameter, it may be compared to the competing process in B -+ Xc + e-ii. 
With the help of these distributions it should be possible to test character
istics of the decay products with various kinematical cuts, and, in particu
lar, collect events typical for this process. The hope is that with the results 
presented here the experimental analyses could incorporate many more events 
than those confined to the endpoint region of the electron spectrum. 

The first issue is the model that should be used. There are two models 
for the inclusive decays of reaction (1). The early model of AItarelli et aL [2J, 
to be denoted as ACM, uses a spectator model and a distribution of quarks 
within the B-meson described by the Fermi motion of the spectator quark. 
This approach treats the phase space effects correctly, but is rather crude, as 
the authors state[2], because it depends on an unknown distribution function 
for the spectator quark. The model pictures the overall decay as the disin
tegration of the B-meson into the spectator quark plus the decay products 
of the heavy quark. 

The second approach[3J uses the parton model at an infinite momentum 
frame (IMF). It pictures the mesonic decay as the decay of the partons. The 
probability of finding a b-quark in a B-meson carrying a fraction x of the 
mesons momentum in the IMF is given by the distribution function f(x). 
The distribution function f(x) will be identified, later on, with the observed 
fragmentation function of a b-quark into a B-meson. The kinematics for the 
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decay of a heavy to a light quark involve the correlation of two currents at 
short distances, where the incoherence of the decay products is justified. The 
decay kinematics are also different from those in deep inelastic scattering and 
the energy-momentum conserving 6'-function has now two roots. As a result, 
there are two scaling variables 

qo ± IqJ q±
x± ---	 -- (2)

MB MB 

which are the light-cone variables of the current-momentum. Thus we have 
again scaling of the distribution function but now in terms of two variables. 

In this article we compute in the parton model double- and triple-differential 
deay rates. As convenient variables we select the energy of the electron, Ee , 

and a second variable characterizing the hadronic system. The second vari
able is either the energy of hadron Ex == MB qo, or the invariant mass Mx 
of the hadrons. For fixed qo or Mx, the distributions in E" vary considerably 
and favor the ranges O.5MB ::; qo ::; O.8MB and O.lMB ::; Mx ::; O.3MB 
(Figs. 4 and 7). 

The inclusive decays involve a three-body phase space, which is described 
explicitly in the next section. Special attention is paid to the boundaries of 
phase space because they determine the ranges of several integrations. 

The plan of the paper is the following. Section 2 contains a detailed 
discussion of the phase space for the B Xu + e- Ii channel and defines --jo 

the ranges of integrations. The same discussion can be adapted for the 
B --t Xc +e- Ii decay. In section 3 we discuss the model and give in equation 
(35) the triple differential decay rate, which can be used to fulfil the specific 
experimental conditions. In section 4 we display many decay spectra, for 
both b --t u and b --t c semileptonic decays and compare them with the ACM 
model. In section 5 we report our summary and conclusions. 

KINEMATICS AND PHASE SPACE 

The semileptonic decay is shown in Fig. 1. We define the kinematic variables: 
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: momentum of B-meson 
: momentum of electron 

PB 
Pe 

: momentum of neutrino P" 

Px 
 : momentum of hadrons 

: momentum of current q P" + P" 
o 	 : opening angle between the electron and 


neutrino in the rest frame of the B-meson 


From momentum conservation, we have 

Px = PB - q, (3) 

or 
M,i M~ - 2MB(E" + E,,) +q2. (4) 

Expressing q2 as 
q2 == 2E"E,,(1 - cos 0) (5) 

it follows that 
(6) 

for 0 = 1C', and 

_ 2 < 0 1 = M~ - Mi- 2MB (Ee +E,,) < 0 (7) 

q2::; 4EeE" 

-~ ~& - . 

The upper limit in (7) gives 

M~-Ml <E +E (8)
2MB - e " 

with the equality attained for 0 == O. The lower limit, corresponding to 0 == 1C', 

gives 
M}::; 4(E" _ ~B)(E,,_ MB (9) 

which gives EtaE" ::; MB/2. In what follows we specialize to b --jo u decays 
and neglect the pion mass in the minimum value of Mi· 

We determine next the range for the invariant mass. We substitute 

q2 
(10)

E" = 2E,,(1 cos 0) 

4 
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into eq. (4) 

MBq2 
S = Ml = M~ +q2 2MBEe - Ee(1- cos ()) , (11) 

and obtain the boundaries 

q2 
s:::; (MB - 2Ee)(MB - 2Ee) (12) 

attained at () = 1r. For s = 0 and () = 1r eq. (11) gives the two boundaries 
q2 2MB Ee and Ee = MB/2 shown in Fig. 2. For larger values of s the 
boundaries are shown by the dashed curves. By this and similar methods we 
arrive at the phase space corresponding to the various orders of integration. 

Case A: Once we specify Ee in the range 

0:::; Ee:::; MB/2, 	 (13) 

then q2 is limited to the range 

o:::; q2 :::; 4EeE" :::; 2MBEe • (14) 

Finally for definite value of Ee and q2, the range of s is 

0:::; s:::; (MB - 2Ee)(MB - q'2/2Ee). (15) 

The lower bound for s corresponds to the production of a single pion and is 
appropriate for the b --)0 u decay. This approximation does not hold for the 
b --)0 c decay where Smin Mh. 

Case B: For a definite value of s = Mj the regions of q2 and Ee are 
limited by 	the diagram in Fig. 2 to be 

0:::; s:::; M~, (16) 

MB S 

o:::; Ee :::; 2 - 2MB' (17) 

0:::; q2 :::; 2Ee(MB + __-::-:- (18) 
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These are the boundaries for the case, where the order of integrations is first 
over q2, then over Ee and finally over s. 

Alternatively, we can choose as variables Ee, q2, qo and we discuss again 
two cases depending on the orders of integrations. The physical region is 
shown in Fig. 3. 

Case C: 
0:::; Ee :::; MB/2, (19) 

o:::; q2 :::; 2MB Ee, 	 (20) 

and 
q2 2

Ee +_ < q < MB +q2 (21)4Ee - 0 - 2MB . 

Case D: 
0:::; Ee :::; MB /2, (22) 

0:::; q2 :::; 4Ee(qo - Ee) for Ee :::; qo :::; MB/2, (23) 

and 

MB(2qo - MB) :::; q2 :::; 4Ee(qo 	 Ee) for MB/2 :::; qo :::; Ee +MB/2. (24) 

This completes the discussion for the kinematics of the decay b --)0 u. There 
are similar considerations for the decay b -+ c, which modify the numerical 
values for the boundaries. The calculation is straight forward and we do not 
discuss it in detail. In section 4 we shall show the difference in the spectra 
with the smaller boundaries for b -+ c which should help to separate the two 
decay modes. 

3 THE MODEL 

The model was already described in articles [3,4] where several spectra were 
also computed. Here we repeat several of the steps in order to point out new 
feat ures. The decay is in general defined as 

df = G2 /Vub1 
2 

£I1.11W: a,a Pe a,a p". (25)
(21r)5MB 1''' 2Ee 2E" 
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The leptonic tensor has the simple form 

Lp.v =2(P: P: + Pi: P; - gJl.v Pe • Pv + ieP.v Q(JP: pf). (26) 

The hadronic tensor is defined in analogy to deep inelastic scattering 

W () ( 2 ) PBp.PBv (2 ). PBq(Jw (2 P)p.v PB,q = -gp.vW1 q ,q'PB +-M2W2 q ,q,PB -ZeP.VQ(J M2 3 q ,q' B + ... 
B B 

(27) 

where the integration over the hadronic variables was already carried out. 

The structure functions Wi (q2,q. PB) contain the structure of the B-meson. 

The model pictures the decay as the decay of a free quark times the probab

ility f(x) of finding the quark with momentum XPB within the B-meson. In 

the model 


W1(q2, q. PB) = 4f dxf(x)6(x2PJ 2xq· PB +q2)(XPJ q. PB), (28) 

W2(q2,q' PB)/MJ =8 f dxf(x)6(X2p~ - 2xq· PB +q2)X, (29) 

Wa(q2,q. PB)/M~ = -4f dxf(x)6(x2pJ - 2xq· PB + q2). (30) 

The 6-function indicates the decay of a b-quark with momentum xPB to 
massless quarks. The 6-function has two roots and is simplified to 

6(x
2
pJ - 2xq· PB + q2) = 2M~ I~ [6(x - x+) +8(x x_)]. (31) 

with x± = (qo ± l~)/MB q±/MB. One difference from deep inelastic 
scattering is the existence of two roots, that is to say of two scaling variables. 
After carrying the integrations over x we arrive at the structure functions3 

W1 (q2,q. PB) 2[f(x+) - f(x-)], (32) 
4W2(q2,q. PB)/MJ MB lq'l [x+f(x+) +x-f(x-)}' (33) 

2Wa(q2,q. PB)/M~ - MB I~ [f(x+) + f(x-)]. (34) 


3Note that the structure functions in the present article are different from those in [4]. 
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Substituting the Wi'S in eq. (25) we arrive at the triple differential decay rate 

2 2 

df = G IVubl qo - Ee {x+f(x+)(2Ee _ MBX_) + (x+ +-t x_H. (35)
81raMB I~ 

This formula is simple and shows the dependence on the two light-cone vari
ables x± . 

The distribution function f(x) is in principle unknown, but there are 
physical arguments[3, 5, 6] relating it with the fragmentation function of a 
b-quark producing a B-meson. The fragmentation function was measured in 
several experiments and can be represented[6, 7] as 

x(l-x)2 
(36)f(x) = N[(I-x)2+ epx)2 

with ep a parameter and N the normalization factor. We will use three values 

0.003 

ep 0.006 

0.009 (37) 

with corresponding normalization factors 

0.09 

N 0.13 . 

0.17 (38) 

Finally, we must comment on the kinematic regions where the model is 
valid. Two criteria must be fulfilled. 

(i) The decay involves the correlation of two currents. We are more 
confident in applying the model when this distance between the two currents 
is close to the light-cone or at short distances. 

(ii) The model should apply in the region where many particles are pro
duced. Thus, we must avoid the edge of the phase space where one or two 
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pions are produced. These are the lines ab and be in Fig. 2. An additional mo
tivation for avoiding these regions is the following. In calculating the decay 
distributions we used quark kinematics in an infinite momentum frame. For 
the phase space, however, we used the kinematics of the physical particles. At 
the edges of the phase space these two procedures are not always consistent 
with each other and may lead to contradictions. 

To sum up, we feel rather confident in using the parton model for the 
decay B -+ Xu +e-ii away from the edges of the phase space. For the decay 
B -+ Xc + e-ii, we are less confident, because the distances involved are 
larger. However, we also present results for this mode in section 4 which 
show some crucial differences between the two decays. 

DECAY SPECTRA 

As we mentioned, one of the purposes of this work is to present detailed 
spectra which can eventually be compared with experiments. The simplest 
parameter to measure is the electron energy. In addition one may be able 
to measure the total hadronic energy Ex = MB - qo. In Fig. 4 we show 
the double differential decay rate in Ee and qo. The spectra show a striking 
dependence of qo. Most of the events occur for 0.3MB ~ Ex ~ 0.5MB. 
For smaller hadronic energies the spectra shift to higher electron energies, 
Ee 2: 2.0 GeV. This correlation of events may help to isolate b -+ u events. 

The integrated spectrum df/ dEe is shown in Fig. 5 for three fragment
ation parameters Cpo In the same figure we show the corresponding spectra 
for b -+ c, to which we return later on. For comparison we calculated the 
spectrum df/dEe in the ACM model[2]. We show in Fig. 6 the ACM and 
parton spectra together. In these spectra we include QCD radiative correc
tions which appear as a multiplicative factor. Specifically the uncorrected, 
df(O) / dEe, and the final widths are given as 

(df /dEe)carrected = (df(O) /dEe)F(i:) (39) 

with x = 2Ee/mb and 

F(x) = [1 - 20'. G(x, 0)] exp[- 20'" In2(1 - x)]. (40)
3~ 3~ 
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The radiative correction is taken from the work of Corbo[8] and the interested 
reader can find the function G(x,O) in eq. (39) of ref. [8]. We note that the 
parton spectrum is lower and falls off less steeply than in the ACM model. 
Consequently, the values for Vub extracted from the end-point energy will be 
larger in the parton model. 

The double differential decay rate dJ'/ dEedMx also depends strongly on 
the invariant mass of the hadrons Mx. We show in Fig. 7 dJ' / dEedMx for 
various values of Mx. The decay rate is larger in the range 0.2MB ~ Mx ~ 
OAMB • The characteristic feature again is that the spectra shift to larger 
values of Ee as Mx decreases. After integration over Mx the sum of the 
curves give the mass distribution shown in figure 8. This agrees very closely 
with mass distributions published before[3] and is similar but not identical 
with the curves in ref. [9]. In Fig. 8, we also include the invariant mass 
spectrum for b -+ c, to be discussed below. 

For comparison we also calculated the distribution for the B -+ Xc +e-ii 
decay. In Fig. 9 we show the double differential decay rate in Ee and qo. 
Comparing with Fig. 4 we note that this channel runs out of events at Ee 
2.25 GeV and the events above 2 GeV are very few. By making a cut in 
qo > MB MD = 0.65MB there are no events left for b -+ c. In Fig. 5 we 
showed two spectra (b -+ u and b -+ c) for three values of Cpo For these 
curves we have chosen lVubl = lVebl. It is clear that the b -+ c spectrum is 
softer and a very small fraction lies at Ee > 2.0 GeV. Fig. 10 shows the 
distribution of events as a function of the invariant mass. For comparison we 
show in Fig. 8 the invariant mass distributions for the two decays together, 
taking lVub I = iVeb I· The b -+ c decays peak in the region 1.8 to 2.2 Ge v: 
That is, the parton model prefers that the hadrons produced fall within a 
hadronic mass where the D and D* resonances occur and for this reason the 
constituent quarks can combine to form these resonances. 

To date, only the inclusive endpoint electron spectrum has been used to 
extract evidence for b -+ U from semileptonic decay data. Additional cuts on 
the energy or invariant mass of the final hadronic system could be of great 
utility in probing the decay dynamics and separating b -+ U from b -+ c 
events. Such cuts could capture more b -+ u events and help to improve 
statistics on the important standard model parameter Vub/Veb. 
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5 SUMMARY AND CONCLUSIONS 

The parton model provides an interesting alternative to the ACM model 
for analysing inclusive semileptonic decays in important kinematical regions 
where the decay is dominated by short distance physics. We have produced 
decay spectra for a variety of interesting and physically accessible observ
abIes which probe the decay dynamics in a much more complete way than 
the simple electron spectrum. These spectra are obtained from a simple 
and compact formula (eq. (35)) based a one parameter parton model. As 
high statistics data become available this model may play an increasingly 
important role in separating b -+ U from b -+ c decays and lead to a better 
determination of the Vub/Vcb • 
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Figure Captions 

1. The semileptonic B-decay in the parton model (definition of kinematic 
variables). 

2. The physical region in the q2 vs Ee-plane for fixed values of s = Mi. 

3. The physical region in the qo vs q2-plane. 

4. The b -+ u double differential decay rate dr/ dEedqo vs Ee for various 
values of qo in the rest frame of the B meson. We set m ... =0, M1( =0, MB = 
5.3 GeV, as = 0 and £" =0.006. 

5. dr/dEe for semileptonic B meson decays in the rest frame of the B 
meson. The values for the parameters are m ... = 0, me = 1.5 GeV, MB 
5.3 GeV,MD = 1.86 GeV,a. = 0 and various values of £" as shown. 

6. The b -+ u spectrum in the ACM model and the parton model. Both 
curves include QCD radiative corrections with a. = 0.24. 

7. The b -+ u double differential decay rate dr/ dEedMx vs Ee for various 
values of Mx in the rest frame of the B meson. The values for the parameters 
are the same as in Fig. 4. 

8. dr/ dMx for semileptonic B meson decays in the rest frame of the B 
meson. The values for the parameters are m ... = 0, me = 1.5 GeV, MB = 
5.3 GeV, MD = 1.86 GeV, a. = 0 and £1' = 0.006. 

9. The b -+ c double differential decay rate dr/ dEedqo vs Ee for various 
values of qo in the rest frame of the B meson. We set me = 1.5 GeV, MB = 
5.3 GeV, MD = 1.86 GeV, a,t = 0 and £1' = 0.006. 

10. The b -+ c double differential decay rate dr/dEedMx vs Ee for 
various values of Mx in the rest frame of the B meson. The values for the 
parameters are the same as in Fig. 9. 
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F:g. 1. The semileptonic B meson decay in the parton model. 
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