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Abstract: We consider a stationary source emitting letters from a finite al-
phabet A. The source is described by a stationary probability measure o on the
space 0 := AN of sequences of letters. Denote by €, the set of words of length
n and by a, the probability measure induced on @, by a. We consider sequences
{T. C Q, : n € IN} having special properties. Call {I', C Q, :n € IN} a sup-
porting sequence for « if lim, a,[[',] = 1. It is well-known that the exponential
growth-rate of a supporting sequence is bounded below by hgy(a), the Shannon
entropy of the source a. For efficient simulation, we require [';, to be as large
as possible, subject to the condition that the measure «, is approximated by the
equipartition measure 3L~ the probability measure on €2, which gives equal
weight to the words in [, and zero weight to words outside it. We say that a
sequence {I',, C 2, : n € IN} is a reconstruction sequence for a if each I',, is in-
variant under cyclic permutations and lim, ﬁ};" = a,, for each m € IN. We prove
that the exponential growth-rate of a reconstruction sequence is bounded above by
hsr(a). We use a large-deviation property of the cyclic empirical measure to give
a constructive proof of an existence theorem: if a is a stationary source, then there
exists a reconstruction sequence for a having maximal exponential growth-rate; if o
is ergodic, then the reconstruction sequence may be chosen so as to be supporting

for a. We prove also a characterization of ergodic measures which appears to be
new.

Key Words: asymptotic equipartition property, empirical measure, stationary,
ergodic, Kolmogorov, reconstruction, large deviations
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1 Introduction

Let Q, denote the set of words of length n formed using letters taken from a finite
alphabet A of size r; if T, is a subset of ., then we denote the number of elements
in 'y by #I,. Let Q := AN denote the set of all sequences of letters from A - the
set of words of infinite length. Suppose the source emitting the letters which form
the words is described by a stationary probability measure a on the the space §);
can we find a sequence {I', C 0, : n € IN} of sets of words of increasing length from
which we can reconstruct the measure a ?

Take A = {1,0} with a the Bernoulli (%, 2) measure on Q = AN, Define, for n such
that % is an integer,

12 1
Fniz{aEQn:——Za_jz——}; (11)
n.3 3

these are the words of length n in which the relative frequencies of ones and zeroes
are % and % We claim that the measure a is determined completely by the sequence

The first step is to construct a sequence of equipartition measures. Define 3L
to be the probability measure on Q, which gives equal weight to the words in I',
and zero weight to words outside it: for each subset A, of Q,, put

#(A, N T,)
#1n
For m < n, every measure A, on §,, induces a measure \,, on (2,, via the projection

X5+ Q, = Qp which selects the first m letters from a word of length n. We claim
that

Bir[AL] = (1.2)

lim A5lal = anla] (13)

Fen
for every a € (1, and every m € IN; here o, is the measure on 2, induced by the
measure a on {) via the projection X,, : @ — Q,, which selects the first m letters
in an infinite sequence. But the set {a,,[a] : a € Q,,,m € IN} is precisely the data
required, according to Kolmogorov’s Reconstruction Theorem [K], to determine the
measure o completely. Our claim (1.3) can be proved using a conditional limit
theorem of van Campenhout and Cover [CC]; see (6.13) of Section 6.

We say that a sequence {I',, C Q, : n € IN} is a reconstruction sequence for « if
each T',, is invariant under cyclic permutations and

lim Gy = am (1.4)
for each m € IN ; an alternative definition of the concept is discussed in Section 6.

The concept of a reconstruction sequence for « is illustrated by the example of
the sequence {I', C 2, : n € IN} defined by (1.1).

For efficient simulation, we would like the sequence to grow as fast as possible so
that we have large samples of words of reasonable length. Consider the sequence

constructed using a thickened shell:

12 1
M= {a€ Quil=2a— 2| <8} (1.5)
Jj=1



b

Reconstruction Sequences and Equipartition Measures

this sequence has a faster growth-rate than the sequence defined by (1.1); it is a
reconstruction sequence, but not for a: for 0 < 4 < é, the sequence {3} converges
to of, the Bernoulli (5 + 6, 2 _ §) measure on {2. This can be deduced from a
conditional limit theorem proved in [LPS1] (see also [LPS2]). (For & > &, we recover

the Bernoulli (3, 3) measure.)

These examples illustrate a property of reconstruction sequences: they cannot grow
too quickly. In fact, we have the following upper bound on the growth-rate:

o If {T, C Q. :n € IN} is a reconstruction sequence for a, then
1
limsup —log #I'» < hsi(a), (1.6)
n n

where hgy(a) is the Shannon entropy of a.

There are reconstruction sequences which grow very slowly; in Section 6, we give a
proof of the following result:

Let a be a stationary source; then there exists a reconstruction sequence
{I'n C Qn : n € IN} for o which has zero growth-rate:

limsup%log#[‘n =0. (1.7)

We have the following existence theorem:
e Let a be a stationary source; then there exists a reconstruction sequence for

a having maximal growth-rate.

We turn our attention to another property which a sequence of sets of words may
have: we call a sequence {I', C Q, : n € IN} a supporting sequence for « if

liénan[f‘n] = 1, (1.8)
where a, is the probability measure induced on 2,..

The sequence defined by (1.5) is, for all values of § > 0, an example of a supporting
sequence for the Bernoulli (1, 2) measure while that defined by (1.1) fails to be.

A supporting sequence cannot grow too slowly. We have the following lower bound
to the growth-rate:

o If {T', C N, :n € IN} is a supporting sequence for «, then

lin}linf;lz-log#l’n > hsi(a) . (1.9)

For economical coding, it is important to have a supporting sequence which grows
as slowly as possible. We have the following existence theorem:
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e Let a be an ergodic source; then there exists a supporting sequence for o
having minimal growth-rate.

Since the Shannon entropy is a lower bound on the growth-rate of a supporting
sequence and an upper bound on the growth-rate of a reconstruction sequence, a
sequence which has both properties has a growth-rate equal to the Shannon entropy.

Let us examine how we can modify the construction (1.5) in order to get a sequence
which is both a reconstruction sequence for o and a supporting sequence for a.

Define
1

- 1
IM:={aeQ,: I;Eaj—§—| <logn/y/n}. (1.10)
J=1 *

We can use the conditional limit theorem in [LPS1] to prove that the sequence {I",}
has the reconstruction property and the Central Limit Theorem to prove that it has
the supporting property for the Bernoulli (%, %) measure.
Let us examine this construction more closely. It selects those words of length n
for which the relative frequency of ones lies in a closed neighbourhood of % (and
hence the relative frequency of zeroes lies in a closed neighbourhood of %). We can
think of the measure a as being described by a vector (3, %] Introducing a relative
frequency vector
1< 1 &
R.(a) := (;1— Y aj, 1- ;{Zai) , (1.11)
ij= =1

j=1

we can re-write (1.10) as
Il := R'F, (1.12)

where F), is the closed ball of radius log n/y/n centred on the point (1, 2). In other
words, what we have done is to define a mapping R, from 2, to the space of
Bernoulli measures and a decreasing sequence {F,} of closed neighbourhoods of a
in the space of Bernoulli measures whose intersection is a, and taken I';,’ to be those
words a € 2, for which R,(a) lies in F,,. This choice has some nice properties:

1. the set I',’ is invariant under cyclic permutations of the letters in the words
— this is important because the measure o which we are attempting to ap-
proximate is stationary;

2. the set I,/ is nonempty for all n sufficiently large — this is important because
we want to condition on it.

In order to prove our existence theorems, we need to generalize the construction
which produced the sequence {I',’}. We introduce a class of sequences called canon-
ical sequences; to define these, we make use of the cyclic empirical measure, a
mapping T, from Q to M](Q), the space of probability measures on €.

The cyclic empirical measure is a generalization of the relative frequency vector
which will do what we want in the general case — its precise definition will be given
later. For the present, we will describe it in terms of its marginals. For each w € 1,
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we have a measure Ty,(w)[-] defined on subsets of Q; the projection Xy : @ —
induces a measure T, ,(w)[] on the subsets of {2,:

Tom(@)[Am] = Ta(w)[ X5 An] . (1.13)

Form < n,and a = (a1, +,am) € lm, we can describe T, m(w)[a] directly. Consider
the n cyclic permutations of the word X,w = (w1, -, wn):

(wh' o 7“"'7&)3 (w%' o 7wnaw1), o '7(""’n5w17 e 7wn—l) ; (114)

then T, .(w)[a] is the fraction of these in which the first m entries coincide with
a = (ar,...,am). Thus T, (w)[ai] is just the relative frequency of the letter a,
in the word X,w, T,2(w)[(a1,az)] is the relative frequency of the adjacent pair
(a1,az) in the (cyclic) word X,w, and so on. We take I';, to be the set of words
Xpw = (w1, +,wy) in , for which T n(w)[a] is close to am[a] for all m < n and
all a € ,,,. The sequence {I',} is a canonical sequence.

Of course, it is necessary to say what we mean by ‘close to’; that is what is
accomplished by the formal definition: let {F,} be a decreasing sequence of closed
neighbourhoods of a in the space of measures whose intersection is «; for each n, the
measure T, (w) depends only on the first n coordinates of w and so T[!F,, determines
a subset [, of Q,; a sequence {[', C 2, : n € IN} constructed in this way with ',
nonempty for all n sufficiently large, is called the canonical sequence based on
{F,.}. The definition of T, ensures that the set I', is cyclically invariant.

Our reason for introducing the concept of a canonical sequence is the following result
which holds for an arbitrary stationary source a:

e Every canonical sequence for « is a reconstruction sequence for a.

All we have done so far is to push the problem of existence one stage back: does
there exist a canonical sequence for an arbitrary stationary source a ? There is no
difficulty in finding a sequence of neighbourhoods which contract to a; the problem
is to prove that the subsets I, which they determine are non-empty — at least for
all n sufficiently large. One way of doing this is to show that the growth-rate of
{T'.} is strictly positive; this will be the case if the sequence of neighbourhoods of &
contracts sufficiently slowly. Our strategy is to start with an arbitrary sequence of
closed neighbourhoods contracting to « and slow its rate of contraction until we are
sure that the corresponding subsets I',, are growing fast enough; to check on this, we
use large-deviation theory. (In fact, we use only the most basic result of the theory:
the large-deviation lower bound, a direct consequence of the existence of the rate—
function; see [LP], for example. A derivation of the large-deviation properties of
the cyclical empirical measure which we require can be found in [LPS].) We prove
the following result:

e Let a be a stationary source; then there exists a canonical sequence for o

having maximal growth-rate.

A canonical sequence is not necessarily supporting. In the case of a Bernoulli mea-
sure, we were able to use the Central Limit Theorem to find a rate which makes the
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sequence {R;'F,} supporting; in the general case, we do not have such a precise
estimate available. Nevertheless, when the measure is ergodic we are able to use the
Ergodic Theorem to prove the existence of a canonical sequence which is supporting.
The converse also holds so that we have the following characterization of ergodic
measures:

o Let o be a stationary source; then a is ergodic if and only if there exists a
canonical sequence which is supporting for a.

We have seen that canonical sequences of subsets are useful and arise naturally in
the reconstruction problem for stationary sources. It is instructive to compare them
with the set of ‘typical’ sequences of letters associated with an ergodic source. Let
a be an ergodic source; there exists a set A(a) C Q with o[A(a)] = 1 such that
each sequence w in A(«) determines o uniquely (see Section 6) . For a stationary
source a, a canonical sequence plays an analogous réle: let {I', C Q,:n € IN} be a
canonical sequence for a; any sequence {a, € I, : n € IN} of words determines «
uniquely (this is proved in Section 6). A canonical sequence has some advantages
over the typical set: one is that every stationary source has a canonical sequence —
it is not necessary that the source be ergodic; another is that a canonical sequence
is associated with an increasing sequence {F, : n € IN} of o-algebras, where F, is
generated by the first n coordinate functions, while the typical set A(«) is in the
tail o—algebra so that the first n coordinates of an element of A(«) are irrelevant.

To put our results in context, it may be useful to recall the Asymptotic Equipartition
Property: in terms of the concepts used here, the conclusion of the theorem of
Shannon-McMillan-Breiman ([S], [M], [B]), may be stated:

Let a be an ergodic source; then for each § > 0 there exists a sequence
{I'3} which is supporting for a and whose growth-rate satisfies

1 . 1
hsi(a) < liminf =log #I? < limsup ;;log #T° < hop(a)+ 6. (1.15)
n n n
It follows from the construction used in the proof that each word a € I, satisfies
p{hsn(a)+6) < apla] < p—rlhsn(e)=4) , (1.16)

where b is the base of logarithms used in the definition of the Shannon entropy (see
(2.15) below); this is the origin of the name asymptotic equipartition property.
The sequence {I'} } is a not a reconstruction sequence for a. In Section 6, we discuss
how this construction may be refined to yield a sequence which has both properties.
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2 Statement of Results

In Section 2, we make precise the concepts introduced informally in Section 1 and
sketch proofs of our main theorems. The main result of this paper is an existence
theorem:

Theorem 2.1 Let o be a stationary source; then there erists a reconstruction se-
quence for o having mazimal growth-rate. If, in addition, o is ergodic, then the
reconstruction sequence may be chosen so as to be a supporting sequence for a.

We will give a constructive proof of this theorem. A by-product of this investigation
is a characterization of ergodic measures:

Theorem 2.2 Let a be a stationary source; then a is ergodic if and only if there
exists a canonical sequence for o which is supporting for a.

This section is, to some extent, self-contained: we recall the definitions and results
required to understand the concepts defined here. We state six lemmas, indicating
roughly on what their proofs depend; we prove our existence theorem using the first
five — the sixth is used to complete the proof of the characterization of ergodic
measures. The reader who is prepared to accept the lemmas need read no further.

The first two lemmas are proved in Section 3 using properties of the specific in-
formation gain defined there. The third lemma is crucial: it states that every
canonical sequence is a reconstruction sequence; it is proved in Section 4.

To construct sequences with the required properties, we make use of the cyclic
empirical measure to define canonical sequences of subsets. The sequence of
probability distributions of the cyclic empirical measure with respect to the uniform
product measure on (2 satisfies a large deviation principle with the specific informa-
tion gain as rate-function. This is exploited in Section 5 where the fourth, fifth and
sixth lemmas are proved.

Some of the ideas have their origin in statistical mechanics; some readers will find
reference to this confusing while others will find it enlightening. Having in mind
those in the first category, we make no reference to statistical mechanics in the body
of the paper; for the others, we provide in the final section, Section 6, a commentary
on the concepts and results.

We now make precise the structures we are considering. The space Q = AN
is the space of infinite sequences with entries taken from a finite alphabet A =
{a®, ... a7} having r > 1 letters; the map z; : 2 — A is the coordinate projection
onto the jth factor in the product. Let F,, = o(zy,...,z,) be the o-algebra gener-
ated by the first n coordinate functions and let F = o(z, : n € IN) be the o-algebra
generated by all coordinate functions. Since A contains r elements, the oc—algebra F,
is generated by the 7" atoms {A, = X 'a:a € A"}, where X,, : @ = Q,, := A" is the
projection onto the first n coordinates. Sometimes the discussion can be clarified by
working on ), rather than Q. Let a be a probability measure defined on F. On Q,
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we have a,,, the image measure defined on the subsets of 2, by a,[B] = o[X 'B].
Equivalently, one could consider a on € restricted to the o-algebra F,,. The two
viewpoints are complementary.

Recall that, for m < n, every measure A, on ), induces a measure Am on Q,, via
the projection X7 : 2, — Q,,, which selects the first m letters from a word of length
n; since X, = X7 o X, it follows that if the measures {), : n € IN} are induced
from a probability measure A on F so that for all n € IN we have

/\n = )\OX;l, (2'1)
then they satisfy the compatibility conditions
Am = Ao (X2)7! (2.2)

for all m € IN and all n > m. Conversely, Kolmogorov’s Reconstruction Theorem
[K] implies that given a sequence {\, : n € IN} of probability measures satisfying
the compatibility conditions (2.2), there exists a unique probability measure X on
F such that for all n € IN the probability measures ), are given by (2.1).

For a function f : Q0 — IR, we write f € F,, to mean that f is F,~measurable and
bounded; we write f € Fj,. to mean that there exists a finite n with f € F,. We
use the notation M{ to denote the space of probability measures on (Q, F) with
the coarsest topology for which each mapping

M;‘a,\H/fd,\em (2.3)

is continuous whenever f € Fj,: this is called the bounded local topology. In
Section 1, we encountered the following notion of convergence: a sequence {\(" :
n € IN} of probability measures on F converges to the probability measure v in the
sense of convergence of finite—dimensional marginals if, for every m € IN and

every a € Q,,,
lim AMMa] = vpla]. (2.4)

In the present set-up, convergence of finite-dimensional marginals is equivalent to
convergence in the bounded local topology; this can be seen from the following
considerations: A\(")[a] is the integral of the indicator function

1 ifwy=ay,...,0, =2
la , _ { 1 . 1y y n n 2.5
() 0 otherwise. (2:5)

of the atom X 'a of F,, and the set {1, € F,, : a € Q,,,m € IN} spans Fioc.

We use a product probability measure 3 on (2, F) as a reference measure; we take
3 to be the measure on F which, for all n € IN, assigns equal probability to each of
the r* atoms of F,,, so that 8[A,] = r~" for each a € §2,. Notice that for ', C Q,,

we have

#In
Bulls] = . 2.6
) = 25 (26)
Let a be a probability measure on (2, F); we may think of « as characterizing the
statistical properties of the source of the words, and we shall refer to « itself as the
source.
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We recall the definitions of stationary measure and ergodic measure. We define
the shift operator S on {2 by

(Sw)k = W41 k € IN. (2.7)
The shift S acts on functions f : £ — R by composition:
Sf:=foS. (2.8)

We define the action of S on a measure a by

f fd(Sa) = / (Sf) da. (2.9)

From the shift operator, we construct the averaging operator:
. 1 k-1 )
A== 5. 2.10
p= > (2.10)

=0

A source a is stationary if it is invariant under the shift: for all B € F,
alB] = o[S7'B]. (2.11)
A stationary source « satisfies the Ergodic Theorem:
Let o be a stationary probability measure; for f € L!(a), the limit

F(@) = lim(A.f)(w) (2.12)

exists a—almost surely and the function w — f(w) is shift-invariant and

satisfies _
= ‘)
/ﬂfda /Qfda. (2.13)

A source « is ergodic if it is stationary and it assigns probability zero or one to each
invariant subset: for all B € F such that S™'B = B, either o[B] = 0 or o[B] = 1.
We have the following Corollary to the Ergodic Theorem:

If « is ergodic, then the limit (2.12) is constant for a—every w and hence
flw) = /ﬂ fda, a-ae.. (2.14)

Recall that hgy(a), the Shannon entropy of a stationary source ¢, is non-negative
and given by

hsi(a) = ~lim~1— > agla]log asla], (2.15)
non a€lln

where the logarithm is taken in some fixed base b > 1.

Definition 2.1 Let a be a stationary source. A sequence {I', C Q, : n € IN} s
said to be a supporting sequence for a if and only if the condition

1im a[Ta] = 1 (2.16)
holds.
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Example A simple example of a supporting sequence is {[, = ), : n € IN }. The
elements of this supporting sequence are too big: in the context of data compression,

the goal is to choose the sets I', to be as small as possible, consistent with condition
(2.16) holding.

A lower bound on the exponential growth-rate of a supporting sequence is provided
by the following result, a consequence of elementary properties of the specific infor-
mation gain; it will be proved in Section 3, Proposition 3.1.

Lemma 2.1 Let o be a stationary source. If {I', C Q, : n € IN} is a supporting
sequence for a, then

Lol
lm}lmf - log #I'y, > hsi(a). (2.17)
This result motivates the following definition.

Definition 2.2 Let o be a stationary source. A sequence {I'y, C Q, : n € IN} is
said to have entropic growth-rate for o if and only if

1
1irrln;10g #In = hsi(a). (2.18)

As a first step in the definition of a reconstruction sequence, we define a class of
probability measures, the equipartion measures. In Section 1, we defined them
‘downstairs’ on §2,,: the equipartition measure 3.» determined by the subset I, of
Q, is the probability measure on 2, which gives equal weight to the words in ',
and zero weight to words outside it. Here we define them ‘upstairs’ on § with the
aid of the reference measure (3.

Definition 2.3 Let T',, be a subset of Q, with 3,[',] > 0; we call the probability
measure given on F by

B[] = Bl | X' (2.19)

the equipartition measure determined by I',,.
Notice that, for each subset A, of €, we have

#(A.NT,)
#0n

Although the original measure 3 is stationary, the equipartition measure 8" is
not stationary unless I', = Q,. Since we wish to use equipartition measures to
approximate a stationary measure a, we have to do something about this. The most
elegant solution is to define a reconstruction sequence with the aid of the averaging
operator (2.10): a sequence {[';, C 2, : n € IN} is a reconstruction sequence for «
if lim, A,3'™ = a. While readers familiar with ergodic theory may find this
definition natural, others may find it puzzling. For this reason, we prefer to adopt
a definition in which the averaging is performed ‘downstairs’ on {2, rather than
‘upstairs’ on (2; the connection between the two definitions is discussed in Section
6. We use o, the cyclic permutation operator acting on 2, :

Bn(A.] = (2.20)

a = (aj,az,...,a,) > opa := (az,...,an,21) . (2.21)
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Definition 2.4 Let a be a stationary source. A sequence {T, C Q, : n € N} is
said to be a reconstruction sequence for a if and only if

1. for all n sufficiently large, 3,['s] > 0;

2. each T, is invariant under the cyclic permutation o,;

3. the corresponding sequence {3} of equipartition measures converges to a:
limf," = am (2.22)

for each m € IN .

For reconstruction sequences, we have the following upper bound on the exponen-
tial growth-rate; it will be proved in Section 3, Proposition 3.2, using the lower
semicontinuity of the specific information gain.

Lemma 2.2 Let a be a stationary source. If {I', C Q, : n € IN} is a reconstruction
sequence for a, then

lim sup }— log #0', < hsn(a). , (2.23)
n n
We have the following obvious corollary:

Corollary 2.1 Let a be a stationary source. If a supporting sequence for a is also
a reconstruction sequence for a, then it has entropic growth-rate.

Examples:

Take @ = {1,0}™ with 3 the Bernoulli (3,3) probability measure. Let a be the

Bernoulli (2, 2) measure. Define

12 1
[,:={ae,: ];Zaj - §| < é,}. (2.24)

j=1

1
o If 6, < 3 then ', = @ unless n is divisible by 3; lim, :—; log #I',, does not
n
exist.

1
o If 6, = 30 then for each n € IN there is exactly one k so that a € I, implies
Yta; =k, and #I', = (Z) A direct calculation shows that {[,} is a

reconstruction sequence for . A simple computation using Stirling’s formula
shows that {I',} has entropic growth-rate. It is not supporting.

o If §, = logn/+/n, then the Central Limit Theorem shows that {I',} is sup-
porting for a. Direct arguments show that it is also a reconstruction sequence,
hence has entropic growth-rate.

e If 6, = 4, where 0 < § < § is a constant, then the sequence is supporting,
but not a reconstruction sequence, for a. It is a reconstruction sequence with
entropic growth-rate for the Bernoulli p-measure with p = 31;- + é. However, it
is not supporting for this p-measure.
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One may also ask if a sequence can be both supporting and have entropic growth-
rate for two distinct measures. To see that this is the case, let & be the Bernoulli
(2,3) measure and let o* := La + l&; define

- 1 & 2
Fn = {aEQn: !;Za]-§[§5n} (225)
i=1

and let T} := T, UT,. With 6, = logn/\/n, the sequence {I'%} is supporting and
of entropic growth-rate for a, @ and a*. It is a reconstruction sequence for the
non—ergodic a*.

Sets forming a reconstruction sequence may grow very slowly; for examples with
zero exponential growth-rate, see Section 6.

Our existence proofs make use of a construction which generalises that used for a
Bernoulli measure in the above examples. Define the blocking operator P,:

Po(w) = (Wiye -+ yWny Wiy vnyWny-o.)e (2.26)

which is F,-measurable since P,(w) depends only on wy,...,w,. Next we define
the cyclic empirical measure )

T (w) == Andp, () (2.27)

in the space M{(Q) of probability measures on (Q, F). Since the map T, :  —
M7 is F,-measurable, the inverse image T, ' A of a subset A of M{ is determined
completly by the first n coordinates.

Definition 2.5 Let T, : @ — M{(Q) be the cyclic empirical measure. A sequence
{T, C N, :n € IN} is said to be a canonical sequence for a if and only if

1. there exists a decreasing sequence {F,} of closed neighbourhoods of a whose
intersection is {a};

2. each set I, is given by
T, = X, T,'F,; (2.28)

3. for all n sufficiently large, 3,[I',] > 0.

In this case, we shall say that the canonical sequence {T',} is based on the sequence

The key to the proof of our main theorem is a conditional limit theorem; this is the
subject of Section 4. It says that if {I',} is a canonical sequence for the stationary
measure a, then the sequence {37} of conditioned measures converges to a:

Lemma 2.3 Let o be a stationary source; every canonical sequence for « is a re-
construction sequence for c.
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This result is an easy consequence of the cyclical invariance of the sets I, and the
compactness of the space M7 ().

A great advantage which comes from working ‘upstairs’ on Q2 is that we have available
results on the large deviation properties of the cyclic empirical measure. The results
we need are summarized in Section 5; proofs can be found in [LPS]. We use the
large-deviation lower bound to prove the existence of a canonical sequence for a
stationary measure.

Lemma 2.4 Let a be a stationary source; then there exists a canonical sequence for
a having entropic growth-rate.

Since the alphabet is assumed to be finite, the existence of a decreasing sequence
of closed neighbourhoods contracting to « is easily established; the large-deviation
lower bound is used to control the rate at which the sequence contracts to a so as
to ensure that, at least for all n sufficiently large, the sets 'y = X, T 1F,, satisfy
Ba]T4] > 0. We do so by exhibiting a sequence {I',} whose growth-rate is bounded
below by the Shannon entropy of a; it then follows from Lemma2.3 and Lemma 2.2
that the growth-rate is entropic.

A canonical sequence for a is not necessarily supporting; however, when the source
is ergodic, we can use the Ergodic Theorem in place of the large-deviation lower
bound to control the sequence of contracting neighbourhoods. In this way, we can
ensure that the sequence we construct is supporting and, by Lemma 2.1, canonical.
This is done in Section 5, Proposition 5.2, establishing the following result:

Lemma 2.5 Let a be an ergodic source; then there exists a canonical sequence for
a which is a supporting sequence for a.

In Section 5, we use the compactness of M} to prove the converse of Lemma 2.5:

Lemma 2.6 If there exists a sequence which is both canonical and supporting for a
stationary source «, then o must be ergodic.

We are ready to prove Theorem 2.1:

Lemmas 2.4 and 2.3 together prove that if a is a stationary source, then there exists
a reconstruction sequence for o having entropic growth-rate; Lemma 2.5 proves that

if the source « is ergodic, then the reconstruction sequence may be chosen so as to
be supporting for a.

Lemma 2.6 is the converse of Lemma 2.5; together they prove Theorem 2.2.
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3 Information Gain

The principal tool in the proofs of Lemma 2.1, the lower bound on the growth-rate
of a supporting sequence, and Lemma 2.2, the upper bound on the growth-rate of a
reconstruction sequence, is the specific information gain.

Definition 3.1 The information gain of the probability measure X with respect to
the probability measure p is given by

D(Allp) = /dAlogg—g- (3.1)

when A is absolutely continuous with respect to p; otherwise D( A lp) = +oo.

Definition 3.2 The specific information gain of the probability measure A with
respect to p is given by

. 1
h(A[p) = limsup —D(Ngz, || pi7,) » (3.2)
where Az, is the restriction of A to F,. (Note: DNz, |l p17.) = D(An || Pn))

We always have D(A|| p) 20, h(A|B) > 0; if D(A|| p) = 0, then A = p, but the
corresponding result for A( A|p) does not always hold. However, if « is stationary
and p is a stationary product measure, then

h(alp) = lim=D(als, |l pls.)- (3.3)

When A is a finite alphabet with r letters, and 3 is the uniform product measure,
this yields
h(a|B) = logr — hsy(a). (3.4)

Likewise, when A is a finite alphabet and ', C Q,,, we have
log 8,[['x] = log#I', —nlogr. (3.5)

Henceforth we will replace #I',, by 3.[['»] and hsa(a) by —h(a | B) in the statements
of the propositions. Modified in this way they hold in greater generality; this is

discussed in Section 6.

Proposition 3.1 Let a be a stationary source. If {T',} is a supporting sequence for
a, then

lirr%inf%logﬁn[I‘n] > —h(ca|B). (3.6)

Proof: Since [, := X Y(T,) is in F,, we have

n

= [T, ~ o[\ T,) .
D( QlF, H /8[977; ) 2 a[Fn] log m + a[ﬂ \ Fn}) log ____,B[Q \ f‘n] (3 )
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> of[,]log a[Ta] + a2\ [.]loga[®\ T, - o[l log B(Tx). (3.8)
The inequality follows by dividing by n and taking limsup,,, using of[,]—1. O

Lemma 2.1 follows using (3.4), (3.5) and (3.6).

There are some results of a more technical character which we require concerning
cyclic symmetrization and the specific information gain. We collect them in a lemma;
they are proved in Section 8 of [LPS]. The space Q) has a natural decomposition
into a product space

Q fd Qn X Q; y (3.9)

and the measure 3™ is the product measure of Bt~ on £, and B on (1. Notice that,
for each subset A, of §,,, we have

I'n _ #(Anﬂrn)
ﬂn [An] - #Fn .

Lemma 3.1 Let (0, F) and (9, Fz) be measurable spaces. Let @ = g x {1
with F the corresponding product o—algebra. Let X and (3 be probability measures
on (2, F) with A1, Ay and By, B2 denoting the restrictions to Fi,F2 considered as
sub—o—algebras of F. Assume (3 = 1 ® B2. Then we have '

(3.10)

D(A|IB) = D(A[]A ® Az) + D(Ai]|B1) + D(Ae]|62) - (3.11)
We are now in a position to prove the upper bound on the growth-rate of a recon-
struction sequence.

Proposition 3.2 Let a be a stationary source. If {T',} is a reconstruction sequence
for a, then

1imnsup%10g Ba[Tn] < —h(alB) . (3.12)

Proof: By direct calculation, we have

D(S"™ g, | Bir) = /F log gdaﬂr" g™ (3.13)

= —logB[l],

so that o ] 1
lim inf ;D(ﬂ "E BiE) = —limnsup ;log BT, - (3.14)

Next we make use of the cyclical invariance of I',,: for any integer k such that k4+m <
n, the projections of 3" on the o-algebras o(zy,...,Zn,) and o(Zr41, ..., Tkem) are

the same. Let m < n and g(n|m) be the largest integer smaller than n/m. From
Lemma 3.1 we have

1 ‘
D(B™ s, 11 B ) = L p(ge el i) (3.15)

n n
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Since lim, 8™ = a, it follows from the lower semicontinuity of D(- || B\, ) on the
space of measures on {2, that

— lim sup ;ll—logﬂn[l“n] > liminf %D( ﬁr"i}-n Il Bix, ) (3.16)

> %D(asfm | Bizm ) -

Hence :
lim sup - log B.[Tn] < —h(a|B). (3.17)

Lemma 2.2 follows using (3.4), (3.5) and (3.12).
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4 A Conditional Limit Theorem

We state and prove a conditional limit theorem. We shall need the following lemma
which exploits the invariance of the reference measure 3 under the the cyclic shift

operator S,, defined by:

if kmodn # 0;

& N Redog 4.1
(S w)i = {wk nt1 if kmodn =0. (4.1)

We sometimes find the following notation useful: let A € Mt and f € Fioc; we set

(f,A) = / FdA. (4.2)

Lemma 4.1 Let T, be T-'B-measurable with B,[T,] > 0 and let f € Fi with
k < n; then

[ ) g™l = [ (T 8 (43)

Proof: Since I'» is T 1B“mea,sura,ble, there ex1sts C € B such that I, = {w:
T.(w) € C}. Note that S is bijective, SP, S P.=P» Sn, S““ —SJ and

To(w) =An 0p, ) With  Ani= ZS’ (4.4)
=0 -

Also S, Ta(w) = Ta(w), Sa B = B, which imply

]

STUT, € C}={T.€C} and S.B[-{T.€CY=0-HT.€C}H. (45)
Since f € Fi, with k < n, we have f = fo P, so

/ﬂ f(w) Bldwl{T, € CY] = /ﬂ foPuw) An Bldw|{T. € CY  (4.6)
= [ (. Taw)) Bldwl{Tn € CY].

a
A second ingredient in the proof of our conditional limit theorem is a lemma which

states a simple consequence of the compactness of MT; we shall need it again in
Section 5.

Lemma 4.2 Let o be a stationary source and let {I', C Q, : n € IN} be a canonical
sequence for o based on the sequence {F,}. Then for each f € Fioc and each ¢ > 0
there exists N(f,e) such that whenever n > N(f,¢)

Foc{de MT:[(f, ) = (f)] <&} (4.7)

Pro.of: {F.} is a decreasing sequence of closed neighbourhoods of a whose inter-
section is {a}. We then have

Q(Fn\{'\EMT A = ()l <e}) =0. (4.8)

We deduce there exists N so that Fiv\ {A € M{ : |(f,\) = (f,a)| < €}) = @ because
Mt is compact, so we have (4.7). O
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Theorem 4.1 Let o be a stationary source; every canonical sequence for o is a
reconstruction sequence for a.

Proof: Let {I', C Q, : n € IN} be a canonical sequence for a based on the sequence
{F.}. Then, by Lemma 4.2, for each f € Fi,c and each £ > 0 there exists N(f,¢)
such that f € Fy(s.) and whenever n > N(f,¢) we have

Foc{re M |(f,)) = (f,0)] <&} (4.9)
It follows that n > N(f,¢) and w € T, imply
[(f, Tu(w)) = (f,0)] <& (4.10)
Since 3" is supported by I',,, we have
[ )8l = [ (f Tofe)) 870l (1)
It follows from the above and (4.3) that
| [ flw) B [de] = (o)l < (4.12)

whenever n > N(f,¢). This proves that the sequence {3""} converges to c. O
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5 Canonical Sequences

We begin by summarizing the ideas of large deviation theory and the single result
we shall require; proofs can be found in [LPS].

Denote by IM,, the distribution of the cyclic empirical measure T.:Q - Mf(Q)
defined on the probability space (, F,3), where (3 is our reference measure — the
uniform product measure:

M, :=80T;". (5.1)
For each open set G, define
1
m|G] := limsup ~ log M, [G] , (5.2)
m[G] := lim inf%log M. [G] ; (5.3)

the following result is Lemma 8.3 of [LPS]: for each A € M{, we have
inf{m[G] : G > A} = inf{m[G]:G 3> A}. (5.4)
Definition 5.1 ([LP]) The Ruelle-Lanford function u is defined on M{ by

p(A) = inf{m[G]: G 3 A} (5.5)
= inf{m[G]: G 3 A}. (5.6)

It is a basic result in Large-Deviation Theory (see [LP]) that the existence of the
Ruelle-Lanford function implies that the large-deviation lower bound holds for open
subsets:

e for each open set (G, we have

supu(A) < lirr%infilog]l\/ln[G]; (5.7)

AEG

In the present case, we have:
o the Ruelle-Lanford function (RL-function) is given explicitly by

—h() T -
u()) = { /.l_( | ), if A is stationary,

00, otherwise.

(5.8)

The following result is fundamental: it establishes the existence of the sequences

of closed neighbourhoods of o on which our construction of canonical sequences is
based.

Lemma 5.1 Let o be a stationary source; then there exists a decreasing sequence
{F.} of closed neighbourhoods of a in M7 such that

(VFn={a}. (5.9)
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Proof: The statement is a consequence of our hypothesis that the factor spaces of
() are finite sets, copies of a finite alphabet; it holds whenever the factor spaces are
standard Borel spaces, for then there exists a sequence {gm } in Fi,c which separates
M{: if a, ) are any two probability measures which satisfy

[ da = [mar, (5.10)

for all m, then A = a. In the finite alphabet case, we can take for {gm} the set
{la € 7o : a2 € Q,,n € IN} of all indicator functions of atoms determined by finite
words:

_ 1 ifwlzal,...,wnzan
law) = {0 otherwise. (5-11)
We can choose
1
F,:={)e Mf: I/gkd/\ —f_gkda[ < = k=1,...,n}. (5.12)
O

We now use the large deviation lower bound (5.7) to prove the existence of a canon-
ical sequence for which a lower bound on the exponential growth-rate holds. The
proof employs a construction which we call stretching: Let {Fi} be a decreasing
sequence in M7 of closed neighbourhoods of o whose intersection is {a} and let

{Nm} be a strictly increasing sequence of positive integers; the decreasing sequence
{F.} defined, for each n € IN, by

FI . {Mi*_ ifn<N1;

= 5.1¢
" Fn N, <n< Npys, (5.13)

is called the stretching of {F,} by { N, }; note that the intersection of the stretched
sequence is again {a}.

Proposition 5.1 Let a be a stationary source; then there exists a canonical se-
quence {I',} for which
1
lim ~log 3,[T] = ~h(a|8). (5.14)

Proof: Let {F.} be a decreasing sequence in M7 of closed neighbourhoods of «
whose intersection is {a}; consider F,, for fixed m. Since F,, is a neighbourhood
of a, there exists an open set G such that o € G C F,,. It follows from the large
deviation lower bound (5.7) that

1
pla) < supp(A) < liminf%log]Mn[G] < liminfglogﬂ\ffn[Fm]Q (5.15)
AEG n n

hence, for each m € IN, there is an integer N,,, such that
1 1
- — < ~logM,[F,, 5.16
pla) m = p og M, [F'y] ( )

for all p > N,,. We may choose the sequence {N,,} to be strictly increasing. Let
{F!} be the stretching of {F,} by {Ny. }; define I';, by

I, = X,T7'F.. (5.17)
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By construction, for all n such that Nn < n < Npy1, We have

1 , 1 .
L 1og B[] = ~ log ML [FL] > pla) = = ; (5.18)
n n m
it follows that |
lim inf ;log B[l = pla) - (5.19)
But « is stationary, so that
p(e) = —hla|B); (5.20)
hence we have .
lim inf ;l—logﬁn[l’n} > —h(a|f). (5.21)

In particular, B[] > 0 for all n sufficiently large; it follows that {I'»} is a canonical
sequence and that the lower bound holds. The equality (5.14) for the growth-rate
now follows from Theorem 4.1 and Proposition 3.2. a

When the source is ergodic, we use the stretching construction together with the
Ergodic Theorem to prove the existence of a canonical sequence {[',} which is
supporting. First we need two lemmas:

Lemma 5.2 Let a be an ergodic source and let f € Fioc; then
7}3_{2)(].7 Tﬂ(w)) = (f7 a) ’ a—a.e. . (522)
Proof: For f € F,., an elementary calculation shows that

(m

sup (A1) — (Al < 2L sup )l (529

wEeR

so that the sequence {({f, T,(w))} converges whenever the sequence {(A,f)(w)} con-
verges and they have the same limit; since « is ergodic, it follows from the Ergodic
Theorem that their common limit is (f, a). o

Lemma 5.3 Let a be an ergodic source and let G be an open subset of MT con-
taining «; then

. -1 _
Jim o[T"G] = 1. (5.24)
Proof: Since G is an open set containing «, there exist fi,..., f,, and positive
numbers €y, ..., €&, such that
{Ae Mt |{fe,d) = (fi,o)] < e, k=1,...,m} CG. (5.25)

Since a is ergodic and fi; € Fioc, it follows from Lemma 5.2 that

lim (i Talw)) = (fes0) a-ae., (5:26)

SO

T}Lxga[{w €EQ: (fe, Tu(w)) — (fr,a)] < ex,k=1,...,m}] = 1. (5.27)
It now follows from (5.25) that

Jim oT7'G) = 1. (5.28)
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Proposition 5.2 Let a be an ergodic source; then there exists a canonical sequence
for a which is supporting for a.

Proof: Let {F,} be a decreasing sequence in M7 of closed neighbourhoods of a
whose intersection is a; consider F,, for fixed m. Since F,, is a neighbourhood of
a, there exists an open set (G such that a € G C F),,. Suppose that the source a is
ergodic; then, by Lemma 5.3, we have

li}lfn aT7'G) =1 (5.29)
so there exists N,, such that, for all n > N,,,
aT7'Fr) > oT7'Gl 2 1-1/m. (5.30)

The sequence {N,} may be chosen to be strictly increasing. Let {F;} be the
stretching of {F,} by {Nn}; put -

I, = X,T'F.. (5.31)
Then
anlla] = o[T'FL], (5.32)
so that
liman[ls] = ligna[T,le,'L] = 1. (5.33)

Hence {T',} is supporting for a; in particular, by Proposition 3.1, 3,['x} > 0 for all
n sufficiently large so that {I';} is a canonical sequence. O

We conclude this section by proving a theorem of relevance to the coding problem:

Theorem 5.1 Let a be a stationary source. If there exists a canonical sequence for
« which is supporting for a, then the source a is ergodic.

We make use of two lemmas.

Lemma 5.4 Let o be a stationary source. Let {l,CQ:n€ IN} be a canonical
sequence for a and suppose there erists a sequence {fx € Fioc 1 k € IN} which

separates MT and
lim sup UTn(w), fx) = (e, fi)l = 0 (5.34)

w€ln
for each k € N. If {Tn} is supporting for a, then the source a is ergodic.

Proof: For simplicity, we replace each fi by fx — (@, fr) so that

A\ fry =0 forall keN < A= a. (5.35)
Since fi € Fioc, We deduce from (5.34) that
lim sup A frw)l = 0. (5.36)
w€l'pn

Since f is bounded and lim, o[F',] = 1 by hypothesis, it follows that

lim jﬂ | A fi(w)| da = 0. (5.37)
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Now let A be any shift-invariant set with a[A] > 0. We have
— = < oSl d 5.38
([ Sedal =1 [, SFedel =] [, Aufidel < [ MAnfilde (5:38)
because both a and A are shift-invariant. Then (5.37) and (5.38) imply that
/ fealdwld] = 0 (5.39)
Q

for all k € IN. From (5.35), we conclude that
of-J4] = -] - (5.40)

which implies that a[A] = 1. Since each shift-invariant set A has either o[A] = 0
or alA] = 1, we deduce that a is ergodic. g

We use compactness to prove the existence of a separating sequence having property
(5.34).

Lemma 5.5 Let o be a stationary source and let {Tn C Q, :n € IN} be a canonical

sequence for a based on the sequence {F,}; then condition (5.34) holds for each fi
mn -ﬁoc-

Proof: {F,} is a decreasing sequence of closed neighbourhoods of o whose inter-
section is {a}. It follows from Lemma 4.2 that for each f € Fioc and each ¢ > 0
there exists N(f,¢) such that whenever n > N(f,¢)

F.c{xe M |(f,\) - (f,a)|l <eh (5.41)
It follows that n > N(f,&) and w € T, imply

(/s Ta(w)) = (f,0)] <e. (5.42)

This implies (5.34). ]
Since A is finite, the collection of indicator functions of atoms from (1, for all n

is a countable separating set. Taken together, Lemma 5.4 and Lemma 5.5 prove
Theorem 5.1.
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6 Commentary

1. $u§1milig tl:; exg}))osition, we have assumed A to be a finite set with 3, the
lprobable distribution on Q; = 4 Our results i

: . 1 . . extend with some modifi-

cation to the case in which 4 is a compact metric space and 3, a probability

measure on A with 3, on Q. and 3 on ) bein .
Lo n ! g the product of
Here are the modifications which must be made: ’ copies of 3.

° ﬁFnt rm}szhbe replaced by Bn[l's] and hsh(a) by —h(a | 3) in the state-
ents ol the propositions; this is done when t i
Sectiona 3. 4 ool we come to prove them in

) ‘the hypothesis ‘Let o be a stationary source’ must be amplified to read
Let a be a stationary source with h(a | B) finite’.

The results may be further extended to the case in which A is a standard Borel
space and 3; a probability measure on A, with 3, and /3 the corresponding
product probability measures. In this case we need to modify the definition of
“canonical sequence” so that with T',, = T + ' F, we require not only that {F,}
be a decreasing sequence of closed neighbourhoods of a with NF, = {a},
but also that there exists a sequence {fi} with each fi € Fioc, such that the
topology on M{ determined by {fi} separates the points of M, and that
{F.} is a neighbourhood basis for « in this topology. In the non—-compact case,
in general, Lemma 4.2 is no longer valid. However, the conclusions of Lemma
4.2 hold when f = f; € {fi}, the separating sequence. One proves Theorem
4.1 by noting that the level sets of & are compact so that the sequence {37}
has limit points in M{. The modified Lemma 4.2 shows uniqueness of the
limit point of {3}, which implies convergence.

2. The concept of an equipartition measure is inspired by that of a microcanonical
measure in statistical mechanics. For Gibbs, the microcanonical measure was
fundamental; the canonical measure, an approximation to the microcanonical,
was useful by virtue of being more tractable analytically. The idea of bounded
local convergence is fore-shadowed in the statement of his ‘general theorem’:

If a system of a great number of degrees of freedom is microcanoni-
cally distributed in phase, any very small part of it may be regarded
as canonically distributed. ([G],p.183)

In the concept of a reconstruction sequence, we turn Gibbs’ idea on its head:
the stationary source corresponds to his canonical measure; our equipartition
measure corresponds to his microcanonical measure. For us, the stationary
source is fundamental; it can be approximated by an equipartition measure.

3. From the point of view of digital computation, a reconstruction sequence is
more tractable than a stationary measure. Reconstruction sequences may
prove useful in providing efficient ways of simulating stationary measures. We
will pursue these ideas elsewhere.
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4. The distinction between average and cyclic average becomes negligible as n —
oo because the limit employs Fi,.: for f € F,, and n > m, an elementary

computation shows that

2(m —1)
n

sup | ((Anf) 0 Pn) (w) = (Anf)(w)] < sup | f(w)[, (6.1)
weN wER

so the results of this paper hold with the following alternative definition of
reconstruction sequence:

Definition 6.1 Let o be a stationary source. A sequence {I', C Q, :n € IN}
is said to be a reconstruction sequence for a if and only if
(a) for all n sufficiently large, B[T',] > 0;

(b) the corresponding sequence {A,3'"} of averaged equipartition measures
converges to a:

lim A8 = a. (6.2)

If we use this definition, then canonical sequences have the following important
property: '

Corollary 6.1 (to Theorem 4.1) Let {I'.} be a canonical sequence for the
stationary source a. Let {I',} satisfy I, C T, and B[] > 0 for all n suffi-

ciently large. Then {I",} is a reconstruction sequence in the sense of Definition
6.1:

lim A8 = a. (6.3)

Pz.'oof: Let f € Fpn; from the proof of Theorem 4.1, for each ¢ > 0, there
exists N(f,¢) so that n > N(f,¢) implies

sup [(f. To(w)) — (f,a) | <. (6.4)
w€ly

By hypothesis we have for all large n
B[] =1. (6.5)
It follows from (6.1) that

‘(f’Anﬂr:'> - (f,a)[

I

| A f, 85 — (f, )| (6.6)

2{m — 1
< €+~(~T;l~—)ilég|f(w)[

Hence

limsup | (f, A.8"") = (f,0)| < e. (6.7)

Since f € Fioc and £ > 0 are arbitrary, it follows that

o {A,3"} converges to

]
Remarks:
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(a) If.each I h'aé cyclic symmetry, then the conclusion of the corollary holds
with the original definition of reconstruction sequence, Definition 2.4,

(b) The set I, can be a singleton or, in the case of cyclic symmetry, contain
at most n elements. For such {I 7.}, we have

1
lim — _—
lmnlog#Fn 0. (6.8)

9. Examples of ‘small’ reconstruction sequences are provided also by the Ergodic
Theorem. Let o be an ergodic measure on (2, F); we give an example of a
reconstruction sequence {I',} for & which grows very slowly:

1
lim— =
im ~log#l = 0. (6.9)

Let 1, € F, denote the indicator function of the atom X 'a of F,, where a is
a word in (,;

1 ifw,=a,....w, =
1 3} = { 1 1, sy Wn an
a(w) 0 otherwise. (6.10)

The Ergodic Theorem implies that

lim A.la(w) = ofX;'a] = am[a] a-a.e. (6.11)

Let A(a;a) be the set on which the above limit holds: let A(a) denote the
intersection of A(a,a) over all words a in Q, and all n = 1,2,.... We have
a[A(a)] = 1; hence A(a) is non-empty. Choose a sequence w* € A(a); for
each n € IN, define I'; to be the set formed by the distinct cyclic permutations

of the word X,w™; then
lim f™ = a, (6.12)

so that {I',} is a reconstruction sequence for a.

6. The approach to large deviation theory sketched in Section 1 is described fully
in [LP]; it has its origins in Ruelle’s treatment [R] of thermodynamic entropy

and Lanford’s proof [L] of Cramér’s Theorem.

7. Our conditional limit theorem has antecedents; the earliest we are aware of is
due to van Campenhout and Cover [CC]:

Let Y1,Y,,... be i.i.d. random variables having uniform probability
mass on the range {1,2,...,m}. Then, for 1 < a < m and for all

r € {1,2,...m}, we have

1 n
lim Prob{Y, =z | ;E Y = a} = 3(x), (6.13)
na integer i=1
where \
Ne) = e (6.14)
=) = Yoy €F

and the constant ) is chosen to satisfy the constraint 3", k3*(k) = c.
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A landmark in the development of such theorems is the paper by Csiszar [C],
in which several important concepts are introduced.

8. We have shown that canonical sequences have the reconstruction property.
In the case where a is a product measure, we have given other examples of
reconstruction sequences. In the literature, sequences of the form

a2l
Balal
are used frequently. When a is ergodic, the Shannon-McMillan-Breiman The-

orem implies that {I'}} is a supporting sequence:

lim e, [I7] =1. (6.16)

n-—¥o0

—h(alB)| £ ;—1n-} , (6.15)

1
m:={a€n: l;log

We can choose the strictly increasing sequence N, so that n > Np, implies
1
a [N =>1-—. (6.17)
m

Define

I {Qn ifn < Nl, (618)

n = " ifN,<n< Nmt1;
in the case of ergodic a, we can use sets of the form (6.15) to generate a
supporting sequence for a. Straightforward estimates show {I'’} to have en-
tropic growth-rate. This suggests asking whether a supporting sequence with
entropic growth-rate is a reconstruction sequence. The example near (2.25)
shows that, in general, a supporting sequence for o with entropic growth-rate
need not be a reconstruction sequence for . We need additional hypothesis

so that T, does not include points of low a-probability. Here is a result of
this kind:

Proposition 6.1 Let o be a stationary product measure and let {I',} be a
supporting sequence for a. For each € > 0, define

e L __ . }_ an[a] - 4 °
e :={ael,: - log Fulal < h{alB) — <} (6.19)
If for each € > 0
. Ba[[5]
i Gl = (620

then {I',} is a reconstruction sequence for a.

Proof: We have

AL Ba[T]

so (6.20) implies th?,t the sequence {A,3'"} converges to a if, and only if, the
sequence {A,.B""\I=} converges to a. Thus it suffices to consider the case in
which IS, = @ for all ¢ > 0 and all n € IN. For a € ,,, we have

fa(a) Ba[T,] Bl [a] = aula), (6.22)

( n Fn FZ € n FE «
gra = Bl \ Dl ey Oalla] s (6.21)
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where f, is given by

fn(2) := au[a]/B,]a]. (6.23)
Assuming I', = @, we have
log fu > n (h(alB) — ¢). (6.24)
Then
. 1
D(B""||ovn) = EA TS /F _ — log(fufa[T'a]) dB, (6.25)
so

limsup :—LD(,BF"

n—300

N |
ap) < — lim inf ~ log Bu[ln] — h(a|B) + 2 < ¢ (6.26)

for every ¢ > 0, because {I'.}isa supporting sequence. Any limit point A
of t%le sequence {A,3""} is stationary. Lemma 8.1 of [LPS] and the lower
semi-continuity of the specific information gain imply

h(Aa) = 0. (6.27)
Since a is assumed to be a product measure, this implies A = a. But the level
sets of A are compact, so the sequence {A.B8""} converges to a. ]
Remarks:

(a) If {T';} is a supporting sequence for a, then the sequence {I'»} given by
L.:=C;OI%, (6.28)

as given in (6.18), is a supporting sequence for a, which satisfies (6.20).

(b) Under the condition that a is weakly dependent (see [LPS]), one may
also deduce (6.27). One can then conclude that A is a Gibbs state for
the interaction associated with «; this does not, in general, imply that

A =a.
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