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I. Introduction

The Hopfield model of an autoassociative memory [Ho] is described by a Hamiltonian function

HnGo)=-5 Y &€, (L1)
(L IEAXA p=1
2]

on the space SV of spin configurations & = {6;}ica Wheze, for a given positive integer N, A =
{1,..., N} and the spins variables o; € S = {~1, +1}, indicate the excitation state of the neuron i.
The variables {¢'}¢, “lrm g §mXN describe the m patterns the system is supposed to memorize.
It is generally assumed that this patterns are ‘random’, i.e. the components ¢! form a family of
mN independent, identically distributed random variables. Typically, one is interested in choosing
m as a function of N as large as possible under the condition that certain crucial properties of the

system are retained (‘memory capacity’).

It has been noticed very early (see e.g. [AGS]) that this model formally resembles closely a
mean field model of a spin glass, the Sherrington-Kirkpatrick model [SK], that has been heavily
investigated by physicists (see for a review [M]). Therefore, tools from spin glass theory such as the
replica method have been employed to study this model. More recently, it has been realized that the
Hopfield model is in fact much easier to handle in a mathematically rigorous way than real spin glass
models, at least if the number of stored patterns, m, is subject to certain restrictions. Moreover, m
may serve as a parameter that allows to continuously drive the system from an essentially trivial
regime (m = 1) to a highly complex and unpredictable ‘spin-glass’ regime (m > N). From this point
of view, the Hopfield model does represent in fact an extremely interesting disordered mean-field

model.

Let us describe some of the main results so far obtained: In 1988, Koch and Piasko gave in
a remarkable article [KP] a complete analysis of the thermodynamic limit of this model under
the constraint that m is allowed to growth with the system size N no faster than "':f; . Their
construction implied the almost sure convergence of the free energy to a calculable limit (which is

simply the free energy of the standard Curie-Weiss model) as well as that of the distribution with
respect to the Gibbs measures of the the so-called overlap parameters

m*(§;0) = %Zﬁ."w (1.2)

A detailed description of these results will be given later. These results have been sharpened and
generalized to the g-state Potts version of this same model by Gayrard [G]. More recently, Koch
[K] has obtained a further very interesting result. He proved bounds on the free energy for all finite
N that in particular imply that if m is chosen such that limy1eo % =0, then the expectation of
the free energy with respect to the distribution of the patterns converges to the free energy of the
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Curie-Weiss model. As a matter of fact, it is very easy to extend his results to obtain the almost
sure convergence of the free energy (see section 3 of this article). It should be noted that this result
holds for all temperatures.

The Hopfield model as given by (1.1) can be seen as a spin system on the complete graph on
{1,..., N}. Both from the point of view of applications in the context of neural networks and from
that of the theory of disordered systems, it is desirable to study generalizations of the Hopfield
model on more general graphs, and in particular on random graphs; still more generally, one may
even wish to study this model when the interaction betwesn sites  and j is not only governed by
the matrix 37 €4} but is modulated by a random variable ¢;;. This model is then called the
‘dilute Hopfield model’ and given by the Hamiltonian

Hyg6n)= -3 ¥ ) eo; (1.3)

{hi)EAXA =1
i ¥

where p = IE(¢;;) > 0. Dilute neural network models are frequently studied in the regime where
P = ¢/N (so-called highly dilute model). There it has been noted by Derrida, Gardner and Zippelius
[DGZ] that the dynamics of this model with asymmetric ¢;; (i.e. €; independent of ¢;;) can be
solved exactly in the limit N 1 oo if the number of patterns is kept finite and proportional to c.
The reason for this is that in this limit the underlying graph has essentially the structure ofa
(disconnected) tree (see e.g. {BO}). An undesirable feature in this situation is the instability of this
model against mixing of patterns and thus noisy dynamics. This last point is very easily understood
in terms of the Hopfield hamiltonian (1.3). Namely, if the underlying graph has the structure of
a tree, then by cutting any edge it becomes disconnected, and choosing & to equal one pattern on
one of the components and another on the second, this configuration differs in energy only be a

finite amount from the original patterns. Moreover, one may construct an infinite number of such
mixtures.

Diluted networks are of interest not only if they are more easy to analyze but also for pragmatic
reasons of network architecture. In very large networks, maintaining full connectivity is clearly
undesirable if not impractical for technical reasons. It is thus natural to ask how such a model
behaves if it is less highly diluted, and in particular one may ask how much the network may be
diluted if the properties of the fully connected network are to be retained. This has been done
recently [BG] in the regime where m = aNp where it has been shown that rigorous lower bounds
on the storage capacity as proven first by Newman [N] for the model (1.1) can be recovered in this
situation, provided that p > ‘/;-E_Ni"-—

In the present paper we study this model from the point of view of mean field theory in the
regime where m << N. As we will see, the mean field results prove fairly robust against the effect
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of dilution and can be re-proven under fairly weak assumption on the ¢;;, although we must always

require p to be much larger than in Derrida’s model.

To be able to make precise statements, we need to introduce some notation. First, let Q =
{~1,+1}V*N T, the corresponding Borel o-algebra, and let IP; denote the product measure on
Q¢ such that { = {ff‘}:‘f:vv is a family of independent, identically distributed random variables with
IP¢(§! = +1) = }. Note that for a given, non-decreasing function m : IN — IN we will denote by
£(N) the cylinder generated by the family {f{‘}f:::‘_’;,"(m.

To define the probability space for the dilution variables ¢, we need to be slightly more sophis-
ticated due to the fact that we want the marginal distributions of the ¢;; to depend on the size
of the network while at same time define all Hamiltonians for different N on the same probability
space. Thus we take 02, = {0,1}N*NxN_ T the corresponding cylindrical o-algebra. Then let
€= {e;j(N)}a’J%'}’vxw be a family of random variables and for all N € IN let F{) be the sigma-
algebra generated by {¢;;(N ')}ﬁ';é,’ljx - Moreover, we let IP, be a probability measure on ({2, F,)
such that the families {¢;;(N)}¥€™ are independent for different i,j and that the distributions

P induced by IP, on {€j(N)}i jewx v is the product Bernoulli measure s.t.
PP (i;(N)=1) = 1 - IP(ei;(N) = 0) = p(N) (14)

This does not yet fix IP, uniquely and although this is really all we will require, we prefer to
specify our measure completely by demanding that {&;;( N)} V€™ be a Markov chain with transition
probabilities chosen such that IP¢(¢;;{N) = ¢;;{N — 1)) be maximal given the marginals specified
in (1.4). A simple computation then shows that this requires

P (&j(N) = l]ei(N - 1) = 1) = p(N)/p(N - 1)

PP (ei;(N) = Oleij(N ~ 1) =1) =1~ p(N)/p(N ~ 1)

P(eij(N) = 1|e;i(N 1) = 0) = 0

P (e;;(N) = 0leij(N-1)=0) =1

(15)

Remark: Obviously, we may carry through this entire construction with ¢;;(N) taking values in

a more general space than {0,1}.

Let us now define the finite volume partition functions and free energy of our model through

1

Znp(6e) = Z '27\75_'@""“;”) (1.6)

geSN

and )
Inpl€ie) = ~aw 1 2nis(és €) (L.7)
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Let us further denote by fow () the free energy of the Curie-Weiss model [E], i.e.
few(B) = inf -1 In cosh(fBz) + _z_i 1.8)
seR\ B 2 @

Then, we have the following

THEOREM 1: Letp: IN — (0,1] be a decreasing function such that P(N)N 1 00, as N T o,
and let m : IN — IN be an increasing function such that % 10, as N1 oo. Then, for all
0<B <o,

Al,l{& Inp(é;€) = fow(B), IP. x IPg ~ a.s. (1.9)

As in the standard Hopfield model, when the number of patterns, m, is small enough, the
extremal infinite volume Gibbs states of the Dilute Hopfield model are expected to be measures,
G7, concentrated near the original patterns §*. Here what we will in fact be interested in is
the limiting distributions of the overlap parameters (1.2) with respect to the measure . More
precisely, in order to construct the measure G?, we add to the Hamiltonian H, N,e.e(0) a ‘magnetic
field’ h coupling to the pattern £ that is we write

N
Hyn(g60)= HN(e;G;a)—-hZa,f}’ (1.10)

i=1

We denote by G 5 ,(€;€) the finite volume Gibbs measure which assigns to the configuration
a € SN the probability

exp{—BH} ,(¢; & o)}

ron(csd0) = Xoesn exp{-BHE (€€ 0)}

(L11)

We denote by mj (¢) the map
miy(€): SV — [-1,1)
o+ my (& 0)
and by £%[mA,(£)] the law of mhy(€) under GRsn(6E). Let at(B), respectively a=(8), be the
largest and smallest solutions of the equation g = tanh(fa) and define % ,(8) = a*(8)4,,, where

8a,, is the Kronecker symbol, Then, denoting by {2} the Dirac measure on IR concentrated at the
point z, we have the following

(1.12)

THEOREM 2: Suppose that all the assumptions of theorem 1 are satisfied and that in addition
m <InN/In2. Then for h > 0 and for all 0 < 8 < o

i 1 u =
kgl r{'xtxgo L3 mi(8)] = §ims oy P X IPe - as. (1.13)
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The same result holds for h < 0 with 7 ,(B) replaced by i ,(B).

Remark: The restriction on the number of patterns in theorem 2 is due to the fact that even in the
standard Hopfield model, the analogue of theorem 2 has only been proven under this hypothesis. If
(1.13) holds in the standard Hopfield model under weaker restrictions on m, we expect to be able
to prove it also for the dilute Hopfield model under the same conditions plus those of theorem 1.

Remark: A more general form of theorem 2 will be given later.

Our proofs of theorems 1 and 2 actually follow from the analogous results in the standard
Hopfield model together with the following theorem, which really constitutes our main technical
result. Let IP denote the product measure IP; x IP, on (f3¢ X Q, F¢ x F¢).

THEOREM 3:  Let m be an increasing funciion such that m(N)/N | 0 as N 1 0o, Then there
ezists an event Ay € F; and a constant 0 < K < o0 s.t.

K
P(An) 21~ 35 (1.13)

and s.t. if p satisfies p(N)N 1 00 as N 1 0o, then, for any strictly decreasing functiony : IN — IR
satisfying Y(N) | 0 as N 1 00 and p(N)NY*(N) > ¢ for some constant 0 < ¢ < o, there ezists a
consiant p > 0 s.t.

P (va € SN |Hy(6 € 0) - EHn(e; £ 0)| < vv/mN ’ An X 0) < eV (1.14)

Remark: It should be noted that our results require only the weakest plausible conditions on the
dilution rate p(N). In fact, in terms of the underlying random graph, this condition assures that
the ‘giant component’ of the graph is so big that the number of vertices in its complement is o( N)
(see [Bo]). If p(N) were smaller, e.g. Gm Np(N) > 0, then an extensive fraction of the graph would
consist of finite connected components and a result like theorem 3 could not be expected. It is also
very likely that the condition in theorem 1 on the number of stored patterns is optimal, although
as yet we cannot prove this. The situation in theorem 2 is less clear, the reason being the lack of
knowledge on the structure of Gibbs states in the Hopfield model if the number of patterns exceeds
InN.

The prove of this theorem will be given in the next section. In sections 3 and 4 we will use

this to prove theorems 1 and 2, respectively.

Acknowledgements: V.G. would like to thank Joel Lebowitz and the Mathematics Department
of Rutgers University there part of this work was done for their kind hospitality. We are grateful
to Hans Koch for sending a copy of his work prior to publication. Finally, we would like to thank

Pierre Picco for a critical reading of the manuscript and valuable comments.
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II. A uniform bound on the Hamiltonian

In this chapter we prove our theorem 3 which provides a uniform bound on the difference
between the Hamiltonian of the dilute Hopfield model and its average with respect to the dilution
variables . We have recently proven such a result for the dilute Curie-Weiss model [BG2] (which
corresponds to the case m = 1) and our basic strategy will be the same; however, this time the
presence of the random couplings J;; = Y5, £/'¢! adds considerable complications.

Let us set (,§;) = 3, £1'¢;. We may write the Hamiltonian as (we suppress the dependence
of € and £ on N for the simplicity of notation)

1

Hy(s&o)= -5 3 16, &) sign (&3, €5)eiioic (2.1)
i#5
Here we choose to define .
sign (z) = {1_1 g: ig (2.2)

Now define the set A* as the set of all pairs of sites where the spins are aligned with the couplings,
ie. :

A*(058) = {(i,5) e A X A, i # j| oi0; = sign (&, )} (2.3)

Defining furthermore Z;; as the indicator function of this set, i.e.

{n

gy = 1 ’if(i’j)EA+(0;£) (2'4)
" 0 , otherwise
and noticing that

oi0;sign (&, §;) = 28— 1 (2.5)
we may rewrite our Hamiltonian as

1 9 _
Hu(e60) =~ > (6 éilei + = D (60 &)IEss6ss (2-6)
PN PN 5

We want to prove that uniformly in o, the Hamiltonian Hy(e; ; o) is close to its expectation w.r.t.
the distribution IP,. Since the first term in (2.6) is independent of ¢, the real task is to show this
property for the second term in (2.6). More precisely, let us consider the probability

oI €)IEis65 — 2 Y16 €)ISs5

IP, (30 esN:
i#5 i#5

i#j

>prY. i(&,éj)li-'i) (2.7)

where 7 = y(N) is some positive decreasing function tending to zero with N that will be chosen
appropriately later. We will show that with IP;-probability that tends to one as N 1 oo, the
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probability (2.7) is exponentially small. Note that (2.7) is bounded from above by

IP, (30’ esN Z l(f.‘,fj)ii,’jf,‘j > P(l +9) Z {(fi:fj)lsij)

i i#j

(2.8)
+IP, (30 €8N 23 Ik b)Eies <p(L-7) Y §(£e-fj)l'5ij)
2] i#
Our estimates will be the same for both terms in (2.8) so that we only concentrate on
NGES (aa €SN S E)Ess > o1+ 1 Y 1(ei,ej)1sej) (2.9)
i#5 i#i

We have, bounding the probability of the union by the sum of the probabilities and then using the
exponential Markov inequality [CT]

Qn(E) < D infexp {—p(l Y (€ €5) i + D In (MO0 1) 4 1) }
(2.10)

cesn 2 i# i#5
= Y infexp {An(£0)}
oeSN T
Now
In (p(el(&,fi)lt?-ﬁ -1)+ 1) =E;ln (p(el(it.{;)il -1)+ 1) (2.11)

so that the exponent in (2.10) can be written as

An(&,0) = 32 (P14 (6 )]+ In (p(e 1 — 1) 41)) (2.12)
i#i

Now for ¢ > 0 we have the following bound

In (p(eue‘,z,-m 1)+ 1) < plel€ et _ 1

. £.|242 (2.13)
=p{inete+ L 4 mye i}

where -

Ryz)= Y %T (2.14)
n=3
Our strategy will now be the following: Anticipating that B; will be small, we choose ¢* such that
2242
PN T [ &)t +p 3 (6 gmist +p Y Lot s (2.15)
i#ts i#j #j
7

is minimized, i.e.

2oizi s €5)IE;

r= 72;#1‘ 1(&:, €5)17E;; (228)
This gives the bound
< 1., [E;# 1€ 65012451 = g 2.
0= ,§~“P{ ks Son = M C 1

Our aim is to get a o-independent bound on the exponential in (2.17). To this end notice that first
of all we have the trivial upper bounds

2N ENIEG < 3 16 &5) (2.18)
i#j i#5
and
Do éPss < DolEaer? (2.19)
i# i#j

More interestingly, we may also get corresponding lower bounds. Namely, since

5, = o0, sign (2&,&') +1 (2.20)
we get that
D16 1Z35 = 5 3 louos(6i6s) + (60 )]
i#j ¥
[ (2.21)
=3 [2:1(5",0)2 -mN+3Y" Kfiufj)l}
p= i#j
and hence
Z_: (&, &) 1245 > % [—mN +3 I(&,fj)i} (2-22)
i#J iy
Finally,
- 1
; (& )l'Es = 5 Z: [}: §Ee e oo + ‘(fi»fj){z}
i#j i#i Lpw
1 - 1 (2.23)
=3 > (Z 62‘63’0;) - -2—m2N + EZ (&, &5)°
and hence v
; (& &)1’ > % {E 160 €17 - mgN} (2.24)
i#j i#5

Combining these four bounds we get the following
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LEMMA 2.1: t* as defined in (2.16) satisfies the following upper and lower bounds:

Ei#i I(eis 51)!

t"<t, =2y E:’;&j |(£',’ fj)la — m2N (2.25)

o d
95> 0, o 3= 1Sl =i 229
ST YL E )P '

(Note that the condition t} > 0 will be satisfied on the subspace of {}¢ where we will want to
use (2.25)).

An immediate consequence of this lemma together with (2.17) is the following proposition,
which yields the desired uniform, but still {-dependent bound on Qx:

PROPOSITION 2.2: The probability Q n(£) satisfies the bound

Qn(€) <2V exp { “%72”@&# I &5)] - mV

]2
R3 :s <) .
E.';e,' (&, &5)12 +p§; (tal(&i € )!)} (2.27)

forall £ 5.t. t > 0.

What we now need to prove is that with very large probability, the exponential in (2.27) is suffi-
ciently small to offset the 2V pre-factor. Note that it depends only on the quantities PRI
and it is those we need to control. To see how this can be done, it is reasonable to think of the
variables (¢;,£;) as being essentially gaussians with variance m!/2. In fact, we have the following
bounds:

LEMMA 2.3: The moments of the variables |(£;,€;)| (for i # j) satisfy the upper and lower
bounds:

() i< g
! 4

(—mf‘jr), < IE|(:, ;)" < 2 (m”‘_ 5 (2.28)

() If1> %,
m! (k(k +1))' ™ <IB|(6, &) < 2%'ml (k(k+1))7%, if m=2k
I-k—1 1] 1 l~k-1 . (2’29)
mlk (k(k + 1)) SE|(& &) < 2'mlk(k(k+1)) 77", if m=2k-1
(i5i) The odd moments are bounded in terms of the even ones through
(N €))7 < I )11 < (EBI(EH 6)™) ' F (2.30)
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(iv) Moreover, for the first two moments we have the ezact formulas

Bt =m Bl = 22 (7 1) ~ o2 (231)

Proof: Notice first that point (iii) simply follows from Jensen’s inequality (CT]. The even moments
are more easy to compute since in this case the absolute value may be dropped, and since for § #4
£F'¢Y has the same distributidn as £}, so that

m 2
E|(§ )" = IE (2 c:‘) (232)
n=1

But since ¢}’ are i.i.d. symmetric Bernoulli, the moment generating function for the r.v. ZL’;, &
is (coshz)™, and thus
- 2 2
E (z f{') = 5 cosh™z|__, (2.33)
=1
Thus, we just need to estimate the 2!-th derivative of cosh™ z. Let us put C,(z) = cosh™ "z sinh’ z.
Since

d
Eca = (m - 5)C.+1 + 8C,1 (2.34)

it is natural to label each term appearing in the 2I-th derivative by a random walk w of length 2/ on
{0,1,2,...,m}. Moreover, sitice at the end we must set z = 0, only such walks will give a nonzero
contribution which finally produce a Cj, i.e. we count only walks starting at zero and ending at
zero. Finally, we define the weight of each step of the walk by

_fm-w ifwgyr—w=1 2.35
w(wH'“w’) - {w, yfweyy —we = -1 ( )
Then we have that
Jﬂ 24
o] cosh™ tI::o = Z H w(wg,wi-1) (2.36)
wi0=0 t=1

Now since w must contain the same number of steps going up as going down, we may pair them
in such a way that to each step going up at, say, time t (and starting at w;), we associate the
next step down starting at the position wy = w, + 1. Notice that such a time t' will necessarily
exist. Now the weight of each such pair is (m — w;)wy = (m — wi)(w; + 1), and the weight of the
walk is the product over all pairs of these quantities. The important observation is now that the
function (m — z)(z + 1) attains its maximum at z = =1, and therefore the walk with highest
weight is simply the one for which w; is as close to this value as possible under the constraints that

wo = wyy = 0. It is trivial to see that such a walk will have the weights corresponding to the lower
bounds in (2.28,2.29).
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The upper bounds are simply obtained by multiplying the highest weights by the trivial upper
bound 2% for the number of contributing walks (this could be slightly improved to ().

Finally, the exact formulas (2.31) for the first two moments are obtained by standard compu-
tations. This concludes the proof of lemma 2.3. ¢

The reader will now verify that if we were to replace all powers of (£, ;)] in (2.27) by the
respective moments, this would indeed yield an exponentially small value for @ 5. Our next step will
therefore consist in proving that the fluctuations of the powers of |(¢, £;)| about their expectations
are sufficiently small. More precisely, we want to control the probabilities

Pa(8) = IP (Z [1(6s €I ~ IEL(€:, 5)I™) > G"N’IEt(&,&)i") (2.37)
i#j
Note that the obvious bound

Po(8) < N(N ~ 1)IPe(|(&1, &2)I™ ~ E|(§1, £2)I™ 2 6" IE|(£1,62)I") (2.38)
would be a disaster as the last probabilities in (2.38) do not depend on N and thus will never offset

the N? prefactor. To improve it, we must exhibit some independence of the terms appearing in the

sum over i and j. To do so, we go only halfway towards (2.38), i.e. we notice that

Pa(8) S NIPg (Z (1€, 601" ~ EBI(€:, £0)I7] 2 5"N1El(€n€z)¥") (2.39)
i#1
The terms in the remaining sum are now independent. To obtain a bound on P, that behaves like
1/N?, we now use the sixth-order Chebychev-inequality to bound the probabilities in (2.39). This
gives
1P (E [1(&: )" - IBI(&:, )17 2 5”N1E§(fnfz)|")

1 (2.40)

P (S 6 00 - Bl 6)17)”
N NS§5n (IE|(61,62)I")°
Let us put a; = |(&, &))" ~ IE|(&i, €1)]™. Then, since IEq; = 0,

(3] -yt () 3mins

i#j

6
+ (3) > EdEd

i#j
6 4 2 2 2
+{,5) 1, Y EdEdEd
i#itk
= NIEd§ + 15N(N - 1)[Ea}Ea} + 20N(N — 1) (Ea})*
+90N(N — 1)(N - 2) (Ea?)®

(2.41)
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With these preliminaries it is now an easy matter to prove the following

LEMMA 2.4: There ezists a finite positive constant C, such that, uniformly in m,n and N,

E (g 606 - Bl(6 017)°
(E|(6, &)I")° -

N3cn (2.42)

Proof: Note that from (2.41) it follows that the quantity on the left of (2.42) can be expressed
as a finite sum of terms of the form

o i Bl &)
N Bl en )T

witha = 2,3,4,6,i=1,2,3 and €q,; finite numerical constants. Using the upper and lower bounds

from lemma 2.3, one easily checks that the ratios of expectations in (2.43) are all bounded by
const™, uniformly in m. But this yields the claim of lemma 2.4. 4]

(2.43)

From lemma 2.4 we can now deduce the

LEMMA 2.5: There ezists a finite positive constants § and K such that

1P, (Bnga : };U(Enfj)]" - E|(, )" > 6"N’IE|(€1,&)!") < -57 (2.44)
i#j

Proof: Just notice that by (2.39) and lemma 2.4

.3 (anga E 31 )" - BIE €)M > aw’mt(el,an")

i#j

<Y P (Z U €)™ - (& ¢5)™] > 6”N2IE|(¢y, fz)}") (2.45)

n>3 i]

<Tw($)

n>3
from which (2.44) follows if § is chosen such that Cls<1. ¢
Let us now define the event Ay € Fe¢ as follows:
DEFINITION 2.1: w € Ay, iff £ = £(w) satisfies
() Va3 X (6, €3)I™ < (1 + 6")N2IE|(£), )", with Schosen as in lemma 2.5.
(5) (1= N*m < T 1€ €)1 < (1 + N?m and
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(i) (1- N 32 (73) € g (6 6i) < (1+ QN IR im7ay) for some € < 1/2.
We define further the set
oo
A= J N Ax (2.46)

No=1 N>No

From the previous results it follows already that Ay has large probability:
LEMMA 2.6: There ezists a constant 0 < K < oo such that
K

IP((AN) >1- '1v—2 (2.47)

Moreover,
Pe(A)=1 (2.48)

Proof: The bound (2.47) is easily pieced together from the previous lemmata. (2.48) follows from
(2.47) and the Borel-Cantelli lemma [CT]. ¢

Now the event Ax was constructed in such a way as to ensure that (2.27) is small. More

precisely, we have
LEMMA 2.7: On the set Ay, we have, for any function vy s.t. y(N) | 0,as N T 00, the following

(i)

t; < 3—m—(1 ~m/N)™! (2.49)
(ii) \
(Eo (€€ = mNP 1 [-mN + (1 - ) y2m/=N]
Yl )P T2 (1+e)mN? (2.50)
1 2 1
2 ‘3‘;N2 + Em ﬁ” 1/2
and
(iii)
3 Bs(t7)(:: €5))) < K N? (2.51)
i#5

Remark: It should be noted here that no assumptions are made in this lemma on the speed with
which y(N) tends to zero. This is, as we will see shortly, essential in order to get the weakest
possible assumptions on p(N). This renders our proof somewhat more complicated. A simpler
proof can be found under the assumption that y(N)vin 7 | 0.
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Proof: The proves of (i) and (ii) are fairly immediate, using point (iv) of lemma 2.3 (and assuming
m large, for simplicity). To prove (iii), just notice that on A,

PR ACAICAHED D L‘;.)—- P

i#i n23 i
<0y mvme, e
n23
m/2 2~ ﬂ,’fl
sty g (E)HY £ mll!
< ;(H» 7NN @-1) (2 l(m— I)!)

m/2 (t' )2‘ mil! (2.52)
+ Zi(l +8M)N? o 2"-—-—-—-—(m 5

H~1
sty g2 G2 [ (Mt l)u
+ E (14 87H)N G-y 24'm! 3

I=m /241 )

+ i (14 2y G oy (m)“_m
1 ‘\g

I=m/241 (@ 2

Now we will always assume that m/N goes to zero as N goes to infinity. Therefore, t; is effectively

bounded by, say, 7v/+/m, for N large enough. Moreover, v will be taken to zero with N, so that

we may assume it to be as small as desired. It is then a trivial matter to realize that all four sums

in (2.52) converge and that moreover

m/2 n 31 m/2 -1
a-ry 2 (G (o milt 7T 2 at-1yg2i-1,20-1_F T
Z;(IH Woai—y\F mon) <V g;(l” YT RITY (253)
<GNY
and similarly
m/2
2ty w2 (80)Y o mil! 2.4 4
'2;(1” W o oy < CN' (2:54)
while the last two sums are bounded by
Ca(1+ 6™)1me™y™ (2.55)

and are thus completely negligible. Combining these bounds yields (iii). ¢
We are finally ready to merge these results into a bound for Qn:

PROPOSITION 2.8: Assume that m/N | 0 and pN 1 00 as N 1 oo and choose y s.t. pN7* > ¢

for some constant 0 < ¢ < 0o . Then, forw € Ay and for N sufficiently large, there ezists p > 0
s.l.

Qn(E) <oV (2.56)
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Proof: Inserting the bounds from the previous lemma into (2.27), we get that

1
Qn(g) <2Vexp (“551’”272 + PN?K’Y;’)

(2.57)
Ak Kv)+ Nn2
=exp |-~ (1-32K7)+
Choosing nowN large enough and y(N) such that
32
2> ——oIn2 2.58
PNY > 190K (2.58)

we get the bound (2.56). O

From this proposition and lemma 2.6 we now get immediately our theorem 3. 0O
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I11. Convergence of the free energy

In this section we dincu;n the consequences of the uniform bounds obtained in the previous
section for the convergence of the free energy of the dilute Hopfield model. Let us denote by fn,s(£)
the free energy of the standard Hopfield model, and let us introduce

Afnsl(éie) = |fnp(Eie) — frno(é)l (3.1)

We have the following

PROPOSITION 3.1: Assume that p(N)N t oo and % 10, as N 1 oo. Then, for all 8,

lim Afnal&) =0, IPexIP. - as (3:2)

Proof: By theorem 3 there exists an event Cjy € Fex Fe s.t.
IP(CN) 2 (1 — ==)(1 — e~ PN 3.3
(Cn) 2 ( N?)(l e ) (3-3)

such that on Cy, for all 7 € SV,

|Hn (&5 6 0) - IEHn(¢ 6 0)| < 7(N)/m(N)N (3.4)

for any decreasing function + satisfying y(N) | 0 as as N 1 oo and p(N)Nvy(N)? > ¢ for some
constant 0 < ¢ < o0, But IE.Hn(¢; ¢; o) is nothing but Hy(¢; o), and hence a trivial calculation
shows that (3.4) implies that

Afna(&€) < ¥(N)y/m(N) (3.5)

If we moreover choose v such that with y(N)/m | 0 as N T oo, setting C = |J Noz0 [ Ivan, CNy we
see immediately that on C,

Jim A f(€s€) = Jm v(N)y/m(N) = 0 (3.6)
Now combining the constraints on v gives the condition 74 | 0 as N 1 oo while (3.3) and the
Borel-Cantelli lemma imply that IP(C) = 1, which proves the proposition. ¢

Therefore, to prove theorem 1, we just need to prove the almost sure convergence of the free
energy of the standard Hopfield model. Now in a recent paper, Koch [Ko] has shown that under
the assumption that m/N | 0,

E¢fn (&) = fow(B) (3.7)
16




Tirozzi and Sherbina [TS] also very recently proved this convergence in probability (with a bound
on the probabilities that cannot yield almost sure convergence). As a matter of fact, it is very
easy to modify the approach of Koch to prove the almost sure convergence (this would even seem
a more natural consequence of his computations). Let us state this result and give the proof for
completeness.

THEOREM 3.2: Assume that m(N)/N | 0 as N 1 0o. Then

)%'i{go Fn () = few(B), IP¢—a.a. (3.8)

Proof: We follow essentially the analysis of [Ko]. The first step consists in rewriting the partition

function in terms of Gaussian integrals in a standard way:

m/2
2N Y eAHNe) = (K@) / A e ANBGAF TN incosh(B(2,6) (3.9)

2
aesSN

where 2 is an m-component vector and (z,£) = 3.7, 2,67, etc.. Now notice that

1 Z 1 N 1-6
~3NB(z,2) + - Incosh(B(z,€:)) = = 5 NB(z2) + 3 —5—B(,6)’
=1 i=1

N 1-4§ 2
+ Zlncosh(ﬁ(z, &) - ) B(z,&)
i=1
N
-5
< - 3NBG D)+ Y T8 6 (310)

i=1

1-6 .,
+N;t~1§a”)?c(lncosh(ﬁz)— 3 ﬂz)

- %Nﬁ (5 (T - (1 6)4)z)

+ Nl;[é% (ln cosh(Bz) — ! ; 6,8:’)

where the m X m-matrix A has components 4, = Tlv' Ef;l £X¢Y. Of course, this decomposition
is only useful for a choice of § such that the matrix (I — (1 — §)4) is strictly positive. If this is
the case, then inserting this inequality into (3.9) gives the following upper bound on the partition
function
Zne < eNmu.()ncom(a,)-*—;-‘,sz’)det(n -(1- 6).4)“”2

< eNm.x.(lnmh(ax)-L;ipz’) (Armin(T — (1 - J)A))—mn (3.11)
where Api,(M) denotes the smallest eigenvalue of the matrix M. (3.11) yields immediately the
lower bound

o) > ~f! max (m cosh(fz) - >

; 63;’) + -2%111(,\,,,;,.(11 ~ (1 - 6§)4)) (3.12)
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If we could choose § = §(N') insuch a way that §(N) | 0 as N T oo, this lower bound would converge
to the Curie-Weiss free energy, and since the Curie Weiss free energy is trivially an upper bound
for the Hopfield free energy, this would give the desired convergence. The following proposition
tells us that with probability one this is indeed the case.

PROPOSITION 3.3:  Let Apnas(4) denote the largest positive eigenvalue of A. Then, for any
constant ¢ and for N large enough, we have that

P (Amas(4) > V¥ 4 (14 )N"1/8) < 2N (3.13)

Bounds on largest eigenvalues of random matrices can be found for instance in [KF). They prove
results like (3.13) for symmetric matrices with i.i.d. entries. Their method is in fact well-suited to
be adopted to the present situation. The basic input into the proof of (3.13) is the following bound
on the trace of the powers of the matrix 4:

LEMMA 3.5: Letk < N'/6, Then
IE; tr A* < 2N **e/(140) (8.14)

where p = y/m/N.

Remark: Koch [Ko] and Tirozzi and Sherbina [TS] announced analogous bounds on the traces
of (A — M)*. We present a proof along the lines of [KF] in an appendix. Let us also note that
our proof has the additional virtue that it also holds when the ¢! are centered but not necessarily
symmetric random variables.

Let us now show how lemma 3.5 implies proposition 3.4.

Proof: (of proposition 3.4, using lemma 3.5) Notice first that Amaz(4)* < tr A%, for all k (note
that A is a positive matrix). Thus, using the Chebychev inequality and lemma 3.4, for all k < N e

p (Xmas(A) > e2eli+0) z) <IP (tr(Ak) > (cnp/(l-h’) + z)k)
IE tr (A¥)
= [€BT0+8) 1 z)*
2e2p(l-p)k
s Nty z)* . (3.15)
ze2p/(+0) \*
=2N (1 - mmr—))

ze—2p/(1+p) }

< 2Nexp {—k———-—-—-——————-—l ey (e
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Now we choose k as large as possible, i.e. k= N'/®and z = (1+ ¢)N~1/%1n N. Then (3.15) yields

151 N
1/6 (1+c)N"?
1P (Amas(4) > /047 + e) <2Nexp {-N/ Z/47) + (1+ )N- /S In N

3p/(1+p}

(3.16)
~2N N (e

which proves the proposition. ¢
We are now ready to prove theorem 3.2.

Proof: (of proposition 3.2) By proposition 3.3, and using the triangle inequality, we see that with
probability greater than 1 — 2N,

A"‘i"(n - (1 - 6)44) >1- (1 - 5)(3\/’—"7“\7 + 3N—1/6)
~ 8~ (\/m]N +3N"1%) + 6(+/m/N + 3N1/%)

so that we may choose §(N) = (v/m/N + 3N~1/5) which tends to zero with N and get that

(3.17)

e(8) 2 —~max (1ncosh(Bp) - L= iMgp) + Fia(y/m/W + NP (319)

Now the last term in (3.18) goes to zero with N, while the first converges (by continuity) to
max, (In cosh(8p) — %,Bp’) = fow(B). Since (3.18) holds on an event whose complement has
sui'nmable probability, a standard Borel-Cantelli argument as in previous instances yields conver-

gence on a set of full measure. o3

Theorem 1 is now a direct corollary of proposition 3.1 and theorem 3.2. -0
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IV. Limit distributions of the the overlap parameters

In this section we will assume that m(N) < InN/In2, which is the restriction under which
the analogue of theorem 2 could be proved in the standard Hopfield model ([KP], [G]). We first
present an extended form of theorem 2 to the case where the external magnetic field couples a
finite number of patterns with equal strength. That is, for any finite ! < m and any family
{a1,...,q} € {1,...,m} we define the Hamiltonian

[
Hyp(6&0) = Hn(e60)—h Y Y o’ (41)
J=1i=1
We denote by Gy} 5»™ (¢; §) the corresponding finite volume Gibbs measure. Futhermore, for any
finite integer k < m and any family {1,..., ¢} € {1,...,m} we define the map
My () s SN — [-1,11*

4.2)
o r— (mi(& ), ..., mi (& o)) (

and we denote by L*1 - [M " (£)] the law of M4!™** (£) under G353 ™ (€ €). Now defining

ﬁ‘i;.{m e} (B) = @X(B)(8a; 15+ o+ 8a; i, ) Where 8, , is the Kronecker symbol, and denoting by
§;) the Dirac measure on IR* concentrated at z, we have the following

THEOREM 4: Suppose that all the assumptions of theorem 2 are satisfied. Then for h > 0 and
forall0< B <o

!
N 1
Lo SIEPL- R Y 1. = - _
lim lim Lot My ()] = 5 E,'s{mi,.uw.M} P x IP. - a.s. (43)
’:
The same result holds for h < 0 with 77::‘,{”““1“}(,6) replaced by ~;1.{mv--.m}(‘6)‘

We shall only give the proof of the particular case of theorem 4 given by theorem 2 and
moreover, we only consider the case A > 0. This proof will closely follow that given in [G] and
makes direct use of some results established therein. Therefore, in order to be concise, we will only
stress the aspects due to the dilution and refer for details to [G].

One main ingredient of the proof consists in a random partition of the set A = {1,...,N}
which can be briefly described as follows. Let us fix an arbitrary enumeration of the d = |8™] = 2™
elements of the set S™ and write

8"‘5{81,...,6;,...,64} (4'4)
with ex = (e},...,e},...,el). Forall y = 1,...,m, we denote by e# the d-components vector
et = (ef,...,ef,...,e4). Note that the vectors e” are orthogonal to each other, i.e.,

| P
E(‘ €)= buu (4.8)
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Now any given realization of the r.v. § together with the enumeration (4.4) induces a random
partition of the set A into d disjoint (possibly empty) subsets A(£), defined as

Ak(f)={i€A:&=ek},k‘—‘-—l,...,d (4‘6)

The random partition (4.7) has the property that, for m < In N/In2, the cardinality of each subset
Ax(€) remains close to its mean value %. More precisely, remembering that §{ = £(w) is a r.v. on
the probability space (Q¢, F¢, IP¢) we recall from [G] the following

LEMMA 4.1: [G,KP] Define the event Dy € F¢ as
N
D = {u € 0| IAn(O1 = T+ Al < 6(M) 1 < k< ) (a7)

where §(N) = 4/ ﬁlnN tends to zero as N tends to infinity. Then IN; s.8. YN > N,

-1
P(Dy) > 1 - 2dexp {m% (1 - %) a’uv)} (4.8)

Now let us define the map X,:

d
. NHv:z — — 2 ‘e - 2
Ter ST 2 H{ L e ! lAk(f)l’l}

Xe(0) = (Xea(o)y .-, Xea(0), -y Xe.a(0)) (4.9)
o —

Xex(o) = ]KTl(Eﬂ ):ae/\.(z) i

Note that X¢() is a d-components vector. Using the random partition of A, the overlap parameters

can be rewritten in term of X¢(c) as

m(0,6) =y 3o
k=1 ieAs(8) (4.10)

where M is the d x d diagonal matrix with entries Mi; = A;. Thus given any z € Z¢ the overlap

miy(0,¢), regarded as a function of the configurations o, takes the value
1
min(i€) = 5(e*,[M + Id]z) (4.11)
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for all o in the subset {o € SV|X¢(0) = z}.

From now on we assume that h > 0. To prove theorem 2, it is enough to show that under its

assumptions, for any continuous function g:[-1,1] — IR,
{ 9(0) ifo<p<1

g(a(B)uy) fB21

lim lim 3" 9(mi(7;€)0% ol 60) = P x IP, — a.s. (4.12)

aesSN

By (4.11) we have

> ami(e:€)0%an(6 o) = > g(%(e",[M—&Id]z))vX’,‘ﬁ‘h(t; &iz) (413)

oeSN x€Tg
where 13 5 ,(€;€) is the probability measure on Z; induced by G 4 ,(¢; €) through the map X
which to each z € E; assigns the probability

Wanlebz)= Y GRan(eéa) (4.14)

oesN:
Xelo)=s

Thus, to compute the expectation (4.13) we are left to study the measure v5; 5 (€ €)-

Let us denote by ‘G-,“\’,'ﬁ‘h(f; ) the finite volume Gibbs measure associated to the mean Hamil-
tonian
IE HY (6 ¢ 0) = Hy(é; 0) — h{o,£%) (4.15)

that is to say the Hamiltonian of the standard Hopfield mode! with a magnetic field coupling to
the pattern £*. Let U§ 4 (¢;¢) be the measure induced by 5,"\',‘,,‘,,(5; o) under the map X¢. The

following lemma presents a bound on the density v p.1(€ & 2) in terms of the density g gnléiz)
LEMMA 4.2: There ezists an event Cn € F¢ x F. such that on Cy, for all z € E¢
e NG pnlE2) < R (65 652) < PNV, 4 L (652) (4.16)
where y(N) is chosen as in theorem 3. Moreover, for N large enough
P(CN) 2 (1 - ﬁx?) (1 -e?N) (417)
where p and K are positive constants.

Proof: By theorem 3 there exists an event Cy € F¢ x F. whose probability satisfies the bound
(4.15) such that on Cy, for all ¢ € SN and for any function ~ satisfying y(N) | 0 as N 1 oo and
PN7? > ¢ for some constant 0 < ¢ < oo,

|Hn(e &5 0) — IE.Hn(e; € 0) < y(N)V/mN (4.18)
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Now note that
[H ple€0) ~ IEHR (6 €0) = |Hn(e 6 0) — IEHN(6 €50)] (419)

and (4.18) and (4.19) together with the definitions of 5% 4 ,(£,2) and v} 5 ,(€, %) easily yields
(4.16), which proves the lemma.

Let us now consider the measure ¥, 4 ,(£). Since the mean Hamiltonian (4.15) can be expressed
in terms of the overlap parameters as

m

EHp(660) = ~N {Etm‘;,(a: or - hm‘;«(a;e)} +mN (4.20)

pu=1

we have by (4.11) that, for any given z € Zg, the right hand side of (4.18) takes the same value for
all the configurations o such that X¢(o) = z. Therefore the density ¥% 5 ,(£;z) can be written as

exP{—NFﬁ.a.h.M(z)}
€5, “P{‘Npﬁ,p,n,u(z)}

TNan(é2) = 5 (4.21)

for all € E¢, where

FRonm(z) = —B {Zlﬁ(eu, (M + Id2) + h(e", M + mz)} +1n| {7 € S¥: Xe(0) = 2} |
u=1
(422)

(4.21) has now a convenient form in that, roughly speaking, the point at which (4.22) takes its
minimum value can be computed exactly and D'K,'p‘,‘(f; z) can be shown to be concentrated at that

point. We collect the result we will need in the following

LEMMA 4.3, [G]: Let a{B, h) be the largest solution of the equation z = tanh(B[z + h]) and denote
by z*(h,B) € [-1,1]4 the vector
5°(h, ) = a(B, h)e” . (4.23)

Let p(h, N) and g(h, N) be two arbitrarily chosen functions that tend to zero as N tends to infinity.
Define the subset A € E¢ as

a={ze=c| llz-2(hA)l < V(b )} (4.24)

Then, for all w € Dy and for N large enough

Z 7% o a6r2) < NN} -aPP(hN)}
e _ (4.25)
+ eN{3EN)+bBR A N) - 252 (2l h N) - 2h,N)) "}
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where a and b are positive constants.
We are now ready to complete the

Proof of Theorem 2 : Subtracting from both sides of (4.13) the term g(5(e*, 7%(h, B))) we
get

| 3 [otmto o0 - o2 ho)] a8 (s

o
':l 2—«; {9( é(e", (M + Idz)) - 9(%(8“,5"’(}:,»3)))] NCTT ,)J (4.26)
and decomposing the sum over = € ¢ as the sums over z € A and z € A°
De: [9(3(“" (M + Id]z)) - g<§(¢u, sa(h,m))] Vian(e €2)|
< SGEA iy(é‘(eﬂ, M + Id]z)) - y(%(e“, #°(h, ﬂ)))i,,;, anlatiz) (427)
+ ,§, lg(é(eu, (M + Id]z)) - y(%(gu, 7°(h, g))){.,g‘ aonleitiz)

so that we are left to show that each of the two terms in the right hand side of (4.27) goes to zero
as N tends to infinity. To bound the former note that for all z €Aandwe Dy

ié(e“v M + Idjz) - %,(e", 2(h, B))| < 6(N) + o(h, N) (4.28)

since on Dy, |(e*, Mz)| < db(N), and by definition of 4, |(e¥, [z—22(h, B)])| < do(h, N). Therefore,
by continuity of g,

JotGte 0 + 1)) - a(;}(e",s"(h,m»[ <¢ (4.29)

for any arbitrarily small { provided that N is sufficiently large and finally, for all w € Dy

1
:4; fﬂ(;(eﬂf (M + Idjz)) - 9(3(3»*, Z(h, B)) R an(6 &) < ¢ (4.30)

To treat the second term in the right hand side of (4.27) we use that since g is bounded,
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,g(%(e“,[M + Idjz)) - g(};(e“,i”(h,ﬂ)))] < 2||glloc Where [|.]|oc denotes the norm of the
supremurn, Thus

Y [o(Ge5 M + Tdle)) - o5 (%, B (RN |pinnlc €2) < Aiglhoo 3 wRipnleii2) (431)

TE A" TE€AC

Inserting successively the bounds (4.14) and (4.23) of Lemma 4.2 and 4.3, we have that,onCx (1 Dy

Z v 566 2) <e2BNVAY(N) [eN{ss(N)-u?(h.N)}

e A (4.32)
n eN{aam)wnRh.m—i%i(e(n.n)—z(h,m)’)]

and this last bound converges to zero as N tends to infinity provided that v is chosen such that
¥(N)+/m(N) | 0 as N 1 co and that g(h, N) and g(h, N) are chosen such that

20v/m7(N) + 38(N)— ag*(h,N) < 0 (4.33)
and s0k
2BV (N) + 38(N) + bha(h, N) ~ 2" (o(h, N) - &(h, N))" < 0 (434)

which is possible for any a and b. Note that putting together the above constraint on ¥ and
those of theorem 3 imposes the condition m(N)/p(N)N | 0 as N T co. Now setting £ =
Une>o Nvsn, {8 N Dr},y (4.8), (4.17) and the Borel-Cantelli Lemma imply IP(€) = 1. Thus
(4.26) and (4.27) together with the previous bounds give

$nl 3 [sonsieion - stgenzoham] santatio) =0 Boxpi—as (49

Finally using (4.5)

(e, 5°(h, ) = 5’%@(.:",45") = a* ()b, (4.36)
uniformly in N, and since
. 0
lhxfgaﬂﬁ)&“_,, = {'7‘:.;:(/3) (4.37)

the case where A > 0 of theorem 2 is proven. ¢
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Appendix

In this appendix we give a proof of lemma 3.4. Since this result may have some more general
interest, we present it under more general conditions on the ¢!'. Our proof is largely inspired by an

estimate on largest eigenvalues of random matrices given by Komlos and Fiiredi [KF].
We will assume the following about the £ here:
i) {¢¢ }%‘:11‘::'_""" is a family of i.i.d. r.v.’s
(i) BE* =0
(iii) IB(¢¥) < ol forall 1 > 2.

We shall also, without loss of generality, assume that m < N. Let us define the (N + m) X
(N + m) matrix B with elements
fﬁ_,,,, fa>mand f<m L
Bog={¢8-™, iff>mandasm (A1)
0, else
Notice that then N
T 7€, fa<mandf<m s
(Bap = S ¢4h, fa>mandf>m (A2)
0, else
Clearly B? is the direct sum of two matrices B; and B,, and the matrix A we are interested in is
just A = % B. Let us introduce the two index sets I; = {1,...,m}and L ={m+1,...,m+ N}
Clearly then we may write
EuBf= Y Y IE(BaysBso, - Bar_isi-1Bos-rac) (A.3)
gpenyay -1 €0y Boeen,Br—1 €l
We may think of the two sums as sums over sequences (ag, ..., ax-1) € IF, etc. For such a sequence
we will denote by
{(a0,-..,ak-1)} = {t € 11} Jogickst. ar = t} (A.4)
the set of different values the sequence runs through. We may then arrange the sums in (A.3) in
such a way as to first sum over all possible subsets I') C I; and T'; C I; and then over all sequences
for which the values run through exactly these subsets. Thus
IE tr B:: = Z Z Z Z IE (BaoﬂoBBoan ve 'Ba.-lﬁb-LBﬂb—-laﬂ) (A5)

TiChLTaCla (agyiapo1)EXY  (g,nByny)EId
{lag....opy_y )} =Ty {{Bg,....8y_;))=Tg

Now it is obvious that the sums over the sequences in (A.5) do not depend on the exact sets I’y
and I'y, but only on the cardinalities of these two sets. Thus we may write
min(k,m) min{k,N)

EuBt= Y ) (’:‘) (’: )E,, (A.6)

r=1 s=1
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Ey ra = Z Z IE (BﬂoﬂoBﬂoﬂl v Bﬂh-lﬂk—x Bﬁb-—xao) (A'7)

(agiay. JETE (Bos-Bay YETE
{(agiap—d)={liar} {(Bor By N} ={m il . imis}

and where we have used that the combinatorial factors in (A.5) count the number of subsets of
given cardinality. Note that Ej, , does not depend on m or N anymore (the appearance of m in

(A.T) being completely spurious).

To estimate these last quantities, we would like to think of the sums in (A.7) in a slightly
different way. Let us denote by G, , the complete bi-partite graph with vertex sets labelled by
R ={l,...,r} and S = {m + 1,...,m + s}, i.e. the graph with vertex set R U S and edge set
R x 8. Each term in the sum (A.7) corresponds to a walk of length 2k, w, on this bi-partite graph
(i.e. a sequence of edges linking alternately the sets R and 5) with the property that each vertex
of Gy, is visited at least once. Moreover, it is clear that any walk which passes over any given edge
of G, , exactly once will give a zero contribution as the expectation of the corresponding product
of B,g’s vanishes by assumption (ii) on the distribution of the £. We will denote by

Wy(r, 8)
the set of walks that give a non-zero contribution. By our assumptions, we then have

LEMMA A.1:
Ey ., < eI Wdr, 8) (A.8)

We are thus left to estimate the number of walks in Wi(r, 8).

Notice first that for fixed r and s, the shortest possible walk contributing must have length
2k = 2(r + 8 — 1). Let us thus first consider the case k = r + s — 1. In this case, the walk must
visit each edge either zero or two times. Moreover, the edges it does visit form a bi-partite tree
on (R,S). It turns out to classify all such walks according to the different trees they generate, to

count the number of walks for a given tree and then to enumerate all bi-partite trees. We get

LEMMA A.2: Lett be a bi-partite tree on (R, §) with co-ordination numbers d, . . . 18rs Cmgty ey Cmpan ]

Let )(t) denote the set of all walks in W,1,_1(r, 8) that generate t. Then

r m+s
@ =(r+a-1)J[E-1 I] (;-12 (A.9)
$=1 j=m+1

Proof: Let us pick a particular vertex i, say in R. Suppose w arrives at i at time ng for the first
time, There are d; ~ 1 branches emerging from i (other than the one the walk just comes from),
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and the walk must pass completely over them before it is allowed to return. So at the next step,
there are (d; — 1) choices for the walk to continue. Given that choice, the walk will return to i at
some later time n,; after having passed exactly over the entire chosen branch. Now there remain
(d; — 2) choices to continue and so on, until after the (di — 1)st visit of the vertex i it leaves it in
the direction it first came from to never return to it. Clearly, the total number of choices arising
from the visits at this vertex amounted to (di - 1)!, and obviously each vertex contributes such a
factor, whence the two products of factorials in (A.9). Finally, it remains to decide on the starting
edge for the walk, of which there are (r + 5 — 1), which accounts for the first factor in (A.9). ¢

By this result, we only have to know the number of bi-partite trees with given co-ordination

numbers. However, this is a standard problem of graph-theory and one has the following general-
ization of Cayley’s formula:

LEMMA A.3: Let T(r,s; dl,...,d,.;cm.,,l,...,c,,..,.,) denote the number of bi-partite trees with
given co-ordination numbers d;, ¢j. Then, if ¥ . d; = Yici=rts-1

(r—1)(s—1)

T(ryl;dly-..,dr; Cm+la...;¢m+a) = (dl — 1)!_,_(d'_ - 1)!(cm+! — 1)! : “(cm+. — 1)!

(A.10)

and zero otherwise.

(The proof of this formula js by induction as in the standard version of Cayley's formula. See
e.g. [BE]).

Combining these results we get that

LEMMA A4: Letk=r+4-1. Then

[We(r,8)l = (r + 5 - 1)(”:: 1) (r = 1)l(a — 1)1 (A.11)

The proof of this formula is straightforward.

Let us now return to the general case, k >
easy to prove the following rather crude bound:

T+ 8~ 1. Using the previous results, it is fairly
LEMMA AL5:

[Wi(r, )] < (2(, :‘f _ 1)) (ar)ibmr=eti)p Ly 1)(' j:; 1)2(1' -s-1)!  (A.12)

Proof: To get (A.12) just note the following: First, for an arbitrary walk w, it is still possible to

construct in a unique way a bi-partite tree, H{w) on (R,S). To do this, just follow the walk and
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include into t successively all edges that lead to a vertex not previously visited by the walk. Then,
we may construct a new walk, &(w), of length 2(r + s — 1), whose associated tree is also t(w) by
again following w and including an edge into @ if it is an edge from ¢ and is visited the first or
the second time. Moreover, we give it the orientation + if it is visited the first time and — if it is
visited the second time. It is easy to verify that this creates the desired walk. Now we know how
many walks @ exist; thus we need only to estimate the number of walks w giving rise to the same
@. To do this, just squeeze 2(k — r — s + 1) edges between those of &. There are (Z(r::—l)) ways
of distributing them, and there are no more then sr ways of placing each edge (in fact there are
much fewer). But this gives the estimate in lemma A.5. {

Let us define the quantities
N\ (m 2k r+e—1\’
= S 2r+e-1) 2i-r—s+1) _ —1)(s—1)
SNmkyrs = (’)(r)(2(r+‘_l))(u) (r+s 1)( .1 ) (r-1)Ys-1)

(A.13)
We clearly have that
Etr Bf ‘S Z Z SN,m,k,r,l
r L]
k41g-1 (A.14)
= Z Z SN.m,k,r,q—r
g=1 r=}
Now a simple calculation shows that
s <K (A.15)
Nmkrg-1-r S 1202N(1 —k/N) N,m k,;rq-r .
and therefore, if k < N1/641/3,
1
SN,m,k.r,q—l—r < ESN‘m,k,r,q—-r (Alﬁ)
Thus
k41 g-1 k
Z Z SN,m,k,r‘q—r S 2 SN,m,k.r,k-»r (A-]J)
g=1r=1 r=1
and finally we arrive at
LEMMA A.6: Fork < N'/S,
EtrBf < k max SN,mk,rk—r (A.18)

What we are left with finally is to determine the maximum in (A.18). For N large, and using
that k « N, we find that the minimum is realized for r ~ my, where v = 14, (remember that
p = /m/N). Inserting this value, a simple calculation show that the right hand side of (A.18) is
equal to N*+1£2%7, yp to an irrelevant correction factor that goes to one as N T oo. But from this

lemma 3.4 is obvious, {¢
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