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ABSTRACT 

We investigate the dependence of holomorphicity of the gauge coupling constant 

function on the mass matrix at one- and two-loop levels in supersymmetric theories. Gauge 

invariance puts constraints on the mass matrix. These constraints at one-loop level lead us to 

three cases of mass matrix that require different ways of regulating the infrared contributions: 

massive, pseudo massive and intrinsically massless. The first two give rise to a holomorphic 

gauge coupling constant function whereas the last one does not. Two-loop contributions 

to super QED and super Yang-Mills theory are calculated using the super background field 

method and their dependence on the mass matrix is found to fall under the same three cases 

as at the one-loop level. Remarks concerning the general nature of this result to all orders 

in perturbation theory are included. 
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~7 	 I. INTRODUCTION 

Recently Dixon et al (1) have calculated one-loop threshold correction to l/g2, g be­

ing the gauge coupling constant, in orbifold vacua of the heterotic string and in a particular 

class of renormalizable N = 1 supersymmetric (SUSY) theories. They find that this correc­

tion is non-holomorphic in its field dependence. Shifman and Vainshtein (2) have discussed 

case of super QED and show that non-holomorphicity of gauge couplings arises at two-loop 

level. To make this more explicit and to show what entails for the definition of the effective 

gauge vacuum angle, consider the action for N = 1 supergravity coupled matter and gauge 

fields [3]: 

.A = Jatzato E(+(S,Se2V 
) +Re(4 p (S»)] 

(1.1 )
+Jatzato E Re(4f.I(S)W·WI ). 

Indices a and b, in general, indicate different group sectors. E is the superspace determinant. 

1< is the super curvature. S = f() +Ox +OOz is the chiral superfield, where f() is the bosonic 

component, X is the fermionic component and z is an auxiliary field. V is the super gauge 

field of the group G and one of its bosonic components is the normal gauge field A".·'W = 

~ + F",,,u"'''O + DO is the the super field strength, where ~ is the gaugino field, F"" is the 

normal gauge field strength and D is an auxiliary field. PCS) is the superpotential. + is an 

arbitrary real function. fab(S) are the gauge coupling functions. Here the coupling functions 

f.6(S) are chiral and hence are analytic function of S (but not S). In other words, f.I(S) are 

holomorphic functions of S. As the fermionic part of the action is uniquely determined by 

its bosonic part, we concentrate on the latter. The bosonic part of the Lagrangian density 
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is given by 

e- JC =R + ( 1 ) F· F6p" +i 9.,,(cp, cp) F· PPII 
B 4g2(cp,cp) .6 P" 3211"2 P" 

(1.2)1 .• 
+ '2Gi;(cp,cp)DPcp'D"cp1 +V(cp,cp). 

Here, R is the canonical gravitational curvature, e is the determinant of the space-time 

metric, D is the covariant derivative, Gi;(cp,cp) is the metric for the scalar fields cpi, V(cp,cp) 

is the potential for them, F is the gauge field strength and F is its dual. 9.6(CP,CP) are the 

gauge coupling functions, which can be written as 

(1.3)(g2(;,CP).6 = Re/.6(CP)· 

9.6(CP,.p) are the so-called gauge vacuum angles the derivatives of which give the couplings 

of axiom; to gauge field; they are given by 

9.,,(cp,.,a) = Im/.,,(cp). (1.4)811"2 

Considering the global super gauge theory (SGT) as a derivative of this local supergravity, 

the couplings in the SGT should also be holomorphic functions of (cpi) , where (cpi) stand for 

the vacuum expectation values of scalar fields cpi. When loop corrections are included, e.6 
cannot be obtained directly from Feynman diagrams, because F;"F""" is a total derivative. 

But one can obtain e." from ~. We need the following integrability conditions 

o { oe." } 0 { oe." } (1.5)o(~) ocpi effecti.e = o(cpi) ocpj effective' 

at all loop levels to have well-defineded ed' These conditions are only true if holomorphicity 

holds at all loop levels. Hence it is desirable to have holomorphic I(cp) at all loops in order 
," 

to define the effective e." 'so 

We note that if the gauge coupling function l/g2(cp,cp) is the real part of a holomor­

phic function, then 9(cp,cp)/811"2 is the imaginary part of the same holomorphic fQndion, the 

function being I = -ir + i~. So it is sufficient to study only the dependence of l/g2 on 

\.. f ... 
• 

the mass matrix in order to determine the holomorphic property of the I-function. But it 

is found in Ref. [11 that the one-loop threshold correction to 1/g2 in SUSY theories is not 

the real part of a holomorphic function. They, attribute this to the presence of the i'nfrared 

divergence. Motivated by this Derendinger et al. [41 have constructed a new supergravity 

theory in which the coupling functions are non-holomorphic even at tree level; this theory is 

non-local at tree level. 

Our analysis shows that the holomorphicity of 1/g2 at one-loop and two-loop levels 

depends on the structure of the mass matrix, M = M((cp), which in tum is representation 

dependent. In Sec. II, we study the holomorphic property at one-I~p level and emphasize 

the role of the representation of the mass matrix. Sec. III concentrates on the two-loop 

holomorphicity for the super QED. We investigate the two-loop holomorphicity for the super 

Yang-Mills theory in Sec. IV. Sec. V contains concluding remarks. A brief report of the result 

is contained in Ref. [5] and many details can be found in Ref. [61. 

II. HOLOMORPHICITY AT THE ONE-LOOP LEVEL 


AND THE MASS MATRIX 


A. One-loop calculation 

In this section we study the holomorphic property of the gauge coupling constant at 

the one-loop level in a supersymmetric gauge theory '(SGT) coupled to matter. To do this, 

we need to have an explicit expression for the dependence of the gauge coupling constant 

on the mass matrix. Previously,the one-loop correction to the gauge coupling constant has 

been calculated in many places (7). However, the purpose of all these calculations is to find 

the p-function, and they are performed in the dimensional regul~ization scheme or in the 

zero mass matrix case. For our ho]omorphicity study, the whole p-fundioD calculation is 
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not necessary; we need only the part that depends on the mass matrix. Furthermore, all 

calculations have to be carried out in (our dimensional space-time since holomorphicity is a 

(our dimensional property. (There is no definition of the a-angle in any other space-time 

dimension.) Therefore, it is necessary for us to redo the one-loop calculation and demonstrate 

how the holomorphic or non-holomorphic dependence arises. 

Super Feynman propagators can be derived from action. Let us start with the 

general action (1] 

A - ~ TrfatxatfJ[(e-V£reV) lJ2 (e-VDueV)]
4g 

(2.1 ) 
+jatxatfJ ~TeV tP +jatx [Jlo P(tP) +h.c.). 

Here the trace "Tr" is taken on the gauge group; fJ is the spinor coordinate, and trfJ is the 

integration in the full spinor space while tflo is in the chiraI spinor space; V is the gauge 

vector super field; tP is the matter chiral super field; P(tP) is the super potential; and Do 

and Da are covariant spinor derivatives. A renormaIizable super potential can have up to 

the fourth order in tP, but since we are only concerned about the mass matrix dependence, 

we focus on the second order term in P(tP) ,the mass term -!tPT MtP, where M is the mass 

matrix and superscript "T" is the symbol for the "transpose" of a matrix. The mass matrix 

cannot be arbitrary_ A gauge invariant mass term in action (2.1) must satisfy the constraints 

TftTM +MTft =0, (2.2) 

where TU are the generators of the gauge group. The consequences of these constraints are 

given in the next subsection. The needed Faddeev-Popov ghost action [8] is 

Aghosl = Trfatxato [te - e'c + ~(c' + c')!V,e +c] + ... ] 

Here ghosts e and dare chiraI (lJac lJad 0), while c and tare antichiral (Duc == 

Dut == 0). The gauge fixing term is 

Agf = - 2~g2 TrjatxatfJD2VlJ2v, 

a being the gauge parameter. For simplicity, we choose the Feynman gauge, Q = 1. The 

quadratic part of the action in V is given by (see Appendix A) 

A2v = - 4:2 TrjatxatfJVIJ2V, 

from which the propagator for the gauge field follows (see Appendix B): 
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(VU( 1)VP(2») = - ~2 6126ftp, (2.3) 

where we define 6-function 6)2 == 64(0) - (2)64(x) - X2). The propagators for super matter 

fields tP and ~ are given by (see Appendix C): 

T) t i -2c(tP( l)q, (2) =M (}2 _ M Mt D) 012 

(~(I)~T(2)} (}'l ~MtM D1612 
(2.4)-T) i -2 2(q,(l)tP (2) ""82 _ MtM D)D)b12 

- T) i 2 -2(q,(l)tP (2) (}2 _ MMt D1DI 612. 

The ghosts cannot contribute a dependence on the mass matrix as indicated later and hence 

we do not need to write their propagators explicitly. Feynman rules for vertex operators can 

be read off (rom the action (2.1) in a straightforward manner. We denote by Zv and Zg the 

renormalization constants (or V-wave function and for gauge coupling g, respectively. As 

shown in Ref. Zg is obtained by the relation 

! 
ZgZ~ 1. 

Therefore, it is sufficient to calculate Zv in order to get Zg. 

There are eight diagrams that contribute to the sel(-en~rgy o( V at the one-loop 

level, as shown in Fig. I. 
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FIG. 1. Selr-energy or the gauge field 

The dashed line stands for the ghost propagator and we use symbol"-."" t.o indicate that. 

it. can be a super matter, super gauge or super ghost propagator. The t.adpole contribution 

from Fig. led), can be shown t.o be zero, and the contribut.ions from Figs.l(e), I(f), I(g) 

and l(h) do not concern us, since they do not have a dependence on the mass matrix. So 

only Figs. I(a), l(b) and I(c) need be considered. In the calculation, we usc t.he const.raint.s 

TuT M + MTt:r = O. Then t.hese three diagrams together give 

-2 
1 IJ4qJ4OI t:r t:r p Df DI D lo VP(p).

6Av = '4 Tr (211')4 VI (-p)T T (q2 + Mt M)[(q + p)2 + Mt M} I 

The t.race here is taken on both· t.he matrix of group generators and t.he mass matrix. How­

ever, we can decompose t.his trace into a product of two: t.he trace on t.he mat.rix of group 

generators and t.he trace on the mass matrix. This is achieved by adopting the result given 

in Appendix D: 

Tr (TUTPMtM .. · MtM) = ~Tr(Tt:rTP) x Tr(MtM·. . MtM)
dR 

dR being the dimension of representation R. Now, the expression for 6Av can be rewritten 

as 

6Av = 4~R TrJJf01Vt<-P)TUTPDflJ~DloVt(P) 

T JcPq 1 
x r (211')4 (q2 + Mt M)[(q + p)2 + Mt Mr 

By comparing t.he coefficient of the V2 term in t.he above equat.ion wit.h the coefficient. of t.he 

V2 t.erm in Eq. (2.1L we ident.ify wave-function renormalization constant. for V: 

. 2 TR I J4q I 

Zv = 1-19 2dR Tr (211")4 (q2 + Mt M)(q + p)2 + Mt M)' 


! 
where the trace Tr(TI1 TP) = TRDt:rPhas been used. Now recalling the relat.ion Z~Zf = 1, we 

obt.ain t.he one-loop correction to 1/92 • uv to terms independent or M, 

6~ = -i TR TrJ J4q l' 
92 2dR (211")4(q' + MtM)I(q+p)' +MfMr 

For our holomorphic study, we can take external momentum p -I 0 ror simplicity. 

To regularize the ult.raviolet divergence. we need t.o have a regulat.or t.o deal with ult.ravio­

let. divergences. Usually the dimensional regularization scheme is used to accomplish this. 

However, since we are here st.udying t.he holomorphic propert.y! which is a four dimensional 

phenomenon, we have t.o limit. ourselves to rour dimensional space-t.ime. Hence the dimen­

sional regularizat.ion scheme does not serve our purpose. In fact, t.he nat.ural choice in this 

situation is to use the Pauli-Villars 19) regularization scheme for matter fields. (The ultra­

violet. regulator for ot.her fields are not needed, since the regulator for matter fields curbs 

all ult.raviolet divergences as far as this !ltudy is concerned.) This regularization scheme is 

performed by t.he propagator replacement 

1 (1 1) 
 (2.5)
k' + Mt M -I k2 + MtM - k2 + AtA ' 

where A is the mat.rix of ultraviolet momentum cutoff. Implementing this in Eq. (2.5), we 

get 

6~ = -i TR Trl J4q (AtA)2 (2.6)
92 2dR (211")4 (q2 + MtM)2(q2 + AlA)2' 

This is an expression in Minkowski space. This integral is ultraviolet.ly finite, but its infrared 

property depends on the mass matrix M and also on the regulator A: The gauge invari· 

ance gives constraints on both mass matrix and ultraviolet cutoff: TI1T M + MTtI = 0 and 

TuT A + A1'I1 = O. We need t.o know th.· ~onsequences of t.hese constraints. For different 

http:ultraviolet.ly
http:regulat.or
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repn'sentations of the gauge group, we have different representations of the mass matrix. 

We disCIISS the representations of the mass matrix in the next section before we integrate 

Eq. (2.6) and study its holomorphic property. 

B. The mass matrix 

The holomorphicity of the gauge coupling is dependent on the representation of the 

ma.')s matrix. In the following discussion, we focus on non-Abelian groups. But as we see, 

results for Abelian groups can be found trivially. 

It follows from Eq. (2.2) (see Ap"endix D) that if the representation R of the gauge 

group is irreducible, then the mass matrix M is either trivially zero or all its modes are 

ma.<>sive (detM f. 0). Thus, Lo have a general mass matrix containing both massive and 

massless modes, we have to go to a reducible representation. In general, although a reducible 

representation can contain real, pseudo-real and complex types of irreducible representations, 

as shown in Appendix 0, different types of representations are trivially decoupled. Therefore, 

we can stlldy each type of representation separately without loss of generality. 

A real or pseudo-real representation R of the gauge group can be simplified to have 

the form (see Appendix 0) 

, 
G(R) =diag{~r,·.·, Gr }, (2.7), 

where the submatrix G r is an irreducible H x n real or pseudo-real representation. We a.')sume 

that we have a total of I Gr's. The conditions (2.2) put constraints on the mass matrix, and 

the solution to t.he constraints takes the following form. 

an(all all)a22 a21
M = a~1 . ®J. 

all an all 


Here n x n dimensional matrix J is given by Gr = JG;J- 1, and a.,'s could be arbitrary 


complex numbers. For the real representation, we have J = I, the unit matrix, and aI, ali, 
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so that the whole mass matrix is symmetric. For the pseudo-real representation, we have 

J2 = -1 and JT = -J. The matrix elements aij = -aji so that we have an overall 

symmetric mass matrix. 

A complex representation R of the gauge group can be transformed to have the form 

, 
G(R) =diag{Gc, Ge ,...... , G;, a;, G;, ~}, (2.8) 

where Gc is an irreducible n x n complex representation and a; is its complex conjugate. We 

assume that we have a total of I Gc's and i G;'s, and we calli as the number of "-dimensional 

families of chiral fields and i as the number of ii-dimensional antifamilies of chiral fields. I 

and 1are not necessarily equal to each vther. For this complex representation, the gauge 

invariant constraints require the mass matrix taking the form 

bll+1 bJl+l 
0 

M b"+1 b"+1 I ® I,
b'+l1 b'+I, 

0 
b'+iI b'+11 

where the matrix elements blj are arbitrary complex numbers with bi1 = bji, and I is an 

" x n unit matrix. 

Massive case: For all the three cases of real, pseudo-real and complex representa­

tions, the mass matrix M may have zero eigenvalues, or massless modes. Depending on 

whether the mass matrix has massless m~~p.s or not, the integral in Eq. (2.6) behaves differ. 

ently. A mass matrix is called massive if all its eigenvalues are non-zero. For the massive 

mass matrix, since M- 1 exists, M naturally serves a.q, an infrared regulator in the calculation 

of the one-loop correction to 1/92 . 

Psetldo massive and int1'insically massless cases: For a mass matrix with at least 

one zero mode (MMWZ), we have to distinguish different cases. For a real or pseudo-real 

representation, w~ may have a. mass matrix with massless modes. BlIt due to the arbitrariness 
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of the matrix clements aj] (except for the symmetric conditions), we can always pertllrb them 

(i.~., change them by infinitesimal amounts) so that all the modes in the perturbed matrix 

Mp are ma..'>sive. Since we can manage to have the perturbed mass term gauge invariant, 

this perturbed mass matrix can be used as the infrared regulator for the matter sector. We 

call. this type of mass matrix pseudo massive. For a complex representation, there are two 

different types of MMWZ: (i) The type when the number I of Gc in G(R) is equal to the 

number I of G; in G(R), or in other words, the numbers of families and antifamilies are 

balanced. We can easily see that this case is similar to the real case discussed above, and we 

can perturh the mass matrix such that Mp is massive. This is, again, the so-called pseudo 

massive case. (ii) The type when 1 1:- I, i.e., the numbers of families and antifamilies are 

unbalanced. In this case, we can see that the rank of the matrix (i. e., the number of non-zero 

modes) is smaller than the dimension of the matrix, (I + I). n. Thus, we have some massless 

modes no maLler how we perturb the matrix elements b,). Since ill this case, the perturbed 

mass matrix can never be massive, we -.;all the mass matrix inirin.r;ically massless. This 

only happens for the complex representation. For the pseudo massive case, we can perturb 

matrix elements aj) or btj, so that Mp has no zero modes and we can adopt it as the infrared 

regulator. Since M;J exists, we can pick the ultraviolet cutoff A so that A-I exists. On 

the other hand, in the intrinsically massless case, M;l does not exist and cannot he used as 

an infrarf'd regulator; hence we have to deal with the infrared divergence with a momentum 

cutoff. 

C. Holomorphicity of 1/92 

Now we perform the integration in Eq. (2.6). For a massive matrix M, M -I exists 

and so docs A-I. Rescale Q2 by 

2 
" -q--.

~' ........ AfA 


Eq. (2.6) becomes 

1 Tn jq'l.dq'l. 1 
(2.9)

AYi = 2dn Tr 161''1. (q'l. +ata)'I.(q2 +T)2' 

where we have moved into Euclidean space by replacing qo with iQ4, and defined a =: ~. 

The integration gives 

1 Tn (1) tA-=--Tr - In(aa)
92 Un 161''1. 

(2.10) 
Tn (I) (Mt) Tn (1) (M)

= - 2dn Tr 161''1. In At - 2dn Tr 161'2 In 7\ ' 

where higher order terms in (ata) and contributions independent of (ata) have been ignored. 

The r.h.s. of Eq. (2.10) is the real part of 

Tn (1) M 
- dn Tr 161''1. In A' 

which is holomorphic in M (= M«IP))). 

For the pseudo massive case, we add a perturbative matrix ( to M by defiAing 

Mp = M + (, and adopt Mp as the infrared regulator while keeping the perturbed mass term 

gauge invariant. We get 

6~ __ TR (_1_) (M:Mp)
92 - 2dR Tr 161''1. In ~ . 

This is, again, the real part of a holomorphic function as long as ( 1:- O. Hence, the holo­

morphic dependence on the, mass is still true for the pseudo massive case. Therefore, we 

conclude that, at one-loop level, MMWZ does not necessarily mean non-holomorphicity for 

1/92; and holomorphicity holds for both the massive and pseudo massive cases. 

Finally, we discuss the intrinsically massless mass matrix case. In this case, we 

have a complex representation with I 1:- f, in other words, the number of the families for 

chiral fields, is not equal to the number of the anti families. We know that, because of the 

unbalanced numbers of families and antifamilies, we cannot perturb the mass matrix M so 

that it becomes ma..'isive while the mass term is still gauge invariant. This means that the 
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perturbe(1 mass matrix c.annot be used as the infrared regulator. Therefore, to integrate Eq. 

(2.6), we have to put in an infrared momentum cutoff, pO. This results in 

1 TR. (1) [ (2 f) ]6!Ji = - 2dR ~~o Tr 161t2 In Po + M M +const. , (2.11 ) 

where "const." stands for terms that are independent of M. Since we cannot factorize 

p~ + MtM, the above expression is not the real part of a holomorphic function. An example 

of this is the SGT based on the E6 group wit.h two 27·dimensional families of chiral fermions 

and one 27-dimensional antifamily considered in rer. Here the mass matrix is 

(CPI) ) 
o (2.12)(~2) .(:,) 
o 

(CP2) 

The calculated one· loop correction to 1/92 is given by II) 

66~ = - 1611"2 [In [I {cpl} /2 + I{cp2} 12 +O(pi)] +const.]. (2.13) 

Since this 6~ cannot be expressed as the slim of a holomorphic function of (cpl) and (cp2) 

and its complex conjugate, one-loop correction is not holomorphic. 

Thus the above analysis shows that the one-loop correction to 1/92 is holomorphic 

for the massive and pseudo massive mass matrix cases and it is non·holomorphic for the 

intrinsically massless mass matrix case. The latter case arises for a complex group represen· 

tat ion with unbalanced numbers of families and antifamilies. 

III. TWO-LOOP HOLOMORPHICITY IN SUPER QED 

We first study the two-loop corrections to 1/92 for the simple Abelian case of super 

QED with a reducible repre~ntation for t/J having I = i = I, and then consider a general 

representation. This would facilitate the general discussion for a non-Abelian group given in 

the next section, The lise of the super background field method (SBFM) simplifies two-loop 

calculations. We first brieny revi('w SJWM, 

A. Super background field method 

In the background field method (BFM) each field is split into a background part 

and a quantum part, and then all the quantum fields are functionally integrated out. The 

background fields are kept untouched; and we obtain an effective action for the background 

fields. The gauge field is up in such a way that the action is both background and 

quantum gauge invariant. The gauge fixing term is chosen to be bi'Ckground gauge invariant. 

Therefore, the final effective action for the background fields is guaranteed to be background 

gauge invariant. Furthermore, to maintain both the initial action and the final effective 

action to be background gauge invariant, th ... following condition has to be satisfied 

! 
Z~Zf = 1. 

This means that in BFM, one only needs to calculate Zv in order to get the correction to 

1/92• This makes things much simpler. 

In the super background field method (SBFM) (8). we, again, split fields into bi'Ck­

ground parts and quantum parts and then integrate out the quantum parts. The differ· 

ence of SBFM from the regular BFM is that the former method is supersymmetric and its 

background-quantum splitting is. as we will show, nonlinear. For convenience, we use sub­

script "t" for the "total" field, to distinguish it from the background and quantum fields. 

We split the vector super field'" into the quantum part V and the background part n, 
according to 

ev' = eOeVe-ll . 

This is the only way to maintain the action to be both background and quantum gauge 

invariant II 1]. Accordingly, the background covariant derivatives are given by 

1Y' =e-oD&eo, fit = e-ll fJ'j, ell, 

with the super background strengths defined a.'l 

I _. - - I ­
Wet -?-IV(),{Vo,V()}J, Wo --2,IVO,{V&,Vo}]. 

~ t 
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The background chiral super field q, and antichiral super field;;' are defined by 

ti'q, 0, va;;, = 0, 

respectively. They can be related with the original "total" fields by 

-~ - -0­q, e q,t, q, = e q,t. 

After the splittings, the action in Eq. (2.1) can be rewritten as 18} 

1 j .... V V) [ -' {- V V JA = - -2 Tr a-xa-O(e- vae ~,V;.,e- Voe. }
49 

(3.1 ) 

+jatxato ;;'Te V q, - ~jatx (d20 q,T Mq, + 

in terms of background covariant derivatives and commutators. This action ha.c; both quan­

tum and background gauge invariance. The background invariant gauge fixing term (in 

Feynman gauge) is given by IS} 

Agf = -~ Trfatxato (V[V2, [V2, +V[V2, [V2,
49 

This term is background gauge invariant, but not quantum gauge invariant. By taking t.he 

background fields to be zero, we come back to the expressions for the regular action and 

regular gauge fixing term, which have been given in the previous section. Now the Reynman 

rules for the quantum fields V and q, follow. 

B. Super QED in the simplest representation 

Before we go to the general representation of the mass matrix in super QED, we first 

discuss the simplest case where I = I = I. This is the representation of supe!: QED that has 

been frequently used since it is simple and physical. The representation of the U( 1) group 

is of the form 18}: 

i8 


e 0)
G(R) = ( 0 e-i8 ' 

Then the representation of the mass matrix has to take the form of 

10 m)
M,~ \m 0 ' (3.2) 

in order to make the mass term gauge invariant. The matter field is denoted as 

q, (;:) . 

The super gauge field, VR, has the form 

eVIl = (e 
V 0)o e-v . 

The action can be easily simplified as 

A = ~fatxatODOIViJ2DOIV 
29 

+jatxato [;;'+q,+ + ;;'_q,_ +V(;;'+"+ ;;'_q,_) + ~V2(;;'+q,+ + ;;'_q,_) + ... ) (3.3) 

- [mj at xd20 q,+ q,_ + h.c.] . 

The background invariant gauge fixing term is 

AgE = - -\Trjatxat8(VR[V2 
, [V2, VR]) +VR[V2, [V2, VR]])'

49 

irOlThe covariant derivative va can be written as DOl - , where ra are the super connections. 
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From the f:OtJltlluting property of the U( 1) group we can easily prove that 

ARr - ~!ttxttoV(D2j)2 + ()2D2)V.
2g 

Aflcling A and ARr together, we get 

A + Agf 2:2 jcrxcro Va,V 

+jJ:1X(to [~+4>+ + ~-4>- + V(~+4>+ ~-4>-) + ~V2(~+4>+ + ~-4>-) + .. ] 

- [mjcrxd204>+4>_ + h.c.]. 

(3.4) 

From the quadratic part of the action, we can construct the "'cynman propagators 

for matter fiehls 4>:1: and 4>±. and gang ... fjpld V. The super maHer propagators ar(> (src 

Appendix C) 

(4)±( 

(4>+( 1)4>- (2») 

t D2 -2 
+ m.m • D."I2, 

. .
1m - 2 

0_ _ D 612, (3.5) 

(~+(l)~_(2» = n im • D2612. 
+-m m 

The super gauge propagator is 

(V(1)V(2») 
1 

-a,612. (3.6) 

In the above equations 

o
0+ Do - irao. - ~i(aaI'G) - ~rGra - ~i(DOWo) - iW Do, 

O a, 'raa "(llIJr) 'rar l.(D-OW-) 'W-oD­_ - t 4 - -I U " - - ft - -I . - I . 
w 2 . 2 - 2 a a, 

where the super hackground connect.ions r a are defined by 1:J4 DG - irlJ . with (l == 00. 

The background field strengths in super QED are 

, -' - - 2 - I - 2­

Wo == --:!VO,{Vo,V..,lI == D r o , Wo. -fiIV\{Vo,Vo}! D ra. 
2, 

For loop calculations in the SBFM. the first step is to fiml all possible vacuum 

diagrams for quantum fields, and then expand the quantum propagators for V and 4> fields 

around their external background fields. Any two-loop vacuum diagrams that do not have 

a dependence on the mass matrix will not concern us. There are four relevant diagrams 

as shown in Fig. 2. We use the symbol" -." to indicate the propagator of a quantum 

matter field, quantum gauge field or quantum ghost field. The wavy lines stand for the 

propagators of the quantum gauge fields. The straight solid lines stand for the propagators 

of the quantum matter fields. 

q>±~4>± ~~fP-
cp±C7fP± 44C7cp­

(a) (b) 

do dvb
q,± cp±cp± 
(C) (d) 

FlG.2. Four two-loop vacuum Feyomao diagrams 

For each diagram, we write down quantum matter fields, 4> and ~, explicitly to indicate their 

locations in the diagram. Each of the solid line in Fig. 2 stands for a propagator proportional 

to either D._Imam' or D_-1mam' Since the external fields r, t, Wand Ware hidden in the 

propagators D. _Imam and we need to expand the propagators to get the explicit 

dependence on the external fields. To do the expansion for ~, we need to use the u.-m-m 

expression for 0+ 

0+ = a, iraoa ~i(aarlJ) ~rara - ~i(DaWa) - iWaDa, 

and its commutation with Do 

IIJo,O+1 ",/0.0"'0 + ~D..,ol¥a i(D..,W8 )Dn + ~D2W..,. 

The expansion of o. _1m a", is straightforward but t.edious. By keeping terms up to second 
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order in r, f, Wand W, we have the following result 

0+ mOm 

I . i 
+ [irIl8a+-2(aara)JDoDo m·m - m·m 

+ __~I__ [ ~(DOWo)] 1 + 1 1rar
 
- mOm 2 m*m Do - mOm 2 
 ll 

I 'Wo 1 [ - aD D W· 0. J I
Do 1 Do W 00. + (00. )-Do-	 m·m m·m _ mO,n 

a
+Do I ° [ir 8a + -2

1 

(aara)JDo 1 [ir"811 + -2
i (8 I1 r ll ) JDo 0 

-m m m·m _ m m 
i i+Do I [ira8a + -2 (aara) JDo 1 -2 (DOWo)Do I

mOm -m.m mOm 


+Do 1 2i (DOWo)Do I [ira8a + -2i (aara)] I 

-	 mOm - m·m _ mOm (3.7) 

+ ) :(DOWo) 1 i(DIIW) I + I iWo 1 Dex
Do - m·m 2 Do - mOm 2 II Do mOm Do - m·m Do mOm 

1 ·Wo 1 .. D WIJ) I D+Do Do t( ex Do IJ1mOm - mO'n mOm 

+ I [ira8a + .!.(8ara) J I iWex 1 Oex 
-	 mOm 2 Do - m·m Do - mOm 

+ 	 1 i (DOWo) 1 iWIJ 1 D 

Do mOm2 Do - m*m Do m.m IJ 


1 .WO 1 [ . ra !l i ( J:)4 r ) I+Do 1 Do t Va + - U a • Dex-m·m - m*m 2 

+ 1 tWO I I (DI1W ) I DexIIDo - mOm LIo mOm 2 Do - mOm 


I ·Wo I 'WII 1 D
+Do - mOm 1 Do - mOm 1 Do _ mOm IIDn, 

where we have used the relation (D2Wn) -i(DooWO). We can se'e that. this expansion 

only depends on Wet, WD and ra 
, and their derivatives, but not on rex and fO 18} (notice that 

I'll == i'a = rno). The expansion for O __ l • is simila'r, except that we need to replace D0m m 

hy DO. and WO by W6. But as we will see, it is not necessary to Write' down lhp expansion 

terms for tL _Im*m' 

We now argue t.hat. Figs. 2(b) and 2( c) give zero cont.ribut.ion. For Fig. 2(b), t.he form 

of derivat.ives acting on DJ2 can be one of the following three: 

DJ2D~DJ2DI2DI2' 

DJ2D.exD~D12D. 2612, 

6I2DloD.IID~6I2DI2DJ2. 

Using the following properties for D·function and commut.ator of D and D, 

DI2D~DI 2DI2 = D12D. 2D~DJ2 = D12, 	 (3.8) 

DI2DlmDjDn =0, for n +m < 4, (3.9) 

{Dn, Do.} = iDoD' (3.10) 

we can see t.hat. t.here are not. enough number of D's and D's (-there need t.o be eight) t.o 

make Fig.2(b) non-zero. Similarly, for Fig.2(c), the form of derivatives acting on DIJ can be 

one of t.he following t.hree: 

DII D~Dl2611 , 


611DloD~D12611' 


611 Dlo Dill D~Dl261). 


Here, we denot.e hll for li012_1 DI2. Again. t.here are not. enough number of D's and D's t.o 

make t.he diagram non-vanishing. 

Now we show t.hat. Fig.2(d) gives no contribution. Second order terms in r, Wand 

W, give t.wo kinds of cont.ributions: (i) one of the t.wo loops ha.~ t.wo external legs, but the 

other one has none; (ii) each of the two loops has one external leg. C~e represents a 

tadpole diagram, and on t.he loop without. external leg, t.he trace over· the group generat.or, 

Tr(Tn), gives a vanishing result.; case (ii) represent.s a non-I PI diagram, which does not. 

cont.ribut.e t.o t.wo-Ioop Zv 

http:generat.or
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TIIf' only non-zero contribution is due to Fig.2(a). Its contribution is 

I (V(l )V(2)} (~+( 1)tP+(2)) (~+(2)tP+(I)) 

+ ~i2(V(I)V(2)) (~_(l)tP_(2)) (~_(2)tP_(I)). 
Plugging the expressions for the matter and gauge propagators, we obta.in 

... ... ...... i 2-2 (-i) I 2-2
1 =i aXla~Ola~X2a'020 D,DI61'l-Do h12 · [)2[)2"21. (:1.11 )

/ + - m·m m·rn 

What W(' need to do now is to expand the quantum matter propagator using Eq. 

(3.7) in the integral. Graphically, there are three different types of terms in the expansion of 

Eq. (3.11 )as shown in Fig. 3. Here the curled lines stand for the ext(~rnal background fields 

and the arrows in the propagators stand fm the direction of momentum flow. 

q 

P. p p p 

(a) (b) (c) 

fIG. 3. The three diagrams represent three types expansions or Eq. (3.11) 

Many individual terms in Eq. (3.7) may give a non-zero contribution upon their lise in Eq. 

I), but the sum of the terms with "naked" derivatives is zero. This is proved as follows. 

The terms with naked derivatives can cont.ribute to Eq. (3.) I) a term of the form 

612 D1abi D12612lJ~ D22h12, 

or 

612DlnDlflDi D12612biv22hl2. 

By 1I5ing the commutation in Eq. (3.10), and the o-function properties in (3.8) and 

(:1.9), we can sec that these two types of contributions do not survive. lienee, the non­

valllsrunr! cOlltributioll to Fig.2(a) comes rrom those terms in (3.7) that do not have 

naked derivatives. Collecting all contributions of terms p£ the type represented by Fig.3(a), 

and integrating the spinor coordinate over one vertex, we obtain 

ItJ = 2f~xatx'at(J 1 . 1 . __
Do - m·m Do - m·m 

x [irtJOa+~(~ra)+~(DaWa)] 
1 [. b i "" i ....8 ] 1 

x _ m.m Ir Ob +2(QTb) +2(Lr WfI) Do _ m.m (3.12) 

1-2jatxatx'at(J 1 '~'(-l)' 1 iwa__
Do m·m Do Do - m·m Do - m·m 

x [wa Daa +(Daawa)]~ ~ , 

where the factor 2 comes from two symmetric situations. Similarly, all contributions of the 

terms represented by Fig. 3(b) can be expressed as 

f
 1 1 1 II )

t4 t4 ,... .-. ·-r r

tJ
- • ' (3.13)Ib -2 a-xa-x a~(JDo m.m Do Do - m·m 2 Do - m m 

and those represented by Fig.3(c) as 

1 . 1 1 
Ie 2jttxttx'tt(JDo . Do - m·m . Do - m.m 

. 1 1 
x [irao" + ~(aara) + i(vawa ») Do _ mom' Gt _ mom (3.14) 

. i fI 1 
x [irba,. + i(a'r.) + 2(D WfI)]=-­

The above la, It, and Ie are in Minkowski space. As usual, we trandorm to momentum 

space by using the momentum assignments given in Fig. 3. We work in Euclidean space, by 

replacing qo with iq4 and ko with ik4. If the original mass matrix has a massless mode, then 

we must have m = m· O. For this massless case, the dependence of 1/92 on the mass 

matrix is trivially holomorphic, although *e have to deal with the infrared divergence. If the 

mass matrix contains nO massless mode at all, then m an{1 m· must be non-zero. In 

this case, we have to do the integrations to get the actual m-dep(mdence of 1/92
• 
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As in the one-loop case, we work in four dimensional space-time and use the Pauli-

Villars rr.glJlarization scheme to deal with the ultraviolet divergence of the matter fields: 

(k2 +m·mfl -+ (k2 +m*mfl (k2 + A2fl, 

where the ultraviolet cutoff A -+ 00. The integrals are done by rescaling the momenta 

q -+ qA, k -+ k A, p -+ pA, 

and are expressed in terms of parameter 0 m/A. As 

1 I) I
(k2 +m'm - k2 + A2 -+ A2(k2 +a'a)(k2 + 1)' 

some integrals have a prefactor 1/ A or 1/A2 and hence can be eliminated right away. The 

non-zero integrals have rr external fields. Since we are only concerned about holomorphicity, 

in these integrals we take external momentum p -+ 0 for simplicity. 

The sum of contributions terms la, I" and Ie is given by 161 

I ( 1 )2 11'2
I = III + I" + Ie = 2rll (0)r8(0) 16'1f2 [In(a'a) + 1 + "6]' (3.15) 

Examining the result, we find that the second order logarithmically divergent term (In(0*a)12 

cancels out leaving only the first order In(a*a) term. This is crucial for the holomorphicity 

of the gauge coupling constant as we will see later. 

C. General representations in super QED 

In a general representation in which I and 1are arbitrary, the mass matrix does not 

take the simple form as in Eq. (3.2). The calculations are similar to those of previous subsec­

tion. Here also the second order logarithmic divergence cancels out, and only the first order 

. logarithmic divrrgcl1n' is Idt. Th~ final integrational result depends Oil the representation 

of the mass matrix: 

a) if the representation of the mass matrix is massive or pseudo massive, we have 

I ( 1)' [ Mt M 'If']I 4dR Tr{r
8
(O)f.(O») 16'1f2 Tr In ( AtA ) + 1 +"6 ' (3.16) 

which is of the same form as Eq. (3.15). 

b) if the representation of the mass matrix is intrinsically massless, we need to use 

the momentum cutoff to regulate the infrared divergence. Hence 

I ( 1 )2I = 4dR Trlf·(O)r.(0» i~'lf2 Tr [ In(p~ + Mt M)" + const.), (3.17) 

where "const." stands for the terms that do not depend on the mass matrix M. In Eqs. 

(3.16) and (3.17) "Tr" stands for the trace over both mass matrix M and A, and group 

generators TO. But as indicated earlier this trace can be decomposed into a product of two, 

the trace over the mass matrix and the trace over the matrix of group generators. 

D. Holomorphicityof l/g2 

The expressions (3.16) and (3.17) give the two-loop corrections to the gauge action 

in respective cases. We write it in the standard form 

2:2 Trfatxd20 WOWo• (3.18) 

in order to get the correction to 1/g2. For this purpose, we use the following identity 

jatxatfJ ror. = -2jatXd28 WOWo + total derivative. (3.19) 

From this we immediately obtain 6~. a) For the massive and pseudo massive cases, the 

two-loop correction to 1/92 is 

1 I ( g)2 [ Mt M 'lf2]692 = - 2dR 16'11"2 Tr In ( AtA ) + I +"6 ' 

up to terms that do not depend on Mt and M, or negligible. This correction is the real part 

of the holomorphic function 

1 ( g)2 [ M I 'lf2] 
- d 1611'2 Tr In (A) + 2 + 12 . 

R 

Therefore, we conclude that the two.loop correction to the gauge coupling constant is holo­

morphic for the cases of massive and pseudo massive mass matrices. The simplest represen· 
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tatioll witt. I I and In =f:. 0 is a special case of this. b) For the intrinsically massless 

case (representation with unbalanced numbers of families and antifamilies), we haw 

I I ( 9 )2~ 92 - 2dR 16'11"2 Tr [In (p~ + Mt M) + const.]. 

Since the infrared momentum cutoff is nonzero, 1/92 is dearly not the real part of any 

holomorphic function of M. 

IV. TWO-LOOP HOLOMORPHICITY IN SUPER YANG-MILLS THEORY 

In sllper Yang-Mills theory, the action has the same form as that for the sllper QED 

in tt.e previous section, Eq. except that the gauge group is now non-Abelian. The 

mass term again can be written as q,T Mq" where, in general, the mass matrix M can always 

be chosen to be symmetric. Again we impose the constraint ToT M + MTI) = 0 in order 

to have the action gauge invariant. Here the TO's are the gaugf' group generators in the 

representation R. In the rest of the section. we calculate explicitly the two-loop dependence 

of 1/92 on the mass matrix, by using the SBFM. The basic calculational procedurf' is very 

similar to that in the super QED case, but because of the non-commuting nature of the 

gauge group, the calculations are more complicated. But as at one-loop level, here also a 

representation of the mass matrix can give rise to massive, pseudo massive or inhinsically 

massless cases. 

The background gauge covariant space-time derivative is denoted by Voo (= '0,.°:0 ), 

and the spinor derivatives are denoted by V o and Vo. They are related by 

iVoir = {Do, Vo}. 
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In this background invariant representation, we write the action as IS} 

1 f 114 ... ( .,~' V [., {- -V V}]A = Tr axa-O:.. VOe) VO, Va,e Voe 
(4.1 ) 

+ jJfxJfO ~TeVq, _ ~jJfxld20 q,T Mq,+ h.c.]. 

Here, V is the quantum gauge field and q, is the quantum matter field. The background 

gauge fields are hidden in the covariant derivatives. More specifically, the background spinor 

connection terms ro and r a are given by va = DO iro and tJD = iJo - ira, respectively, 

where DO and iJo are the regular non-background covariant derivatives. A similar relation 

exists for the space-time connection roo. The background field strengths Wo and Wa are 

defined by 

1 -' -
Wo - 2i1VO, {Do, Vo}]. 

- I -
Wo == - ::\-:[VO, {Do, Do}l. 

, .;.1 

To get the Feynman propagators for q, (~) and V fields, we should find, from action (4.1), 

terms quadratic in q, (4)>) and V, respectively. For the gauge field V, we need to expand eV 

in the action and keep only the terms that are in the second order of V. This yields 

Av I TrjJfxJfOV(-Irfl12o +IrWo)V. 

For simplicity, we have used 12. for the commutator IV, }, 12. for IV, }, W for IW, }, and 

g for 10, }. Here, we define the commutator "I , }" by lA, B} =AB - BA, if at least one 

of the two variables, A and B, is bosonic, or !A, B} = AB + BA, if both of the two variables 
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are rcrmionic. The background invariant gauge fixing term is given by 

A~r = -~ TrJcrxcrO V(Q2Q2 +122Q2)V. 
9 

Now adding this to .Av. we can show that 

Av + Agr = - 4~2 TrJcr,r;<r:4 OV(g - iwoQo - iWaQa)V, (4.2) 

We define 

0==0 iWoVo - iWava• 

where the operator 0 is defined by 

I .0== '2VOoVoa. 

and 

IS g - iwoQo iWaQ;,. 

Then, we obtain the propagator for the gauge field V (see Appendix B) 

2 )t1'P
(vtV{) = -i 6 612 ,( 

A 

where the subscript "A" indicates that the group generators are in the adjoint representation. 

The action involving cP and ~ fields is given by 

A. = Jcrxcro ~T cP +Jcrxcro ~TVq, + ~Jcrxcro ~TV2cP 
(4.3) 

~Jcrx Illo q,T Mq, + h.c.), 

lip to ~;.econd order in V. From this action, we can derive the following propagators for cP 

and ~ fields (see Appendix C for details) 

T) t i -r..2(cP( l)q, (2) =M 0+ .lI.lIt LIi612. 

(~(I)~T(2» 0_ ,i.ll.llfM~612. 
(4.4)

<q,(1)~T(2» 0 
+-

i.ll t II ~V:612' 

<~(1)cPT(2» i.ll ilf V:~612' 

where 0+ and 0_ are defined by (see Appendix A) 

tPV2q, == 0+". V2fj2~ =D_~. 

The solutions for 0+ and 0_ are given by 

0+ = 0 - iWoVo - ~i{VO, Wo }. 

and 

-'- l{-. -}0_ = 0 - iwoVa - '2i 1Y, Wa . 

At two-loop level, the ghost action does not contribute any dependence on the mass 

matrix to the gauge coupting constant. Since we are studying hotomorphicity, and our major 

concern is the dependence of the gauge coupling constant on the mass matrix, we can ignore 

the contribution from ghosts. Also notice that, although the mass matrix M here is actually 

a background covariant one, as proved in Appendix A, it equals the original" bare" mass 

matrix Mo. So we can use the same symbol M for both. We now look for all non-vanishing 

two-loop contributions to the gauge action. Up to second order in V, we have two vertices 

that contain matter fields: i~rVI cPl and ~~IVI2cPl' From these vertices, we have the following 
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Cluantllm correction in the order of 92 

I =~ ((itbTVI4>d(itb~V24>2))connKted + ~ ((itbTV?4>d)c:onnected 

=~ Tr [ (vtV,J) TU (i4>ltbD TP (i4>2tbT) ] 
(4.5) 

+ ~ Tr [ (vtV,J) TuT (itbl4>D TP (i4>24>T)]
2z 

+ ~ Tr [ (VluVt) TUTP (i4>I4>T) ],
2z 

where we have only included the connected graphs. Graphically, I can be represented by 

three Feynman diagrams as shown in Fig.4. 

~~.7 ~~.2 

~C7.? ~C7.2 
 do+1 

(a) (b) (c) 

FIG. 4. Two-loop vacuum Feynman diagrams in non-Abelian gaugf' Lheory 

The dependence on background fields W, Wand r is contained in the quantum propagators. 

Now plugging in the super matter and gauge propagators, we have 

1 ( 1 )UP [u 1 -2 2 P 1 -") 2 ]
1= - 2 OA 612 Tr T 0+ _ MtM (VI V.6 12 )T 0+ _ MtM (ViV 2612 ) 


1 ( 1 )UP [UT 1 2 T t 1 - 2 ] 
 (4.6)+ 2 OA hl2 Tr T 0+ _ M Mt (V I 612 )TP M M 0+ _ M Mt (V2hI2 ) 

+ ~(~AyP611 Tr [TUTP 0+ _IMtM (tJ:V:611 )], 

where the first, second and third terms of the equation correspond to Figs. 4(a), 4(b) and 

4( c), r("speclively. To get contributions from each of the diagrams, we need to expand 

propagators O+-~{IM and ~A in Eq. (4.6). In the non-Ahelian super gauge theory, the 

expansion of n. _lUI AI is very much like the one in the super QED case, Eq. (:3.7), except 

that we need to replace m by M, mO by Mt, D by V and iJ by V. Also, we need to expand 

operator ..,.L using
OA 

OA = 0A - iW,4VAo - iW~VAa., 

and 

~] 1 - . /J
[VAD,OA = 2IVAoa., WA"] - i{VAD' WA }VA/J' 

Similar to the 6-function properties in the super QED, we have 

612V2V2612 = 612V2tJ2612 = 612 , (4.7) 

612vmvn612 = 0, for m +n < 4. (4.8) 

Using the V-properties we can show that Figs.4(b) and 4(c) give zero contribution, and only 

Figs. 4(a) gives non-zero contribution. Fig.4(a) represents 

_ 1 ( 1 )UP [u 1 -2 2 P I -') 2 ]
1- - 2 OA 612 Tr T 0+ _ MtM (V.VI 612)T 0+ _ MtM (VlV2612) . 

The expansion of of propagators ~ and ~A in I gives rise to different types of terms 

represented by Fig. 5. The curled lines stand for the external gauge fields. Compared with 

the the expansion in the Abelian case (Fig. 3), we can see that there are three more diagrams 

in the A bel ian case. Since each external leg can be r, W or W, or their derivative, we have 

many combinations. Most of them could be shown to give rise to zero contribution because 

of the V-properties in Eqs. (4.7) and (4.8). 
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+k q:1: 

k k 
I:-p 

p . p p. PX 
q 

A
(a) (b) (c) 

q 

+;-· q.1: A:
+p q+l 

k q+k 

PR P P~ P P P 

(d) (e) (0 

FIG. 5. Feynman diagrams in non-Abelian gauge theory 

The integrals are evaluated using the Pauli-Villars regularization procedure for mat· 

ter fields as in the case of super QED. Similarly we can identify their contribution to 1/92. 

tor massive and pseudo massive cases, for a representation with dimension dR, we get 

1 1 ( 9 )2 [ (Mt M) ]6 92 = - dR 16r2 (CR +CAl Tr In AT' A +const. (4.9) 

This is the real part of the holomorphic function 

2 ( )2 M- 1:r2 [(GR + CA)Trln (A) + const.], (4. JO)tytwo 

when' eR is given by 2::u TUTU GRI, and CA is GR for the adjoint representation. Notice 

that tlw coefficient in front of the logarithmic function differs from that of the two-loop 

P-fundion the reason being that we have omitted the pure gauge or ghost. contributions, 

which ilr(' not necessary for ollr purpose. 

For the intrinsically massless case, we have 

6 :2 -J C:r2Y[(CR 1- CA)Tr In (pi + Mt M) + const.]. (4.11) 
R 

This has the same dependence on the mass matrix as Eq. (2.11) indicating that it is not the 

real part of a holomorphic function of M. 

V. CONCLUSIONS 

The form of the mass dependent corrections to 1/92 in the one-loop and two-loop 

cases are identical. The reason is in the two-loop calculation, for all cases, the second order 

logarithmic terms, [In( Mt M)J2 or (In(p~ + Mt M)]2, cancel out leaving only the first order 

In(Mt M) or In(P5 + Mt M) terms. We expect this to be true for the higher loops. The 

work to prove this using Slavnov-Taylor-like identities is in progress. In conclusion, we have 

explicitly shown that, up to two-loops, the holomorphicity of the gauge coupling function 

depends on the representation of the mass matrix M constrained by Eq. (2.2), and in the 

massive and pseudo massive cases it is holomorphic and in the intrinsically massless case 

it is not. This is because in the first two cases one can use the mass matrix or perturbed 

mass matrix as a regulator for the infrared divergence whereas the intrinsically massless case 

requires an infrared momentum cutoff. 

We thank S.P. de Alwis for discllssions. This research was supported, in part, by 

the U.S. Department of Energy, Grant No. DEFG-ER91-40672. 
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APPENDIX A SUPERSYMMETRY ALGEBHA 

In this appendix, some useful aspects of supersymmetry algehra arc given. We use 

the convention in Ref. [II], with the exception of the covariant derivative which is denoted 

by D instead of V'. 

A. Super Algebra in the Regular SUSY Theory 

The covariant spinor derivatives Da and Do. are given by 

a 1 _.a - a I a
Da = aOa + i20 Daa , Do. = aOa + i20 f)ao, 

where the upper and lower spinor indices ca.n be mutually converted to cach ot.her hy using 

CoP, the S L(2, C) metric. The commutator of Da and iJa is 

{Da, iJa } == iDaa, 

where Doa is the space-time derivative (Dar. = o:aD,,). Now denoting ~ /)0 J){) by f)l and 

~[)o Da by [)2, we record the following properties for the covariant derivatives [11/: 

~Dao Daa = 0 = a2, 


[Do, [)2) = -iDoaiJo, lbo, D2) = -iDa,:.,D{), 


DaDO = 6pD2, D- a iJ· = 6~ iJ2 D2 iJ2 D2 = 0J)2
00' , 

DatP Da = iJa D2 Do., 

tJ2 D2 + D2 tJ2 - DatJ2 D,. = 0, 

ID2, [)2) = 0 + itJaDaDaa = -0 - iDaiJaDoo, 

2{)2f)2 + ilJ,:.,D{)D{)':" = ()"D2tJ,:.,. 

Defining 02 = ~CoOoaoO, til = !CapOaOP and 612 = (01 - 02)2{OI - (2)2, we have 

the following identities 

2 2 iJ202D 0 = = -I, . D.612 = -D2612 , 

612 Dn iJm 61,:! = 0, for m +n < 4, 

612D2 iJ2 612 =612 V2 D2612 =612 . 

B. Super Algebra in the Background Field Method 

In the super background field theory, the background covariant derivatives 1)0 == 

c-ODacO == Da - if'''' and va == e-OiJa/ r == iJa - ira, where n is the background gauge 

field and f's are the super connections. Like in the case of regula.r super algebra, we use the 

following definitions 

-2 _ 1 - . - 2 _ 1 
V = "2vava, V = "2vaVa, 

and 

Vaa == ~{Va,Va} == Daa -ifaa . 
1 

The background field strengths are defined by 

1 [_. - . }]
Wa == -2i va, {Va, Va , Wa == -~[va,{Va,Va}].

21 


For future simplicity, we also define 


12 == IV, }, w == IW, }, 

where the bracket I , } can he either bosonic or fermionic. In these symbols 

Vaa = (12aVa) = Cl2aVa), 

and 

I(-r.(- )Wo = -?- 12 12nVa), Wa = - ~(1r (12aVa)).
_l 

Some properties givclI below an very important for the propagator expansions in 
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Appendices C and R: 


{VO, Wo-} + {va, Wo} == (lrWQ) + (12°Wo.) :::: 0, 


['Oil" V pp] = CQPWp, [Va, V pp] CooWp, 


and 

['00" z)2] = -iVQoVO + iWtt = -iVOVQO - iWo-. 

The background chiral and antichiral matter fields are denoted by q, and ~, respec­

tively. We define the operators o± by 

z)2V2q, == O+q" V2V2~ == O_~. 

These operators can then be expressed as 

0+ 0 - iWQVQ ~i{vn, Wa }, 

up to a term in the form of / . V, and 

-'- 1 -' ­0_ 0 - iWQVo 2i{vn, Wo }, 

up to a term in the form of /. V. Here / is an arbitrary function, and 0 denotes ~ rrovQo . 

It. is obvious that 

'02f(0+)V2 ::: /(0_)V2V 2, f>2/(0_)V2 ::: f(0+)V2p2, 

and 

1-· 1 -' 
['00',0] = 2WQVQO + 2VQOWQ. 


The covariant derivative on M has to be defined as 


(PM) VT M - MV. 


This is the consequence of the chain rule for the covariant derivative V 

(VJ)T Mq, + ~T(VM)q, + JTM(Vq,) == V(JT Mq,) D(JT /114». 

Then from the constraints T"T M + MTtI = 0, it is easy to sec that ('OM) = O. Similarly, 

we have (VMt) = 0, (VM) 0 and (f>Mt) o. 

APPENDIX B SUPER GAUGE PROPAGATOR 

In this appendix, we will derive the expression for the propagator of the super gauge 

field in the background field theory. The (:anonical supergauge field propagator is obtained 

by putting the background field equal to zero in the final result. 

A. Propagator (or the Gauge Field 

As given in Eq. (4.2), the quadratic part of the gauge action plus gauge fixing term 

IS 

o
Av +Agr - 4~2 Trfcrxcr OV(Id - iW

Q12Q iW i2o)V, (8.1) 

where we have denoted 12 for commutator IV, }, and W for IW, }, and g for (0, }. In 

these notations, we have 

AVct(12V) == IV, VI ID - ir, VI = (DV) - i(TA, Tct")rAVI1 = (DV) - i/).I1PTPr , 

where /).ctP are the group structure constants and TI1 are the group generators in the repre­

sentation R. Meanwhile, since in the adjoint representation, the pO' component of the group 

generators T). can be written C\S (T~)pc7 = /lctp, we have 

(12V) = (DV) - iTpr~VI1 = TP(6pc7 D - ir~)vct. 

Now defining V A as the background covariant derivative in the adjoint representation and 

defining 

~=C), x=C)· 
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in the collllTllI mal.rix form, where d is the rank of the group, we can wrik 

(12V) = rT(VA~)' 

It is sl.rai~htforward to generalize this to 

(VV···12V) = rT(VAVA ···VA~)' 

Therefore, we have 

Tr( VVV· . ·l2V) = TI (VTP)(VAVA' .. V A~)P 

= 2[~T(VAVA" .VA~)]' 

and 

Tr (V(g - iwo12o - iW012o) V) 

= 2[~T((OA - iWAoVAo - iWAOVAo)~)], 

where we have used Tr(Tt7TP) == TRfJt7P with the trace factor TR == 2. 

Now adding the real source 

~ Trjcrxa40JV = ja4xcro~r~, 

1.0 .ction (fl.I), w 1 ..,0 J." (;:). we obl.in Ihe log.,i I h m or Ihe p.,li lion r" nel ion 

In Z(J) = i~j(t4xcrOJ..T(OA - iWAoVAo - iWAoVAri-rlJ... 

Obviously, I.he gallge propagator is 

ig2 = _ ig'!.(V\/T) = 
OA - iWAoVAo- - iWAoVAri- - OA' 

APPENDIX C SUPER MATTER PROPAGATORS 

In this appendix, we derive the expressions for the propagators of the super matter 

fields in super background field theory. This is done in Minkowski space. All the results can 

be applied to the regular SUSY theory by simply taking the ~ackground fields to be zero 

and replacing the background covariant derivatives with regular covariant derivatives. 

A. Super Propagator for the Matter Fields 


The quadratic action for the matter fields is given by 


A~ = jcrxcro {j/¢ -1jcrx 1d20 q,T Mt/>'+ h.cl. 

where q, and ;p are the background chiral and antichiral fields, respectively, and M is the 

mass matrix in the background field method. We denote the regular chiral and antichiral 

fields by q,l and q,l, respectively, then 

-0 - -0­q, = e q,t, q, = e q,t, 

where nand n arc the background fields, and 

OT 0M = e Moe, 

. where Mo is the mass matrix with no background field. We claim that M has to equal Mo. 

This is because the mass term has to be invariant under a gauge transformation and the 

right hand side of I.he abo"e expression is jllst a special gauge transformation. 
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Converting the action into the full spinor space, we get 

A. = jJ4 xJ40 (J>T 4> - !4>T M_l_V24> - !J>TM' ~D24»,
2 0_ 2 0+· 

by using properties in the previous appendix. The spinor covariant derivatives are given by 

va = e-oIY" eO, and tp = e-OlJir i). Now adding background chiral source j and antichiral 

source] to this action 17], we have 

- j...... (-T 1 T 1 2 I -T t I -2 -) A.(j,j) = a-xa-O 4> 4> - -4> M -0v 4> - -4> M -0P 4>
2 . _ 2 + 

+j J4x d20 4>Tj +j J4x d20 J>TJ 

f ... ... (-T 1 T I 2 I -T , I - ')= (l-Xa-O 4> 4> - -4> M-V 4> - -4> M -P-4>
2 0_ 2 0+ 

+ 4>T_I_V2j + J>T_l_t>2])
0_ 0+ 

=jJ4xJ40 [~(4)T ~T)A(:) + (4)T~_ V2J+4>T~+ V 2j )], 

where A is the matrix 

-Md:-V2 I ) 
( I -Mtd;t>2' 

Now runctionally integrating out the background chiral and antichiral fields, we have the 

logarithm of the partition function in the matrix product form 

2
_ _ i J (( I 1 -) T ( I - 2",) T) _I (d:-p ] ) 

In Z(],]) 2 J4xJ4o 0_ V J 0+ V J A ~D2]' (C.I) 

where the invenw or the matrix A can be shown to be 

Alt 1 V-2 1+ Mt I t>2 M __I ___ P 2 )
A-I O.. -MMt L4 D_-M'M 

( M~p2 ­I + Md:-v2Mto.. _~IMIt>2 

Arter simplifying Eq. (C.I), we have 

By using the facts that 

6j) ..;:.2 6)1 _ fil612,c:-- = v-.512,
Q)2 .5h ­

where {)12 = {)4(XI - X2).54(O} - (2), we obtain 

(4)(I)4>T(2)) = a2 
1n Z(j,]) = Mt i AI AI"D~612 ,aiiah 0+­

2a JnZ(j,])= i tM'lif.5I2,(J>( 1)J>T(2» = -'Rah 0_ - MM 

a2 
1n Z(j,]) = i tif'lif6)2,(4)( 1)J>T (2» = aHah O+-MtM 

2 Z(") i,0n2 -2 
(~(1)4>T(2» = a I~ !,} t q P I.512.

aJ[an 0_ - MM 

These are the four matter propagators in the super background field method. 

APPENDIX 0 MASS MATRIX 

A. Constraints on the Mass Matrix 

In this appendix, we discuss the general representation of the mass matrix M, which 

is subject to the constraints from gauge invariance. We mainly discuss the mass matrix in 

the super Yang-Mills gauge theory, but the discussion is applicable to the super Abelian 

gauge theory a.., well. 

R labels the representation of the gauge group G, and M denotes the mass matrix. 

The invariance or the ma..,s term 

Jd20 4>T M4> + h.c. 

under gauge transformation requires 

~ )(i)
0+(0.. ~AHjl) MV2 j . - G(R)T MG(R) M. 
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Because finite representations of simple groups are unitary, W(' have 

G(R)-I = G(R)t, MG(R) = G(R)" M. 

Indicating the group generators in this representation as 1'<7, we have 

TOT M + MTo = 0, TOMt + MtToT = o. 

From Schur's lemmas 112], we know that if R is an irreducible representation, we must have 

either M == 0, or det M i- o. This means that for an irreducible representation, the mass 

matrix is either triviaHy zero, or all of its modes are massive. 

To have a mass matrix with both massless modes and massive modes, t.he represen­

tation has t.o he reducible. The reducible representation R can be written as 

GI o 
G2 

DG(R) ~ : 
( 

o 
when' GI (i I,· .. , I) are irreducible representations. Assuming the mass matrix in this 

representat.ion has the form 

~II ~II),M= .( 
Mil Mil 

where MIJ is a matrix with dimension dimGi xdimGJ , and using the relation G(R)T MG(R) = 

M, we have GJ MjjGj = Mij. From Schur's lemmas 1121, we know that, if dim(G.) i­

dim(CJ ), then MiJ = o. This means that M can be decomposed into diagonal hlocks, and 

for each block the corresponding Gi all have the same dimension. Since different blocks are 

trivially decoupled, we can assume the whole mass mattix M is one of such blocks, without 

loss of generality. In other words, we can assume that all GI's (i I,· .. , I) have the same 

dimension, n x n. Fmthermore, tholl~h different types of representatiolJs (like real, pseudo-

real or complex) might have same dimension, they cannot mix. That is, t.he coupling between 

type i and type j, M IJ , is 7,ero. Ilence, we can investigate different types of representations 

separat.ely. 

B. Real and Pseudo-Real Representation 

For a real or pseudo-real irreducible representation, Gj, we have 

Gj = J-IGiJ. (0.1) 

For a real representation, the matrix Jequals /, the n x n unit matrix; and for a pseudo-reat 

representation J = _JT with J2 = -1. For both cases, J- 1 = Jt. If Mjj is nonzero, we 

have 

Gj = Mj-;tGi Mjj. (0.2) 

Comparing this with Eq. (0.1), we see that representations Gi and G, are equivalent. By 

rotating sector i or j of the super matter field t/>, we can have Gi = Gj, and Mij = aijJ, 

where alJ are nonzero complex constants. Since this is true for all i and j, we can define 

Gi = G r for all i, where subscript "r" stands for "real" or "pseudo-real". The representation 

of the group then becomes 

G(R) = diag{Gr , G r , .•. , G r'} , (0.3) 

and the mass matrix becomes 

al:IJ)M = (al:IJ 
allJ allJ 

lI 
a. ): ®J.~ c: 
all 

Furthermore, since we can always choose a symmetric mass matrix, we have ai, = aji for 

the real represent.ation, and aij = -aji for the pseudo-real representation. 
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C. Complex Representation 

For a complex irreducible representation G,. we must have M,t 0, otherwise, we 

will have 

Gj = Mi7JG;Mih 

wl.ich conflicts with the complex condition. For j ':fi i. we have either MiJ 0, or 

Gj = MjjtG; Mij. 

This means that, if MiJ ':fi O. then representation Gj is equivalent to the complex conjugate 

of representation Cj. As in the case of a rp.al or pseudo-real representation, we can rotate 

the sector i or j of the super matter field ~, so that we have exactly G, = G;. This implies 

MiJ b.j I, where I is an n x n unit matrix. Since this is true for all i and J, we call define 

C, = Ce for all i, where subscript "c" stands for "complex". The reprrsentatiolJ of the group 

then becomes 

I i---------... ~ 
G(R) = diag{Ge • Ge• •••• Ge• G;. G;, .. , G;}. 

Notice that the number of irreducible complex representations is not necessarily equal to the 

number of their conjugates. Assuming the former number is I and the latter number is I, we 

have the following form for the mass matrix 
bll+ 11 bll+;1 

o 
6"+1 1 b'l+;1M= 

b,+ III !,,+ III 

o 
b'+h I 61+1,1 

which can be reexpressed in terms of matrix product 

bU+J "11+; 
o 

b"+1 b'l+iM = I I C'¢ I. 
b'+l1 bl+ll 

0 
b'+h '" b'+ll 

.... 

Since the whole matrix M is chosen to be symmetric, we have bij = bJ,. 

D. Trace Calculations 


We now calculate the following typical trace: 


Tr(r'T'Mt M··· MtM). 

We show that the trace over mass matrix can be separated (rom the trace over the group 

generators. 

For a real or pseudo-real representation. we have shown that 

M = A®J. 

where 

(
(J~' lI 

A= . a: ) , 

an all 

is an I x I dimensional ma,trix. and J, as we know, is an n x n dimensional matrix. From 

this we have 

Mt = At®Jt. 

and therefore, 

Mt M = (At A) ® Ift)t.... 

where I .. xn is an n x n dimensional unit matrix. Meanwhile. the group generator T" in 
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In this rcprPscntation, the group generator TU can be written as 

flxl®T:' 0 )U 

(T 0 _ fix 1tg, (T:,r ' 

therefore, 

Tr (TUT'Mt M ... MtM) 

'I' ((BTf BT) ® (T:'Tt) 0 ) 

r 0 (BtB) ® ((TnT (Tt)T) 

= [Tr (Bf B) + Tr (BTf BT)] . Tr (T:'T!). 

Also, since we have 

Tr (TUTP) = (I + I) Tr (17T!), 


Tr (MfM··· Mt M) n[Tr (BtB) +Tr (BTt B T )], 


we obtain 

Tr (TC1 T'MtM ... MfM) 

dlR Tr (TUT') . Tr (Mt M··· Mt M), 

where dR == (/ + j) . n is the dimension of the complex representation. This is of the same 

form a" that for the real or pseudo-real representation. 
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