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ABSTRACT 

The statistics of gravitational lenses are incompatible with large cosmological con­
stants A and low cosmological densities n. The 90% confidence limits are that 
A < 0.5 in flat cosmologies, and n > 0.2 in standard cosmologies if lenses 
are modeled either as singular isothermal spheres or de Vaucouleurs models. The 
mass distribution of elliptical galaxies is consistent with both lens statistics and 
stellar dynamics if the mass distribution in E/SO galaxies is that of an isothermal 
sphere. Lens statistics require E/SO galaxies modeled as de Vaucouleurs models to 
have blue mass to light ratios of (22 ± 3)h compared to dynamical estimates of 
(10 2)h. If E/SO galaxies have constant mass to light ratios, galaxy dynamics 
and lens statistics cannot be reconciled without a serious systematic error in either 
the lens or dynamics calculations. Lens statistics limits the epoch of galaxy forma­
tion to z ~ 1 and substantial merging of galaxies to z ~ 0.5. Typical models of 
galaxy formation produce smaller numbers of lenses with larger separations than 
no evolution models, while typical models of mergers produce a constant number 
of lenses with smaller separations. 

1. Introduction 

The number of gravitational lenses found in a survey for lensed quasars is a 
volume test of the coslllological Inodel because the nUlnber of lenses depends on 
the expected llulnber of lens galaxies between the observer and the high redshift 
quasar. Compared to the theoretically favored n = 1 flat coslnological (Einstein­
DeSitter) model, both flat coslllologies with a positive cosmological constant A and 
low density n < 1 coslnologies produce larger nUlnbers of lenses.1 ,2 Flat universes 
with A = 1 produce ten tiInes as lllany lenses, and elnpty n = 0 universes produce 
twice as lnany lenses as the Einstein-DeSitter lnodel. 

The nUlllber of lenses also depends on the Inasses of E and SO galaxies. Spiral 
galaxies, despite their larger nUlllbers, do not represent an iInportant contribution 
to the expected nUlnber of lenses because of their slllaller Inasses.l,3~8 The number 
of lenses depends on l7! where l7* is the characteristic velocity dispersion of an L* 
galaxy, or M* where M* is the characteristic lllass of an L* galaxy. Slllall ullcertain­
ties in the dynamical variables lead to large uncertainties in the expected nUlllber 
of lenses: a 10% uncertainty in u* leads to a 40% uncertainty in the expected nUlll­
ber of lenses. This sensitivity to dynalnical uncertainties severely lilnits the utility 
of lens statistics to estimate cosmological models unless we can find some other, 
internal llleans of controlling the dynalnical variables. 
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Fig. 1. Likelihood contours for flat universes with a cosmological constant using either (a) singular 
isothermal lenses or (b) de Vaucouleurs lenses. The likelihood contours are the 68.3%, 90%, 95.4%, 
and 99% confidence intervals on one parameter. The second variable is either the velocity dispersion 
(J"* or the blue mass to light ratio (MIL)* of an L* galaxy. The cross marks the peak likelihood. 

Fortunately, each lens we find also has a characteristic length, the iI11age sepa­
ration or critical radius of the lens. The iI11age separation depends largely on the 
dynamical variables, with only a 5% variation froI11 the coslnologicallnode1.4 The 
separation depends on (J"; or M;/2, so by simultaneously fitting the expected number 
of lenses and their observed separations we can avoid the intrinsic uncertainties of 
galaxy dynaI11ics. After fitting the lens data we can always go back and COI11pare 
the estiI11ates of galaxy masses fronl the statistical nlodel of the gravitational lenses 
to the estiI11ates of galaxy I11asses from traditional, stellar dynaI11icalinethods. 

The evidence on radial I11ass distributions in E and SO galaxies is aI11biguous 
because of uncertainties about the isotropy of the stellar velocities. While the data 
is consistent with a constant blue Inass to light ratio of (MI L)* = (10 ± 2)h where 
Ho = 100h km S-1 Mpc-1 is the Hubble constant,S it is also consistent with an 
isothernlal nlass distribution with (J"* ~ (223 ± 10) km S-1.6 The former has the ad­
vantage of conceptual siI11plicity, whereas the latter is more theoretically 1110tivated 
and sinlilar to the I11ass distributions predicted to hold for spirals to produce flat 
rotation curves. Most lens studies assulned a dispersion scale of (J"* ~ 270 kIn S-1 
based on theoretical arguI11ents that the velocity dispersion of the dark nlatter 
should be (3/2)1/2 larger than the central velocity dispersions of the galaxies. 1,7 

This theoretical correction uses an oversiI11plification of the luminosity profiles, and 
for real E/SO luminosity profiles there is no such correction.6 Most theoretical stud­
ies of lenses and COSl11ologyl,2,S,9,lO include the correction and therefore overestiI11ate 
the nUIuber of lenses by a factor of 2.25, and overestimate the inlage separations 
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Fig. 2. Likelihood contours for standard cosmologies using either (a) singular isothermal lenses or 
(b) de Vaucouleurs lenses. Contours and peaks have the same meaning as in Figure 1. 

by a factor of 1.5. Several studies3 ,11,12 include results both with and without the 
correction or nonnalize the Inasses of the galaxies froin the lens data. 

In this paper we examine InaxiInunl likelihood Inodels of the optical surveys 
for lensed quasars.13,14,15,16 These surveys include 680 quasars and five lenses. In 
this paper we neglect one lens, 0957+561, which is a conlposite lens consisting of 
a galaxy and a cluster. We also include the iInage separations for the MG17 and 
.1odrell Bank18 radio lenses with known source redshifts. A detailed discussion of 
the data set is given in Kochanek.3 We include only EISO galaxies (see Kochanek3 

for the effects of spirals), nonnalized to the local galaxy counts,t9 and galaxy type 
distributions.20 We use the dynamical models suminarized in Maoz & Rixl0 for the 
de Vaucouleurs model lenses or Kochanek6 for the isothennal models. We adopt 
the quasar nUInber counts model of Wallington & Narayan9 which is a good fit to 
the quasar ntllnber counts for 1 < z < 4 based on the form of the Boyle et a1.21 

luminosity function. * We then use the InaxiInuln likelihood method for lenses3 to 
exalnine Inodels in the space of coslnology and the priInary dynalnical variable for 
both isothennal (dynamical variable is cr*) and de Vaucouleurs (dynamical variable 
is (MI L)*) Inodels of the lllMS distribution in EISO galaxies. All the calculations 
include the selection functions for the different surveys detecting lenses of varying 
separations and flux ratios. 

2. Limits on the Cosmological Constant 

·We have to correct a conversion error in Wallington & Narayan9 (also present in Kassiola & 
Kovner22 ) from absolute to apparent magnitudes caused by a shift between h = 0.5 in Boyle et 
al. 21 and h = 1 in the theoretical papers. 

http:distributions.20


Figure 1 shows contours of the likelihood for flat universes with a coslllological 
constant, A. The contours are located at the 68.3% (10-), 90%,95.4 (20-), and 99% 
confidence intervals for one degree of freedoln, so that the confidence intervals on 
each variable are easily read frolll the graphs. Independent of the Inass nonnaliza­
tion and of the type of potential we use for the galaxies, we find that A < 0.5 at 90% 
confidence. The coslnological models with n = 0.2 and A = 0.8 that are sOlnetiInes 
suggested to solve problems with structure fonnation are ruled out by lens statistics 
with more than 99% confidence. The dOlninant systelnatic uncertainties are already 
included by looking at two potential Inodels and allowing the lllass nonnalization 
to vary. Other potential problenls like galaxy evolution can also be ruled out as 
a Ineans of making a large cosmological constant consistent with lensing. 23,24 It is 
very unlikely that there is a systelllatic error in the lens calculations large enough 
to allow a significant coslnological constant. 

3. Limits on the Cosmological Density 

Figure 2 shows the contours of the likelihood for nonnal coslllological lllodeis 
as a function of the coslnological density, n. Because the differences between the 
n = 0 and n = 1 coslnologicallnodels are Inuch slnaller than when A = 1, the liInits 
on n are Inuch weaker. Most of the range is pennitted siInply by the expected 
Poisson fluctuations in the number of gravitational lenses. Nonetheless, n ~ 1 
Inodels are favored, and n > 0.2 at 90% confidence. Thus lensing joins the evidence 
froln large scale velocity flows and theoretical prejudices in favoring the Einstein­
DeSitter Inodel. The differences are, however, slnall enough that systelnatic and 
statistical errors could still shift the results by a significant alnount. Larger lens 
surveys are required to reduce the statistical errors. 

4. Relation To Galaxy Dynamics 

We can also estilllate the allowed range for the dynalnical variables by fitting the 
velocity dispersion profiles of a sample of 37 E/SO galaxies.5 The details of the fitting 
procedures are described by Kochanek6

, and these silnplified Inethods reproduce the 
results of van der Marel5 for the de Vaucouleurs Inodels. By cOlnparing Figure 2 and 
Figure 3, it is illunediately obvious that the dynalnics of galaxies and lens statistics 
are consistent for the isothennallnodels and inconsistent for the de Vaucouleurs 
Inodels. Maoz & Rixlo first pointed out that the standard dynalllical nonnalization 
and a constant nlass to light ratio cannot fit lens statistics. This conclusion is 
independent of the coslllological model because it depends purely on the distribution 
of image separations, which is effectively independent of coslnology. In Figure 3, 
we can clearly quantify the magnitude of the problems: dynamics estimates that 
(M/L)* = (10±2)h (B band) while lens statistics requires (M/L)* = (20±:3)h 
to fit the observed iInage separations. This difference is llluch greater than the 
estimated errors. In Figure 4 we show the result of cOlnbining the lens and dynalnical 
constraints on the isothennallllodel. 
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Fig. 3. Likelihood contours for the dynamical variables from fitting the velocity dispersion profiles 
of 37 E/SO galaxies. The likelihood contours are the same as in Figure 1, and the peak likelihood is 
a vertical line near the center of the confidence limits. Note that the dynamical limits agree with the 
lens limits for the isothermal model in (a), but disagree with the lens limits for the de Vaucouleurs 
model in (b). 
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Fig. 4. Likelihood contours for flat (a) and standard (b) cosmologies for the isothermal model 
combining both the lens data and the dynamical data. Contours are labeled as in Figure 1. Note that 
by superimposing the two likelihood models we reduce the uncertainties in 0'*, but the cosmological 
limits do not change very much. Because of the wild disagreement of the lens and dynamical data 
for the de Vaucouleurs model, it does not make sense to try to combine the models. 



5. Galaxy Evolution 

The previous 1110dels all a.'5sulned a constant COl11oving density of unevolving 
lens galaxies. Lens statistics are lllost sensitive to the properties of galaxies at 
one half of the proper lllotion distance to the source (z rv 0.:3-0.5 typically) rather 
than their local properties, so galaxy evolution can strongly effect the coslllological 
liIllits. The basic principle of evolution is that if high redshift galaxies cea.'5e to be 
effective lenses at high redshifts due to evolution, than we can reduce the expected 
nUlnber of lenses and allow coslnologies that overproduce lenses in the no evolution 
models. The 1110dels cannot, however, exalnine the expected number of lenses alone 
- evolution lllodeis that change the expected nUlnber of lenses by a factor of two 
also strongly modify the expected lens separations. 

Two studies23,24 exalnined how the evolution of Elsa galaxies changes COSlllO­
logicallilllits and is in turn lil11ited by the statistics of lenses. After an exhaustive 
survey of fonnation and Inerger scenarios, we concluded that no reasonable evolu­
tion scenario could allow a large coslllological constant (A .<; 0.8). Only scenarios 
in which Elsa galaxies are first fonned at very low redshifts (z rv 0.5) lead to sig­
nificant increases in the likelihoods of these 1110dels. Even so, the lllodeis are still 
statistically rejectable cOlnpared to the standard coslnologicallllodeis with no evo­
lution. The very late fonnation tiIlles for the galaxies are also incolnpatible with 
standard galaxy fornlation scenarios. Merger scenarios in which the Elsa galax­
ies are built up either froln the locally observed spiral population or frol11 slnaller 
and sll1aller subclulllPS lead to little or no improvelllent in the models with a large 
cosl11ological constant. Most lllerger scenarios preserve the expected nUlnber of 
lenses while Inaking their average separation sll1aller. The selection functions of the 
surveys are sufficiently sensitive to small separation lenses to lllake the number of 
detected lenses too large to allow a large cosl11ological constant. 

6. Conclusions 

Gravitational lensing is a powerful new tool for examining COSl11ology and the 
structure of galaxies. DiscriI11ination between 1110dels is restricted by the sll1all 
nUlllber of lenses in the sample. Even so, models with an interesting coslllological 
constant are fin11ly ruled out, the theoretically preferred n = 1 nlodels are favored 
over low density lllodels, and lenses suggest that even the inner regions of E/SO 
galaxies contain a significant al110unt of dark lllatter. Several new lenses are found 
each year, so the statistical errors will begin to decline rapidly over the next few 
years. The ultilllate results will depend on when the problem is dominated by 
systematic errors (as all cosmological tests ultimately are), but a salnple with a 
large number of lenses has many internal checks from the structure of the observed 
lenses to control and check the statistical lllodel. 
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