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1. Introduction

The boundary layer is the region of flow that joins an accretion disk to the
accreting central star. This zone is characterized by rapid variations and extreme
conditions in both the flow dynamics and energetics. Dynamically, the angular
velocity of the accreting material drops very rapidly from a near-Keplerian value
to the angular spin rate of the star. Thus, the accreting material makes a transi-
tion from centrifugal support, which dominates in the disk, to pressure support,
which dominates in the star. Also, the largest flow velocities occur in this region,
possibly leading to shocks and instabilities. Energetically, the boundary layer is
an important constituent of an accreting system since up to half the accretion
luminosity may be released here, resulting in high temperatures. The radiative
transfer by which this luminosity reaches the surface tends to be complex; both
radial and vertical fluxes need to be considered, in contrast to the star where the
radiation flux is primarily radial, and the disk proper where it is predominantly
vertical.

Our current understanding of the structure and properties of accretion disk
boundary layers is far from complete. In this article we review recent progress

in the subject and identify some areas where further work is needed.

2. Dynamicé.l Structure of the Boundary Layer
2.1 SIMPLIFIED HYDRODYNAMICAL EQUATIONS

In order to understand the nature of the flow in the boundary layer, it is
initially useful to ignore the energy generation and thermal structure, and to
concentrate only on the dynamics. Assuming that the fluid is thin in the vertical
direction (compared to the radius), we may integrate the equations vertically and
reduce the problem to that of an effective two-dimensional fluid in the equatorial
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plane. In this approximation, we consider a polytropic fluid with an equation of

state,
P=Kx", (1)

where P is the height-integrated pressure and T is the surface density. In steady

state, the mass accretion rate M is given by
M = —27RvgY = constant, (2)

where vg(R) is the radial component of the velocity at radius R. (For inflow, vg
is negative.)
The dynamics of the flow are described by the two components of the mo-

mentum equation. The steady state radial equation gives

dv 1dP GM,
vp—z = (¥ - Q%) R- 55, 9% =75 (3)

where Q(R) is the angular velocity of the fluid, Qx(R) is the Keplerian angu-
lar velocity, and M, is the mass of the central star. The azimuthal momentum

equation can be integrated to give the flux of angular momentum J:

) MQR? + 2WR3VZ%% = J = jMQK(R..)Rf = constant, (4)
where R, is the equatorial radius of the star. We see that J is the sum of two
terms. The first term, M$RZ, describes the advection of angular momentum by
the accreting material, while the second term represents the angular momentum
flow associated with the viscous shear stress, where v is the kinematic shear
viscosity coefficient. In the second equality in (4), J has been scaled in terms of
the characteristic angular momentum flux, MQx(R,)R2, using the dimensionless
parameter j.-Thus, j = 1 if the central star accretes angular momentum per
unit mass equal to the specific angular momentum of a Keplerian orbit at the
equatorial stellar radius. In the classical theory of accretion disks (Shakura and
Sunyaev 1973, Lynden-Bell and Pringle 1974) it is assumed that j = 1, but in
general j is an eigenvalue whose value is determined by the boundary conditions
of the flow (Paczynski 1991, Popham and Narayan 1991).

To complete the equations we need a prescription for the viscosity coefficient
v. As we discuss in the next sub-section, this has an important effect on the nature
of the flow in the boundary layer.




2.2 VISCOSITY PRESCRIPTIONS AND SUPERSONIC INFALL

It is usual in accretion disk theory to write the kinematic viscosity coefficient

v using the a-prescription of Shakura and Sunyaev (1973),
v =ac,H, (5)

where ¢, is the sound speed (2 = dP/d¥ for our polytropic fluid), H is the vertical
height of the disk (H ~ ¢,/Qk), and « is a dimensionless constant. Then, using
the equations of sec. 2.1, it is possible to show that §, the dimensionless radial
width of the boundary layer (where the physical width is 6R.), and |vR|maz, the

maximum radial velocity, scale as
6~ (H/R*)27 |lemaz ~ a(R*/H)C,. (6)

For a thin disk, H < R,, and so § is very much less than unity. Indeed, the
boundary layer is even narrower than the vertical thickness of the disk. The
second relation in (6) shows that the radial velocity can be quite large. In fact,
if a is larger than H/R,, the radial velocity becomes supersonic, presumably
leading to a radial shock at the surface of the star.

The occurrence of supersonic radial infall in the boundary layer is disturbing
because it could lead to a violation of causality in the flow (Pringle 1977, Pa-
paloizou and Stanley 1986, Popham and Narayan 1991, Glatzel 1992). The fluid
in the disk must “know” the radius R, and spin 2, of the central star in order to
adjust its steady state flow properties, particularly the angular momentum flux
J. If there is a supersonic zone in the boundary layer, how is this information
transmitted from the star upstream to the disk?

Papaloizou and Stanley (1986) recognized that the paradoxical supersonic
velocity arises only when the viscosity coefficient is large. They suggested that
in the boundary layer region the eddy scale of the turbulent viscosity may be
limited not by the vertical disk thickness H as assumed in eq. (5) but rather by
the radial pressure scale height, H, = P/|dP/dR|. They thus proposed a modified

viscosity prescription,

1 1\
v = ac,(?{—-}-—ﬁ—;) s (7)

which gives v — ac,Hp in the boundary layer. With this prescription, eq. (6) is
modified to
6~ (H/R*)zv ‘vRtmaz ~ Oy, (8)
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Now supersonic velocities are found only for o 2 1, a significant improvement.
Nevertheless, even with this modification the causality paradox remains unsolved,
because it is possible, in principle, to consider a fluid with « > 1.

In recent work, we have shown (Popham and Narayan 1992, Narayan 1992)
that the paradox ultimately arises from an inadequacy of the diffusion equation
used to describe viscous interactions. Viscosity is produced by the transport of
(angular) momentum by particles, in this case turbulent blobs, moving with fi-
nite velocities. However, once the viscous interaction is described by a diffusion
equation, the formal solution implicitly allows transmission of shear stresses (and
information) at infinite speed. Therefore, even when the flow is supersonic, in-
formation pertaining to the star is still able to penetrate upstream to the disk,
so that even the supersonic solutions are technically self-consistent and causal.

In reality, of course, the shear stress can propagate only as fast as the particle
velocities, and so one would like to have a viscosity prescription that enforces this
speed limit. Using the flux-limited theory of diffusion (Levermore and Pomraning
1981) as a guide, Narayan (1992) and Popham and Narayan (1992) proposed
modifying (7) further to

1 1\ w2\’
V= ac‘(']-{—2+H_;) (—E) s (9)

where v is the maximum speed of the viscous particles. This modification is valid
only for steady state flows, and so vg in eq. (9) represents the radial velocity in
the particular coordinate frame in which /9t = 0. The key feature of (9) is that
v vanishes as the radial velocity approaches the critical propagation speed v;.
Boundary layer solutions calculated with this prescription show that |vg| never
exceeds vy, i.e. that the flow always maintains a flow velocity smaller than the
“viscous speed limit” v,. Thus, viscous contact between the star and the disk is
always maintained, and there is no causality paradox. If v, is chosen to be < ¢,
(as is reasonable for turbulent viscosity), this prescription prevents supersonic
radial velocities and shocks in steady state viscous boundary layers.

The viscosity prescription (9) was derived under very simple assumptions
(e.g. steady state, absence of radial acceleration, etc.) and is unlikely to be valid
in detail under less restrictive conditions. Nevertheless, it does have the virtue of
automatically enforcing certain deep requirements of consistency and causality.
In follow-up work, Syer and Narayan (1993) studied the effect of the prescription
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(9) on situations such as pure radial infall, where |vg| can exceed v,. They showed
that a new class of “shear shocks” is required for a consistent description of the

flow when the radially infalling fluid meets a rotating star.
2.3 SPIN-UP AND BREAKUP

An interesting issue which has been discussed in some recent papers con-
cerns the effect of continued accretion and spin-up on an accreting star. What
happens when the star reaches breakup (i.e. when Q. = Qg(R.))? Will ac-
cretion continue, or will it be choked off because the star is unable to accept
any more angular momentum? This question was first posed by Lynden-Bell and
Pringle (1974) and later discussed by Shu et al. (1988) and Narayan and Popham
(1989). The issue was resolved by Popham and Narayan (1991) and Paczynski
(1991), who analyzed the equations presented in sec. 2.1 and obtained numerical
solutions corresponding to different boundary conditions on ..

These studies showed that there are two regimes of accretion, with very
distinct properties. One of the regimes, the “slow rotator regime,” corresponds
to the classical picture of accretion disks. Here Q. < Qx(R.), and Q(R) changes
rapidly in a narrow boundary layer (of relative width é as in eqs. 6 and 8).
Fig. 1(a) shows a typical solution. Note that there is some ambiguity in the
identification of the stellar radius R, in the numerical solutions. In Figures 1
and 2, R. has been chosen to be the radius at which H/R = 0.1 (see Popham
and Narayan 1991). For some purposes it would perhaps be more appropriate to
associate R, with a radius at the “edge” of the star, within the boundary layer,
but there is no obvious or unique way to fix this radius.

In the slow rotator regime j ~ 1, so that the specific angular momentum
accreted by the star is approximately equal to the Keplerian angular momentum
at the stellar surface, as in the usual picture of accretion disks. The star therefore
spins up steadily as it accretes.

The unexpected discovery of Popham and Narayan (1991) and Paczyniski
(1991) is the existence of a second regime of solutions which we refer to as the
“breakup regime.” Here the star spins essentially at breakup, 2, ~ Qg(R.), and
there is no boundary layer, as Q(R) increases monotonically from the disk into
the star. Fig. 1(b) shows an example. The key feature of this regime is that j
drops extremely rapidly as €2, increases, falling from unity to zero and even to

large negative values, as shown in Fig. 2.
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Figure 1 The boundary layer region for the two regimes of accretion dicussed
in Section 2.3. For each solution, the solid line shows the angular velocity Q(R)
and the dashed line shows the radial velocity vg(R). Figure 1(a) corresponds to
a solution in the “slow rotator regime”, where Q, < Qg (R.). This solution has
J =1.0026, a = 1, Q. /Qx(R.) ~ 0.03. Here © and vg both reach their maximum
values and then drop rapidly in a narrow boundary layer, as expected from
standard disk theory. Figure 1(b) shows a solution in the “breakup regime”, where
Q, ~ Qi (R,). This solution has j = 1.004, a = 0.1, and Q,/Qx(R,) = 0.9142.
There is no real boundary layer in this solution; 2 increases approximately as Qg
until it reaches §2,, and then stays nearly constant all the way in to the stellar
surface, while vg reaches a maximum, then declines gradually.
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Figure 2 The dependence of the angular momentum accretion rate on the stellar
rotation. For Q, < Qg(R.), the “slow rotator regime”, j ~ 1. When Q, ~
Qx(R.), the solutions move into the “breakup regime”, and j drops rapidly as
Q. increases, quickly reaching negative values. In this regime, the viscous torque
removes angular momentum from the star.

The availability of solutions in the breakup regime with a wide range of j
of both signs means that the disk-star system can tune the amount of angular
momentum added to or removed from the star by making very small changes to
Q.. Consequently, the system can find a steady configuration by choosing J / M
to be equal to (8J./OM.)breakup, Where J, is the angular momentum of the star.
Thus, accretion does continue even after the star achieves breakup.

Further analytical work on the two branches of solutions has been done by
Colpi, Nannurelli, and Calvani (1991) and Bisnovatyi-Kogan (1993a, 1993b).

2.4 INSTABILITIES

Papaloizou and Stanley (1986) investigated axisymmetric perturbations in a

polytropic boundary layer using analytical and numerical techniques, and found
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viscous overstable oscillations. Their results were sensitive to the assumed form
of the viscosity; the strongest oscillations were found for a ~ 1, when |vR| ~ cs4-
The amplitude of the oscillations was largest near the boundary layer and the
outer edge of the disk, and the frequencies were comparable to the local Q.
Kley (1991) found related oscillations in numerical axisymmetric simulations of
boundary layers. The authors of these studies suggest that the results may be
relevant to the quasi-periodic oscillations which have been seen in cataclysmic
variables.

So far, non-axisymmetric instabilities have not been investigated in the con-
text of boundary layers. We feel that this is a promising area for future work.
The very large shear found in the narrow boundary layer and the existence of
an inflection point in Q(R) virtually guarantee a Kelvin-Helmholtz-like instabil-
ity. Although rotation is known to stabilize the K-H instability (Johnson 1963),
this is unlikely to be effective in the boundary layer, where the shear is usually
much larger than 2. An important difference between the disk boundary layer
and the parallel flows usually considered in studies of the K-H instability is that
accretion carries fluid rapidly away from the boundary layer. Any given parcel
of fluid remains in the boundary layer for less than a dynamical time, and so the
instability may not grow very much. A linear analysis of this problem would be
very interesting.

3. Thermal Structure of the Boundary Layer
3.1 LUMINOSITY OF THE DISK AND BOUNDARY LAYER

Assuming that the entropy carried into the star by the accreting material
is small compared to the total binding energy that is released in the accretion
(this is true of most of the solutions we have obtained so far, cf. sec. 3.4, but
see Popham et al. 1993), the net luminosity of the disk and boundary layer is
given by -

GM.M . 1 02
Ltot = Ldt'alc + LBL = T |:1 - ]QK(R*) + EQ%{(R*):I . (10)

In the slow rotator regime, we have j ~ 1, and we can write the luminosities
of the disk and the boundary layer as

. . 2
GM.M GM, M Q,
Laior = . Lgp = 1-— .

disk 2R, BL 2R. [ QK(R.,)] (11)




The boundary layer luminosity Lpz in (11) is different from the formula that
was assumed for many years, viz. Ly = (GM.M/2R.)[1 — Q2/9%(R,)]. The
latter formula represents the total energy released in the boundary layer, but a
part of this energy is used to spin up the star, leaving only the amount shown
in (11) to be radiated. The correct formula is due to Kluzniak (1991, see also
Glatzel 1992).

In the breakup regime, Q. ~ Qx(R.), but j can be < 1. Here, there is
no boundary layer and Ly, refers to the disk luminosity, which takes the form
(Bisnovatyi-Kogan 1993a)

GM.M (3 .
Lgisk = Lior = (" - .7) . (12)

R. 2

Note that Lg;. increases as j decreases. In fact, in this regime, the luminosity
can exceed GM, M /2R., the rate of loss of energy by the accreting material.
The excess luminosity arises from the braking torque exerted on the star by the

accreting fluid.

3.2 ISSUES RELEVANT TO THE THERMAL STRUCTURE OF BOUNDARY
LAYERS

Several physical effects make an analysis of the thermal structure of boundary
layers particularly difficult:

1. A large amount of energy, as much as half the total accretion energy, is
released within a narrow range of radius (~ 6R,), which is smaller than
the vertical thickness of the disk. Consequently, most of the boundary layer
luminosity first escapes in the radial direction and later makes its way to
the surface of the disk at larger radii. This has two consequences. First, it
requires explicit allowance for both radial and vertical radiative transfer in
the model, and second, it implies that the “thermal width” of the boundary
layer, the region from which the energy is radiated, can be very different
from the “dynamical width”, where the energy is initially released.

2. The energy equation is quite complex because, even within the height-
integrated approximation, it is necessary to consider at least four terms: (i)
viscous dissipation, (ii) energy loss through vertical flux, (iii) divergence of
radial flux, and (iv) entropy advection. Therefore, in principle, the bound-

ary layer can have different sub-zones where different pairs of these terms
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dominate and balance each other. In contrast, in the disk proper, we need
to consider only the balance between viscous dissipation and vertical flux,
and it is relatively straightforward to write down solutions (e.g. Shakura and
Sunyaev 1973).

. As several papers have argued, the optical depth of the fluid plays an im-
portant role. Pringle (1977) discussed the relatively straightforward optically
thick case. Here the radiation is thermalized and the emission is black body.
The effective temperature T.gy and the central temperature T, are given by

the relations
47['R3 63

T

LBL o~ 47rR35t0‘T4ff o~

€

oT4, (13)

where 6, is the dimensionless thermal width of the boundary layer and 7 is the
optical depth (assumed > 1). The chief uncertainty is in the thermal width
6;. Depending on whether one assumes é; ~ § ~ (H/R,)? or é, ~ (H/R.),
the temperature can be very different. Some studies (e.g. Basri and Bertout
1989, Duschl et al. , this volume) have considered é; to be a parameter and
have fitted it to the data, but clearly it would be preferable to calculate é;
self-consistently. When the fluid becomes optically thin, the radiation is no
longer thermalized. Typically, we then have a scattering dominated radiator,
which radiates as a gray body (Rybicki and Lightman 1979). The cooling,
which is principally by bremsstrahlung, becomes highly ineflicient, leading
to a thermal instability and high temperatures (Pringle and Savonije 1979,
Tylenda 1981, King and Shaviv 1984, Patterson and Raymond 1985).

The above discussion highlights the complex nature of the energy balance in

the boundary 1aye1:. In the next three subsections we discuss various approaches

which have been used to analyze the problem.

3.3 MATCHED ASYMPTOTIC EXPANSIONS

In this approach, pioneered by Regev (1983) and his collaborators, one iden-

tifies a small parameter in the boundary layer, e.g. ¢ = H/R,, and writes down

the equations to leading order in e. One then solves the simplified equations in

the boundary layer region and matches the solution asymptotically to the star

and the disk with appropriate boundary conditions. The method has been ap-

plied to cataclysmic variables (Regev and Hougerat 1988, Regev and Shara 1989)
and to T Tauri stars (Bertout and Regev 1992).
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Although the matched asymptotic expansion method is reasonable in prin-
ciple, in practice it seems to run into problems. For instance, in some cases with
perfectly well-posed boundary conditions, the method fails to find any solution.
Also, some of the solutions published so far have unphysical features such as a
large radiative flux flowing into the star, or the need for mass loss. (Mass loss
itself is not unphysical — it could certainly arise from other effects that are usually
not included in the calculations — but we feel that it is unphysical when a properly
posed problem fails to find solutions unless extensive mass loss is included.)

A possible reason for the problems with the matched asymptotic method
is that it assumes a single small parameter ¢ and uses a single zone for the
expansion. As pointed out by Papaloizou and Stanley (1986), the boundary layer
may sometimes have more than one zone with different physics and a single-zone
approach may be too simple to succeed. Papaloizou and Stanley (1986) made
their comments in the context of the pure dynamical problem (sec. 2.1). When
thermal effects are included, the situation is likely to be even more complex,
and a single zone may be completely inadequate. As an example of the kinds
of problems that may occur, we note that the papers listed above assume that
the radial flux vanishes at the outer edge of the boundary layer. However, as we
have argued in the previous subsection and demonstrate explicitly in the next,
the outward radial flux is very large at the outer edge of the dynamical boundary
layer, and vanishes only at the outer edge of the thermal boundary layer. Unless
one uses multiple expansions to account for the different physics in the various

zones, the results are likely to be quite misleading.
3.4 ONE-DIMENSIONAL NUMERICAL MODELS

In recent work (Narayan and Popham 1993), we have obtained self-consistent
models of height-integrated boundary layers with full account taken of the various
energy interactions.

We use the energy equation corresponding to the “slim accretion disk” model
of Abramowicz et al. (1988),

. dS v do\? d
MT = ~ 1\4{;{;}-2 (REI—Z) — 4nRFy — -5 (4rRHFR) =0, (14)

where S is the entropy of the fluid, Fy is the vertical flux through the disk
surface, and Fg is the radial flux. The four terms in (14) correspond to advected

entropy, viscous generation, vertical flux, and divergence of radial flux.
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Radiative transfer is modeled including both radial and vertical flux. The

radial transfer is done in the gray two-stream approximation,

Fp =

4w du d du
dr

T 2 (RHZE) = 3Kabe - B), 15
ST IR RH ) 3kabs pRH(u ) (15)

where u is the mean intensity and B is the blackbody intensity. The vertical flux
is obtained through Hubeny’s (1990) formula,
oT?
3 1 1
9 (% + 73- + 31',,,.)

where Tz is the effective temperature and T is the central temperature in the

disk midplane. The absorptive optical depth 7,3, is calculated using Kramers
absorptive opacity, while the total optical depth 7 includes both absorptive and
electron scattering opacities.

The steady state equations lead to a boundary value problem with five differ-
ential equations, which we solve numerically. We specify the boundary conditions
Q= Q. and Fr = oT¢ (where T, is the effective temperature of the star) at
R = Rin £ R,, and Q = Qg, T, = Teysss (the Shakura-Sunyaev effective
temperature), and v = 072 /7 at R = R4t = 100R;,. The equations are highly
coupled and stiff and need to be solved with care using a relaxation method.

We have solved these equations for cataclysmic variable parameters: a 1 Mg
white dwarf with radius R, = 5 x 10® cm, accreting mass at rates ranging from
10775 — 107195 Mgyr~'. For high mass accretion rates, M > 10~® Mgyr™!, we
find that the boundary layer is optically thick. Typical solutions are shown in
Figure 3. |

The dynamical width of the boundary layer, the range of R over which most
of the drop in £ occurs, is quite small in these solutions, while the thermal width,
where the released energy is radiated, is substantially larger. The boundary layer
luminosity is emitted at an effective temperature of around 1—3 x 10® K, so the
boundary layers in these systems should produce large amounts of EUV radiation,
and possibly some soft X-rays. In this regime, the width and temperature of the
boundary layer decrease as the accretion rate decreases.

For low mass accretion rates, M < 10~® Mgyr~!, we find optically thin
boundary layers which behave quite differently from their optically thick coun-
terparts. Examples of these solutions are shown in Figure 4.
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Figure 3 Optically thick boundary layer solutions around an accreting white
dwarf with M, = 1Mg, R, = 5 x 10® cm. The solid lines show a solution with

M = 10""5Mgyr~!, and the dashed lines a solution with M = 10785 Mgyr~!;
both solutions have 2, = 0.5k (R.), and a = 0.1. The upper panel shows Q
and the density p; Q drops rapidly within the narrow “dynamical width” of
the boundary layer, and p increases rapidly in the same region. The lower panel
shows the central and effective temperatures; the “thermal width” of the boundary
layer, the size of the region which radiates the boundary layer luminosity, is much
larger than the dynamical width. Both widths decrease as the mass accretion rate
decreases.
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Figure 4 Similar to Figure 3, but for optically thin boundary layer solutions for
accretion rates of M = 107?5 Mgyr~?! (solid lines), and M = 10195 Mgyr—1,
(dashed lines), where Q. = 0.1Qx(R.). These solutions are dramatically different
from the optically thick solutions in Figure 3; the central temperature becomes
extremely high, T ~ 1 — 2 x 108K, because the material loses its ability to cool
efficiently when it reaches high temperatures. The density becomes quite low,
and 2 drops over a wide region. In these solutions, the temperature and width

of the boundary layer increase as the mass accretion rate decreases.
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The most notable feature of the solutions is the extremely high temperature,
T ~1-2x10® K, attained in the optically thin region of the flow. These tem-
peratures result from a sort of thermal runaway which occurs when the boundary
layer gas becomes optically thin and is unable to cool efficiently. Most of the en-
ergy dissipated within the optically thin region is not radiated locally, but rather
is stored as entropy of the accreting fluid. The fluid may thus be heated to near
virial temperatures. The fluid condenses and cools quite suddenly at the inner
edge of the optically thin zone, converting the stored energy primarily into radial
flux. Most of this flux is finally absorbed by the optically thick region of the disk
outside the optically thin zone, where it is converted into vertical flux.

One consequence of the high temperature and large sound speed in an op-
tically thin boundary layer is that the kinematic viscosity coefficient v becomes
quite large. This results in the boundary layer having a large dynamical width
~ 0.2—0.5R,. However, despite the high temperature, the effective temperature
of this zone remains quite low. Interestingly, for these optically thin solutions,
the width and temperature of the boundary layer inerease as the accretion rate
decreases.

The extremely high temperatures in our optically thin solutions insure that
CVs with low accretion rates should have large hard X-ray fluxes. This agrees
with the findings of Patterson and Raymond (1985), who showed that CVs with
low accretion rates have a much larger ratio of X-ray to visual luminosity than
those with high accretion rates. We hope to expand our models of boundary
layers in CVs to include the local vertical structure of the boundary layer and
disk in order to generate spectra for more detailed comparison with observations.

We are also in the process of applying our models to accreting pre-main
sequence stars, such as T Tauri and FU Orionis stars. Preliminary results of this
work indicate that the boundary layers in these systems are optically thick in
most cases.

Figure 5 shows a boundary layer for a M, = 1 Mg, R. = 1.8Rg T Tauri star
accreting at 107 Mgyr~!. In this solution the boundary layer has an effective
temperature of 8000-9000 K, which agrees well with estimates of boundary layer
temperatures in observed systems (Basri and Bertout 1989, Hartigan et al. 1991).
This solution uses the same opacity formula (Kramers absorption and electron
scattering) as we used for the CV boundary layers in Figures 3 and 4. We are
currently computing boundary layers for T Tauri and FU Orionis stars using a
more realistic opacity (Popham et al. 1993).
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Figure 5 Boundary layer solution for a T Tauri star with M, = 1Mg, R, =
1.8Rg, 2. = 0, and M =107 Mgyr~!. The boundary layer is optically thick,
and its thermal width is substantially larger than its dynamical width. The
boundary layer temperature is around 8000-9000 K, in agreement with observed

values.
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Finally, with some modifications, our models can also be used to study bound-
ary layers in neutron star and black hole systems. In the case of a black hole, the
flow is quite different from the other cases we have considered, since the black
hole represents a “soft” inner boundary which requires a transonic infall solution
(e.g., Abramowicz et al. 1988, Lasota, this volume).

3.5 TWO-DIMENSIONAL NUMERICAL MODELS

The complex nature of the thermal interactions in the boundary layer, es-
pecially the radiative transfer, may lead one to suspect that height-integrated
one-dimensional models cannot capture all the interesting physics. It is therefore
of interest to build two- and three-dimensional models.

Kley (1989, 1991) has carried out axisymmetric time-dependent explicit-
implicit numerical simulations of boundary layers, including radiation transport
in the flux-limited diffusion approximation. After integrating for a few dynamical
times, the calculations produce near-steady-state models in the Rz plane. The
results so far indicate significant non-radial motions, including outflow and eddies,
but the mass fraction that participates in these motions is small. The models
tend to have supersonic radial infall because of the large viscosity coefficient
used. This can presumably be corrected by modifying the viscosity prescription
(cf. sec. 2.2), but it is not clear if the calculations will then be able to maintain
adequate radial resolution to resolve the subsonic boundary layer Interestingly,
some of the simulations show irregular unsteady flow. If this represents a true
instability, and not just a transient feature, then the oscillations may be relevant
for understanding quasi periodic oscillations. So far, only optically thick boundary
layers have been simulated. Optically thin models would be most interesting, but
as described in the previous subsection, these tend to be quite complex and may

be difficult to resolve in a multi-dimensional simulation.

4. Conclusion

Our assessment of the status of boundary layer research is the following.

The physical principles underlying the steady-state dynamics of the bound-
ary layer, as well as the star-disk interaction, appear to be fairly well under-
stood (sec. 2) and there do not seem to be any serious unresolved paradoxes (at
least to our knowledge). Flow instabilities are well worth pursuing, particularly
non-axisymmetric Kelvin-Helmholtz-related instabilities, which are likely to be

present.
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Models of the thermal structure of the boundary layer are only just being
constructed (sec. 3). In our view, this work is extremely important. First, as is
well-known, a large fraction of the luminosity of an accretion disk is released in the
boundary layer and the inner disk. Until we can obtain self-consistent solutions of
this region of a disk and can calculate reliable spectra, much of the data on disk
systems will remain outside the reach of models. Furthermore, even the radiation
emitted farther out in the disk appears to be modified strongly by irradiation
and reprocessing (e.g. articles by Beckwith and Collin in this volume). There-
fore, even to model this “disk” emission we need a better understanding of the
central regions. It is clear that ultiﬁléteiy,i fully time-dependent two-dimensional
(or even three-dimensional) simulations are the only way to model reliably all the
interactions that take place in the boundary layer. But routine studies in higher
dimensions are probably many years in the future. Meanwhile, we hope that the
steady state one-dimensional models which we described in sec. 3.4 will provide
useful insight into the nature of boundary layers in various accreting systems.
Indeed, if we can combine the one-dimensional calculations with models of the

vertical atmosphere, the results may be quite realistic.
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