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Abstract

The transverse and longitudinal impedances are studied for beam pipe struc-
tures whose radius is slowly varying as a function of the longitudinal position.
The result is expressed in the form of a simple integral of the radius.

AE—

ARG

. : ;

Geneva, Switzerland __ L ...

July 1990 oo

0 11k0 DOLE?59 b

iy

*On leave of absence from National Laboratory for ngh Energy Physncs (KEK) Oho, Tsukuba-shi,
Ibaraki-ken, 305, Japan. .

e e
v B



Contents

1 Introduction 2
2 Basic Equations 3
3 Kernels 5
4 Longitudinal Impedance of the Monopole Mode 8
5 Transverse Impedance 9
6 Summary and Applications 10
7 Acknowledgements 11

1 Introduction

In any colliders, circular or linear, the particle beam has a halo which consists of parti-
cles having large transverse amplitudes. They do not contribute to the lumonosity and,
moreover, they create background to the experiments. In order to eliminate them we often
use scrapers (or masks or collimators). It was pointed out by Bane and Morton[l] that
the transverse wakefield excited in the scrapers may damage the beam in the case of SLC
because of the required small aperture of the scraper and the small emittance of the beam.
This effect is even severer in future linear colliders because of the smaller emittances.

A possible way of relaxing the wakefield effects is to taper the steps of the structure.
Bane and Morton pointed out by numerical calculation using TBCI|[2] that the transverse
wakefield is approximately proportional to square root of the taper angle in the case
where the bunch length is comparable or longer than the scraper aperture a. W. Chou(3]
computed the wake of tapered cavities also using TBCI and found that the transverse loss
factor is proportional to a power of the taper angle, with the power depending on the
geometry. In these works it was very hard to confirm the results down to very small taper
angles because of the computing time problem. Analytic formulas for very small taper
angles are desired.

Cooper-Krinsky-Morton[4] and Chou[5] derived a neat analytic formula, which we call
CKMC formula, of the wake function for structures with small but arbitrary variation of
the pipe radius, i.e., Aa/a(z) < 1, using the boundary perturbation method. The formula
is very useful for various applications but it cannot be applied to the scrapers, in which
Aa/a has to be very large.

In this note we shall investigate the impedance of structures with a slow but arbitrary
variation of the radius a(z) (but the total change can be large).

Consider the exit of a non-tapered scraper shown in Fig.1. If the scraper is long enough,
the field in the scraper gap is nearly a plane wave. The wave is diffracted at the exit edge
of the scraper and, if the wave length is much shorter than the scraper aperture, i.e.,




ka > 1 where k is the wave number, the diffracted wave (wavy line in the figure) will
be only in the region with the small opening angle ~ 1/ka. Therefore, if the taper angle
a’ = da/dz is larger than 1/ka, the taper does not help in suppressing the diffraction.
Thus, we define the ‘small angle’ or ‘slow variation’ by kaa’ < 1. We shall consider
only the high frequency regime ka >»> 1 because of the mathematical difficulty of the low
frequency regime. (If we allow kaX<l together with an arbirary shape, we have to take
into account narrow resonances because the conditon allows a cavity-like structure. The
condition ka > 1 actually means waves above cutoff.)

We assume ultrarelativistic particles and an axisymmetric structure with a perfectly
conducting wall throughout this paper.

In the next section we formulate our problem and reduce the Maxwell equations. Sec. 3
is devoted to giving mathematical tools to solve the equations. The longitudinal and the
transverse impedances are derived in Sec. 4 and 5, respectively. A summary of the results
and some applications are given in the last section.

2 Basic Equations

Let us consider a structure specified by a(ez). A smaller ¢ means a slower variation of the
boundary. We shall expand the Maxwell equations in terms of € and take terms upto order
€%, which is the first non-trivial order. After obtaining results, we set € = 1.

To do so, first we define a new curvilinear coordinate system (¢, p, #) instead of the
cylindrical coordinate (z,r, ¢). The new coordinate (¢, p) is a conformal mapping of (z,r)

z 4 = H(( +1p)

with the condition that p = 0 and p = 1 correspond to r = 0 and r = a(z), respectively.
The solution expanded in terms of € is

2Cp) = RH(C+ip) = £(Q)/e - (5p%aa + ) + O() (21)
r(¢p) = SH(C+ip) = ap[l — €(p*(ad’) /6 + u') + O(e*)]. (2.2)

Here, £(() is defined as the inverse of

and "
u(C) = —é-a,a' + g/%dz.

Here and hereafter a is considered to be a function of &, the latter being a function
of ¢ only but not of p, unless the argument is written explicitly. The prime denotes the
derivative with respect to €.

There is one-to-one correspondence between the two variable ( and ¢ and they have

the relation d€ = ad(. In the later sections we often write £; instead of £((;) etc. without
notice.
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The line element is given by

ds® = g((,p)*(dC® + dp?) + (¢, p)%dd® (2.4)
with 1
9(¢,p) = |dH/dC| = all - E(5ptaa" + ') + O(e)]. (2.5)
Formulas of the gradient, rotation, etc. for a scalar V and a vector A are
~ 10V 19V 10V
VV = |- -5 =57
(9 o¢ gop’r 0¢)
1 {0, 0V g, 6 oV 18*V
AV = —[54_-7‘6() ( ):I 1’2—&?
= n 1.0 BA 94, 0 1 0
Ixd = (;[ﬁ o) g,,[ O = 2l S 204 - 2o
R 1 9 3 1 8A¢,

(The components are in the order ((, P, ®).)

We shall work in the frequency domain and omit the factor e~**/2r. We define the
source field (E®, B%) as the solution in the vacuum with a unit charge. For the m-th
azimuthal mode they are

eikz

2rrm+l’

(The factors cosm¢ and sinme¢ are omitted.) Since (-axis makes an angle of arctan(a’)
with the z-axis on the boundary, the source fields on the boundary p = 1 are given by

E]=B}=0, E’=E;=-B=B)= (2.6)

S _ 5 _ ea'V ES— S _ V S _ S—V
EC — —B( — e s ,1—-62—(1,_7’ p —_— ‘—'Bp — 1 €2a’2, E¢ — Bd’ — (2.7)
where

eikz(1)

2rla(2(¢, 1))+

The radiated field, which we denote simply as E and B , obeys the sourceless Maxwell
equations. We define the transverse Lorentz force by

V(Q) =

(2.8)

F,=E, - By, Fy = Ey + B,. (29)

These are not exactly the Lorentz force along the p and ¢ direction but they will turn out
to be enough later on.
By summing and subtracting the eight Maxwell equations (VxB = —ikE, VxE = ik B,
V-E = V-B = 0), we obtain the equations for E;, B, F, and F, upto O(€?);
OE,

Ve+itka)F, = ———B 2.10
( ¢ )ﬂ ap P ¢ ( )
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Vi+ika)Fy, = - ZF 2.11
(Vetika)Fy = &= F (11)
Vpr+%F¢ = (V¢ —ika)E; + €*paa”E, (212)
VR4 D = ~(Vi- )b+ @pad'B, (2.13)

where

— a g
Vil = igpal)l Vef= g Vi =oeh),

a
E, and B, still appear in these equations but they can be replaced with the solutions for
e — 0, i.e., the solutions in a uniform cylinder

m—1 _ik€

0 o) _ P €
E,() ) — B‘(} ) — CY— (1 = 6mo) (2.14)

because they appear only in the terms of order €.
From these equations we get

OE; = 2ie’ka’d"pEY (2.15)
OB, = 2ie*ka*a"pBY (2.16)
where
D = D( + Ap
. 1 . 82 2 2
O, = (V¢+ika)(V¢ —ika) = (5{2- + k%)a
2 2
A, = a 10 m

92 " 0
Note that [J is not exactly the d’Alembertian for our coordinate system. It contains terms
upto O(e) of the real d’Alembertian and it is separable upto this order.
The boundary condition for E; on the wall p =1 is
[Ec+Ef] =0 (2.17)

p=1

and that for B¢ is given by evaluating eq.(2.11) on p =1 as

(2.18)

p=1

8B, .
] =l - (T ke + 5

3 Kernels

In this section we shall find the kernels for the operator [] to be used in the later sections.
The equation

OF(¢,p)=0 - (3.1)

)
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can be separated as

F(¢,p) = Im(up)Q(n,€)/a*(€)  (§=¢(C),  n20)

where J,, is the Bessel function and @ is a solution to

(O~ Q) = (5 + ¥ - )@ =0, (52

We denote the solution going to the right by Q. Obviously, the solutions for different u’s
are orthogonal to each other in the sense

0o o d
/_w Q(ux,f)Q‘(uz,ﬁ)gg = /_w Q(#lvf)Q*(/‘%f)'f' =0 (m#Fp) 33
We normalize Q by the Wronskian as

09 0Q"(16) _ .

23

In the case ka > 1, we may use an approximate solution

Q(p, &) ~ (1 L2 az) exp(z/ \/ — p?/a*d€) ~ exp(iké — —— ﬁ-;_l—é . (3.5)

Now, let us define the kernel K as the solution to

OK1(¢, 6, p) = p76(C = 1), (3.6)

which is the form we need in the following, with the boundary condition

Q (1, §)—5— — Q1 §) (3.4)

(a) right(left)-going wave for { — +oo,
(b) regular at p =0
(¢) Ky =0at p=1.
Because of these conditions, K; can be expanded as

— _l_ = . AsQ*(js,f) (C < Cl)
= 7 L InUe ){ B.QUnE) (¢ >6) } (37)

where j, is the s-th zero of J,(z). The continuity of K; at ( = (; and the jump of
OK,/0¢ determine the coefficients A, and B,. With the help of the Wronskian (3.4) and
the orthogonality of the Bessel function

L InGa)nGGerdpdo = 517G 61

[\CAE

we get

Ki(GG0n) = e P Qi max(6, 60)Q Gomin(, ). (39)

If the boundary condition is




(¢’) OK,/0p=0at p=1

instead of (c), the kernel is

ka?(§) = piJn(us)

where p, is the s-th zero of J;, (z).
Now, let us find the solution to the equation

OF(¢p)=p"f(C) (3.10)

with the boundary condition (a), (b) and
(d) F((,1) = g(C) at p = 1.

As one can see easily, F — p™g satisfies an equation of the same form as eq.(3.10) with
vanishing boundary condition on p = 1. It can therefore be represented by the kernel K.
The solution is

KaCoGr, p) = A0E) S~ ImBan) ) ol 60)Q (uamin(6,6)) (3.9)

F(C,p) = p"g(O) + [ KalC, G p)F(G) = Olg(Gld. (311)

Similarly, if the boundary condition is

(d) 0F[9p = g({) at p =1,

the solution is

FGn =8t (Ko@) -0 8. ms0) @i
Another differential equation we need is
(V¢ +ika)F(¢) = £(Q) (3.13)

where f contains only right(left)-going wave at ( = +00. The solution which satisfies the
same boundary condition is given by

F(C) = — /(OO d¢; %}leﬁk“-&)f(ﬁl (3.14)

However, we shall only encounter the case where f(() is exp(iké) times a slowly varying
function. In such a case we may approximate as

F(() = -2[2% (3.15)
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4 Longitudinal Impedance of the Monopole Mode

We are now ready to solve the equations for E; and B¢. In this section we solve E¢ and
evaluate the longitudinal impedance for the mode m = 0. (For the modes m > 0 we need
other field components, too, even for the longitudinal impedance.)

From eq.(2.15), the boundary condition (2.17) and the formula (3.11) we obtain

(2 — bmo)aa” — (m — 1)a? gike

am

ealpm tkz ik€2
E(¢,p) = “me € 4 —

/_o:o dClI{l(CsCMP) c=¢ )
(4.1)

The first term must be treated carefully because it is O(e¢). We can replace z((,1) with
£(¢) in the argument of a and a’ but z(¢,1) in the exponent must be retained.

Let us compute the longitudinal impedance for m = 0 mode. We may evaluate E,
exactly on r = 0, where E, = E,.

(m=0) = '
ZLZO - "/_w [Eo(z,m)e™] _ dz

= [T B0 O x 14+ O,

where Z, is the impedance of the vacuum. (We define the longitudinal wake to be positive
for deceleration.) Substituting eq.(4.1) into this equation and using the explicit form of
Q(p, ) in eq.(3.5), we get

(m=0
z; ™ £ [= _a’_'eik{z(c,l)w(c‘O)]dé
Zo

21 Joxo @

€’ : (aa” + a'*) 1 . 172 ré de

—|d /d ik(€1—¢2) 3! : : k —£,) - = el
+ = [de [ dese AR et LRI O S A

where £, = max({;,€;) and €, = min(§;,&;). The region & < £, does not contribute
much to the integral because of the rapid oscillation of exp(2ik(£; — €2)), which reflects the
causality. (Rigorously speaking, the causality can be ‘violated’ in the frequency domain
within a distance of the order of the wave length.) Then, the integral over &; from & to
infinity can be done explicitly and we get

zZim=9 e a(co0)  the? [ 2ike? 1
— = —1 - / ¢ - = ENATAY
7 T By e T T e L

3

Assuming that the initial and final beam pipe radii are the same, we finally obtain from
the second term

Z}Jm:{))(k) —

ik Zo = dal?
47 —oozdz ’

Note that this is the contribution of the phase difference k[2((, 1) — 2(¢, 0)].

(4.2)
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5 Transverse Impedance

The transverse impedance for any mode m > 0 can be computed from t.he longitudinal
impedance using the Panofsky-Wentzel theorem. To do so, we have to integrate E"z =
cos aE; — sin o E, where « is the angle between the z- and C—a:ltes. Near.the beam axis a
is given by a’p and E¢ and E, are proportional to p™ and p™~!, respectively, so t}}at the
two terms are both proportional to p™ if m > 0. Thus we also need E, for computmg the
longitudinal impedance for m > 0. Therefore, we shall compute the transverse impedance
directly from Fj. -

Let us first compute B,. From the equation (2.16), the boundary condition (2.18) and
the general formula (3.12) we get

m 1.2 12 ,m ©7,.2 ] )
.q.f._ﬁl.'o___eikz(cyl) _ _lzci_ﬁ_p_etkf + ff_ / dCle(C,ChP)[aa" —(m - 1)012]& ek
2w qmt! 27m a™

T (5.1)
In the case ka > 1, B, is dominated by the oscillating factor e*¢. We may therefore use
eq.(3.15) to solve eq.(2.11). Thus, we get

B, =

1 6B< m
- 95¢ _Mpg
Fy 2ika ( Op P )
e a?pmt e €& e 0K; m 2aa” — (m — 1)a” ik€
- _ger ey & [T g2 -2k e (5.2
4r aqmt! € +27r(1. —00 Cl( 5/) P 1) a™ ( )

G

We evaluate the azimuthal Lorentz force near the beam axis.
(E + #xB)y = Ey + B, = E4 + B,cosa + B¢sina.
Since E, = O(p™ 1), B, = O(p™'), B, = O(p™) and a = O(p) near the axis, we find
y_g%(é +5xB)y/r"" = lim Fy /r™ "

Thus, Fy suffices for computing the transverse impedance:

-——————-——Z%m)(k)zlim i /

7 1 - F,(r = const.)e™***dz. (5.3)
0 r—

-0

Note that the integration is along r=const. but not along p=const.
From egs.(5.3) and (5.2) and the explicit forms of the kernels we get

Z}m)(k) 1€?2 o g €2 [oo © [2aa” — (m — 1)a?]
B S df— 4+ — 3
Zy 4r /—oo fa’"‘ + 27k J-oo 4y /5, dc2 a™+?(&)a™ (&)

m-—2 2 fme-l )
m “mus .__.yii /52 -(-lé Js _.Z_Ji &2 _(_i_&_
x g 2mm! { J#z(#»’) exp [ 2% € a? + J:n(],) €xXp ok .

& a?

As one can see from the exponent, only the region 0 < & — £;Xka? can contribute to the
integral. That is, the wake field can reach the distance only upto ~ ka®. The change of

9
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the aperture over this distance is Aa/a ~ kaa’ < 1. Therefore, the factor a™t?(&;)a™ (&)
can be replaced with a?(£;)a®™(&;) because it is in the term already of order e2. Then,

we can carry out the integration over &, explicitly and, summing the series involving the
zeroes of the Bessel function, we finally obtain

Z{ (k) = -% /_ Z dz {%} : (5.4)

6 Summary and Applications

Our main results are eqs.(4.2) and (5.4). They are valid under the conditions of ultrarela-
tivistic particles, perfectly conducting wall, ka > 1 and kaad' < 1.
The wake function for a point charge is then given by

W= = "Z"a( )/ dza*(2) (6.1)

Wi = 2Py [T [T (62

The CKMC formulas[4,5] of the wake function are valid for small variation of a but
arbitrary ka. They are intended for periodic structures but it is easy to take the long
period limit to get the impedance for non-periodic structures. By expressing the results
in terms of impedance, we have, in our notation,

200y = ikZo [ dalA(q)) 1 6.3
)(k) o [ dala(a) }: T e (6.3)
22Z0

2k = 22 [ dalao)l

0

q q
> {mf, gy TRRST paraelypoery; Bl yp T Jl,/qao)} (6.4)

or, summing the series,

Jo(2)

2=y = o [ dalatoletes | S (65)

} z=ag4/k2~(k—q)?
(m=1) - 95 * 22| 1 zJi(z) _ Ji(z)
Zp (k) = ZzZo/_mdﬂA(Q)I q Lg ( 7(2) Ni(fﬂ))]mc S (6.6)

where ag = a(£o0), A(q) is the Fourier transform of the boundary shape:

a(Z)

o~ [ dnae,

and jn, and gnms are zeroes of J,(z) and J/ (z). When kaa’ < 1, the terms with j,, and
Kms dominate in the denominators in egs.(6.3) and (6.4), or £ ~ 0 dominates in eqs.(6.5)

10




and (6.6). Therefore, the integrand becomes proportional to |gA(g)|?. The expression for
Z}j’"‘“’ obtained in this way is the same as ours (4.2), which means the CKMC formula is
valid even when the variation of a(z) is large (but slow). The result for Z(Tmzl) also agrees
with our formula (5.4) for m = 1 except that a*(z) in the denominator of our formula is
replaced with a?.

There are three scaling parameters, ka, kaa’ and Aa/a. During the reduction of the
CKMC formulas for small kaa’, we did not need the assumption of large ka. Therefore,
it turned out that our formula for small kaa’ is not only valid for large ka and any Aa/a
but also for any ka if Aa/a is small. It is unlikely that our formula is valid for any ka and
any Aa/a but it is interesting to see down to how small ka it can be used in practice.

Let us apply our formula for the transverse dipole wake for a scraper depicted in Fig.2
by the solid line. The point charge wake function is

Wr(s) = %%5(3)2[

with 2(2) L1
© a(z
Thus, for given scraper gap a and the beam pipe radius b, the wake is linearly proportional
to the taper angle if the taper angle is small § < 1/ka.
For given length of the taper | = (b—a)/8, we can reduce the wake by shaping the wall

properly (the dashed line in Fig.2). The best shape (for the dipole wake) is the exponential

function
b (z/0)
a(z) =a [a—]

for which I = [log(b/a)]?/l. The reduction factor is

Iexponentia.l _ R(log R)2
Ilinea.r - (R - 1)2

(R = b/a).

The exponential shaping is effective when R is large. (A reduction by half for R = 20.) It
is interesting that the linear taper is the best for the monopole wake.
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