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Abstract 
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1. Introduction 

The quantum Yang-Ba..'Cter equation(QYBE) was discovered by Yang [IJ and 

Ba..'Cter [2J. The solutions of QYBE have been classified as rational, trigonometric 

and elliptic according to their dependence of spectral parameters [3,41. A host of 

investigation revealed that QYBE has played an important role in quantum field 

theories {5-7] and integrable statistical models [8-11]. Much attention was recently 

paid to the systems on a finite intef\-ru with independent boundary conditions on 

each end proposed by Sklyanian [12}, Mezincescu and Nepomechie [13]. For a 

given trigonometric solution of QYBE based on the classical Lie algebra except 

.4,,(n > 1), it has been shown that the system with special boundary condition has 

the quantum group symmetry [12,13]. The trigonometric solution of the QYBE is 

a limit case of elliptic case. Minimal models in conformal field theory are closely 

related with the critical states of the elliptic RSOS [8]. The trigonometric limit of 

the Boltzmann weights for the elliptic case are identical with the fusion and braid

ing matrices in the minimal conformal field theory, which are the Racah coefficients 

of quantum group (5- i'j. The Belavin's Z" symmetric solution of QYBE is related 

with A.~I~1 algebra, which may be used to study the systems with Uq(A..._1 ) sym

metry. This interesting relation motivates us to study the Belavin Z.,. symmetric 

model with nontrivial boundary condition. 

The symmetry of the solution of QYBE plays a key role in procedure of study

iag the systems on finite interval with independent boundary condition on each 

end by means of the method proposed by Sklyanian [12] and developed by ),-Iez

incescu and ~epomechie [13J. The Z." elliptic solution of QYBE associated with 
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the Belavin Zn x Zrt symmetric model. which is the generali:.:atioll of the Baxter's 

eight-vertex model. Some symmetries of the model was revealed in ref.[14}. The 

structure constants, both for the classical and for the quantum algebras, and fusion 

representation in this model were discussed (15J. Hou et al [16J had shown th::~ 

there exists the quantum symmetric algebra in the Zn elliptic solution of QYBE 

under the trigonometric limit. The trigonometric solution of QYBE based on the 

algebra A.,,(n > 1) does not satisfy the restrictive conditions suggested in [121 and 

[131· 

The purpose of this paper is to show some new symmetries and useful properties 

of the Zn elliptic solution of QYBE, which can be used to investigate the Belavin 

Z" X Zn symmetric model with nontrivial boundary condition. 

2. Belavin Zn X Zn symmetric model. 

The Belavin Z" x Z" symmetric model is the elliptic function solution of QYBE. 

There exist two equivalent forms of its expression [1O,14} 

R(tt) exp{ -i;ru}· L lV.,{u)lo ·;:> I; 
"EZ~ 

"" i'i'L.. S(u),j E",,~ Ejj" 

ii,i'), 

where! superscript h stands for the Hermitian conjugation. Eoj and 10 = h"'lg<Jt1 

are n x n matrices with the matrix elements 

(Eij )1:1 = 6ki bjh (2) 

-j+1
(h )ij = 0i(mod.nl' gil: =.•./'{jij, (3) 

.;J is equal to exp( i~"') and a = (aI, a~), Gi =0.1.· .. ,n - 1. The coefficient S( It l~ 

in Eq.( 1) is called the Boltzmann weight and can be pararnetrised in terms of 
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Jacobi theta function 

S(u)j = S(u)~::.1!; 

t-k + ! 1 ' 
(] Ie.; 1 (u+w,nr)r 

5~1'I'~-tn).n.exp{-i1l"u} [cl+ t ] ) (J -;;-Tl (u,nr)l - [ 1-. . 1 1'+J,k+t (]" (w, nr . 1 

!2 1 

[ 
~ +! ]II~::~11 "l 2 (u, nr) 

[l-+-I1x II~::~11 "i 2 (0, nr) 

(4) 

In another expression form, Wa(u) in (1) reads 

[s;;+!] w11 (u+-,r)
7+ l n

Wa(u) 1.1) 
aL+

1 

](] n 2 (~, r)
[ ~+ ~ n 

The definition of Jacobi theta function is given by 

(J [ : ) (u, r) L exp{i1l"r(m +a)2 + i2rr(m + a)(u + b)}. (.IS) 
mEZ 

R matrix (1) satisfies the QYBE 

Rll(U - V)RI3(U)R13(11) Rd 11 )RI3(u)R11( u - ( /) 

Introducing an operator 

L(u) = L lVa(u)IQSol is) 
QEZ~ 

we can rewrite the QYBE as 

Rn(u -v)L 1(u)L 2(v) = Ll(v)L1(u)R11(U - 11). (D) 

.:1 
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The relation is equivalent to 

L ;;.I(JI-~I)(~t;I-a2)lVaiJ""(u, u)Sa+{J_...,S.., = 0, 
...,ez; 

here 

vVQu.lu,u) = vV..,_a(u-u)lVa+{J_...,(u)W~/(u) nr:J_..,(u-u)n/..,(u)~VQ+.o_..,(u). (11) 

In order to simplify the equation (10), one can introduce the formal solution of 

vV",.o.., 

2J.. +1 1lVa,J..,(u, v) r )a " 2 (u + v + ~, r)Co.,(u,v)8 [ : 1 [ 7+ ~ (12) 

.a"£ll. +! 1 r).2 
[ ~ + ~ 

It can be shown that the constant CoriJ.,( u, tJ) is independent of the spectral 

parameters u and v Hence, Eq.(10) can be rewritten as the following algebraic 

relation 

CafhSa+iJ-..,S,,/ = o. for <l,;1 E Z~ (13) ., 
Since Eq.(13) can be reduced to the Sklyanin algebra when n = 2, it is regarded 

as the generalization of the Sklyanin algebra. 

3. The symmetries and the properties of the Belavin ZII X Zn 

symmetric model. 

Richey and Tracy [HI had discussed the symmetries based on the invariances 

of the model. These symmetries are not enough to construct the exactly solvable 

statistical model with nontrh-ial boundary conditions. \Ve must investigate new 

symmetries and some useful properties of R ma.trix of the model. 
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.ilBy directly calculating, one can show the relations R( lJ ).-1 ::-?) BRl 0) = n:!( n 
and R'.!( 0) = n:: I in which A and B are two arbitrary n x n matrices. From these 

relstions, we have the following consequence: 

Proposition 1. The value ofR(u) at u=O i~ in proportio~l to the pernunation 

operator 

(1-4)R(O) = nP 

Proposition 2. 

(15) 

where, hi represents the hermitian conjugation of the i-th vector space and Pu{ tL c) 

b) b® a . 

This property of the R matrix is obvious. It means that the Z" elliptic solutiuIl 

of QYBE possess the PT invariance 

Proposition 3. The matrix R( u) has the unitary property 

P12Rn(U)P12 = R~~h,(u) 

( 1 ti jR12(u)R~~ht( -u) = N(u, 

here, id stands for the identical operator and 

= n,8 [: 1(u+w,T)8 [:] (-U+W,T) 
(17N(u, r) 

8'[;1(W,T) 

16) is readProof. According to the definition of R( u), the left hand side of 
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as 

Rd U)R~~ia1( -u) E W~( u )W;J( - u. )1013-6> 1! ~t1 
o.J 

L W,;r( u)lV,J( -1£ )10 -,1 .::9 1:_ w.i ,il-l-<>1.J, 
o,J 

o
(18) 

I: r2::: Wa+i1(u)W;J( _U)WO "h-O :lIJI] 10 0 1~,
oEZ~ ~Ezl 

Because of Zn symmetry it is sufficient to consider sg!+11 defined by (4), for a, b E 

Zn, or sa.b as we shall henceforth abbreviate. From (1) and (2), we have 

1
W(a,II)( u, r) = - E s-a,c:..,}c. (19) 

n c€Zn 

Thus, (18) can be rewritten as 

1
R12(U)R~~h'l(-u)= - L wc-r.!{ 2::: S-h-c)-b.b(u,w,r)·Sc-b.-b-'r.I(_u,w,r)}. 

n '"IlmEZ~ i1EZ~ 

(20) 

Let 

iT'crd'(U) = I: S-(cr'-O')-b,b(u., w, r)· SO'-b.-b-IJ"( -u, w, (21) 
;J€Z~ 

Now, we want to determine the explicit expression of ):'0'0"( u. J, which can be ob

tained by exploring the properties of its zeros. By means of the transformation 

properties of the theta function, one can show that 

sa,b(u +~lT -;- ~2, W, i) = exp{-i2;;-~;T - i2;;-';,(u + :; + f + t)} 
(:22) 

'W-<l';2S",b+t;I(U, tv, T) 

, 
sa.b(u +.;, T +6, lV, T) exp{ -i2;;-::!'1l };..}6 S<l-~I.b(u., LV, T) (23) 

n 

Combining (22) and (23) \vith (:21), we get the transformation relations of ",,,O'/(u) 

!PO't1'( U + 1) WO"""O'O',( u) (2-1:) 

7 

iT'1J'c7'(u +nr) = exp{ -i27r( n' r +2nu }Y"'c7'( ll) ~ '25) 

It is an elementary complex analysis argumen't that if J is entire. not identicaily 

zero, and satisfies 

J(z + r) = exp{ -2;;-i(At + A2Z)} J(z), 

fez + 1) =exp{-27riB}J(z). 

Then necessarily A2 is a positive integer, and J has zeros in AT with 

1 
Lzero = 2.'h +Br - Al (mod .\T) , 

where, AT = {~lr+~11~11~2 E Z} the lattice generated by 1 and T. We apply (his 

to !Pcrc7'(u) to conclude that there are 2n zeros in AnT with sum 

Ezero =nu - nlr - (]"r (mod AnT) . (1u) 

In order to determine !Puu'(u) , we must find the locations of the 2n zeros. lL 

from the sa,II(O, W, T) = 0 for b:# 0 and the relation (22) that 

sa.b(kr, W, r) '" sa,o+"'(o) = 0 JOT k:j= -b(n), \ ' 

This means that iT'O'u.(kr) (k = 0",,,, n - 1) is identically equal to !.ero UIll,:~:; 

(]" = O. By using of (25), one can write !p.,.O',(u) at u = -w +kr as 

¥O'O',(-w + kr) exp{-i2;;-k2r - i27r{kr - w)} 
(lS) 

. ~ SU-""-b,b+k(_ )S.,.-II,-II-t1'-"'(. )~ W,W,T W,W,T 
b 

Recall the S",II(u) is zero at u = (a - b)r - w. Thus the first factor in each term ill 

the sum of (28) is zero if b + k = (]' - (]" - b. The b satisfies this conditiou. which 
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is read ~s 

1(0' k - O")(mod 11), fur 0' - a' - k = even, and n = odd or even 

J
HO' - 0" - k( mod n)J, for a a' k = even, and n = even 

b= 

IHn + 0' - k - 0"), for a - a' - k = odd, and n odd, 


no solutions, for a - a' - k = odd. and n even. 

(20) 

The b's values of the remaining nonzero terms in the sum are expressed by {b E 

Znl 2b rf O'-O"-k} =Uf( bil -O"-bi+a), where x = [i] if n is odd or 2b = a-O" +k 

has no solutions or x = [i] 1 if 2b 0' 0" k. Thus the sum in (28) can be 

rewritten 

L sa-o'-b.O+k( -w, w, r)SO'-b,-b-O"-k(w, w, T) 
b 

L SO'-I7'-iJ•.bi+k( -w, w, r)SO'-b•• -iJ.-o'-k(w, w, T) 

+L sl<+b"a-O"-t, (-w, w, T)Sk+O"+bi,b·-",(w, w~ i). 

(30) 

:-ioting the fact that 

S'l·b(-W,W,T) = -so·a.(-W,W,T) 

and 

S'l,b{W,W,T) = -S-b·-"(W.W,T), 

we obtain that 

yO'O'I(-W + kT) = 0, k = 0, 1,· ·.n-1. (31) 

From the equations (2,) and (31), we immediately see that ;>0'0',(11.) hus the 2n 

zeros with the sum n(n - l)r - nu if a' rf O. Comparing it with (26), we conclude 
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that 

'T'aal(U) == 0 k = 0, I, ... I n - 1. (32) 

that is 

'T'aal(U) == bal,o'T'aO(u) =ba•.o L sa-b,b(u, w, T)sa-b.-b( -u, w, T) (33) 
bEZ.. 

In order to calculate 'T'aO, we introduce a. function 

V;aa'(u) =<PaO( u) - <Pa'o( u) 

Because <PaO(u) and <Pa'(u) have the same transformation properties, V;O'o' (u) ha~ 2n 

zeros with L zero =0 mod An'!" On other hand, at u = kT , tP(1O"( u) is equal to zero. 

By using of (31), one can see that V;aa'(u) has 2n zeros with the sum -tn! mod\,,,. 

This results in that V;aa'(u) is ip.dependent of 0'. From the definition of y'YI)( I; ), it 

is obvious that <poO has the following transformation properties 

<r'ao(U + 1) <p(10( u), 
:;l) 

1'(10(U+2T) exp{-i2;r(4T +4u )}<p(10(u). 

Hence, there are four zeros of <r'O'o(u) with L zero = 0 mod '\2r' Two 2(;~OS ;>l(~ 

determined by Eq.(31), which are -wand -w + T. By using of the properties .)l 

sa.b(u, w, T), one can show that u = W + T is the zero of YO'o(u.). The >:ondiliun 

L zero = 0 results in that the rest zero is w. It is now straightforward to prove 

that .V(u, w, T} has the same transformation properties and zero set it:; y,Jt)\ IL I. 

By applying the elementary arguments of the entire function, \ve knl)w that ;tht.: 

difference between "'0'0(") and N(u, w, T) is a scalar factor, which does Ihlt tlqh~lld 

on the spectral parameter u. The factor is obtained by comparing ;,'0\ 0) with 

~V(O, w, T). The result is 1. Now, (16) follows immediately. 
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Proposition 4. The R matrix satisfies the crOSSiI!; unitary sylUmt:tr~' 

[R~Hu)R~H -u - nw)t
l = JI(u, w, r)id, (35) 

where, 

1 _ 2 I 1(u, r)O :2
[ _ nexp{i..nw} 

Oil[~l(-u-nW'T)i 
.M(u,w,r} 	 (36) 

o'J. 1.!1 1(w,r)[ 

The proof of proposition -1 is very similar to that of proposition 3. \Ve shall 

omit some analogous to above but rather long calculation. 

Proof. Recalling the definition and some algebra properties of the R matrix, we 

can write the left hand side of (35) as 

r.h.s. of (35) = L L WJ+",(u)W;l{ -u - nw)I.., ~2 I~. (37) 
.., 	 ,) 

Substituting (19) into (37), we find that 

F..,(u) = :LWJ+..,(u)W3{-u-nw) 
IJ 

(38) 
1 ~ 5- J1 -"1 U( )5-.11 -'J( ) -u....- . L-- . U • -u - nw w . 
n .al,a 

The following conclusion can be obtained by applying the some formulas in Ref.[14J 

and performing the same procedure in the proof of proposition 3, which is 

F7(U) =,H(u, W, i)b.'100b"12,O' 	 (39) 

Inserting (39) into (37), we get (35). 

A direct corollary of proposition -! is read as 

R~Hu)R~~( -u - nw) = .H(u 1 w, r}id. (40) 
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4. 	Remarks. 

Sklyanin's method [121 and its generalization.can be used not only to solve {he 

exactly solvable models on a finite interval with independent boundary conditions 

on each end, but also to construct the statistical systems with the quantum group 

symmetry. It plays an important role in Sklyanin's formalism that tht: solution R 

of QYBE satisfies the symmetric properties. Sklyanin assumes 

P12R12(U)P12 =R1:2(u), 

Ri~(u) =Ri\(u), 
(i1 ) 

R12(U)R12(-u) = p(u)id, 

R~~(u)R~~(u - 2Tf) = p( u)id, 

where t, denotes transposition in the ith vector space. The p( u) aud p( I:) "r'~ 

some scalar functions. Mezincescu and Nepomechie [131 extend Sklyaniu\ funLit!

ism to the case of a 'non-symmetric' R matrix, which satisties the less restrict! ".: 

conditions 
P12R12(U)P12 = Ri~tl(U), 

1 1-1 

R12(U) =V R~\( -u - Tf) V , 
\ ",..... 

R12(U)R~~tl( -1.4) =p(u)id, 

1 _ 1-1 

R~~(u) lItI Ri~( -1.4 - 2Tf).M = p(u + Tf)id, 

here l}= V ·3 1 and the forth relation can be derived from the second 'U!ll third 

relations. Comparing the propositions shown by us with (.n) and (-12), we cau :ice 

that the Zn symmetric elliptic solution of QYBE does not satisfy (-11) and I-ll 

Hence, the symmetries (15), (16) and (35) can be regarded as the starting PI,jllt 

to construct the exactly ::iolvable Belavin's model with nontrivial boundary term:; 

to solve it by means of the quantum inverse scattering method. It is empha.;:;i:::ed 

12 



that for the case of the trigonollletric limit the Hamiltonian of this .,ystem should 

have the quantum group symmetry of U~( .-1n .:.. I ). The detail is reported elsewhere 

[171· 
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