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Solving of the Yang-Baxter Equation (I) ! . . {- } ——— vy 2oz
) - . ‘ T2 Te Te Tie
Shi He L0 SR In this case, there are 10 unknowns T16, T15, T13, T12> T115 £9, T6; L5, T2, T1 1 Y?E-T‘gﬂd
i - e : the elements m;j, i = 1,3,6,8,7 = 1,3,6,8 of matrix M are zeros automaticaly. '1hus,
Institute of Séysf.ems Science, Af:ademla Sinica e ey ey ¥BE consists of :18 cubic polynomial equations. Tt is easy to check that the following
eijing 100080, China I relations between the polynomials m;; are valid
gy, | _
Nw"‘;"-‘“h»w_k Mg = —Mys, M7 = —Mig, Mg = ~Ms, Ma = —mypy, Mg = ~TM8
Abstract e — %QUTE "D Ty 48 = —M7g, Mgy = —Mgs, gy = —Mgr, M2 = —mss, M77 = — M4,
Lo i T i o4 = —Maz, Mas = —M7z, Mag = —Mse; Tz = —MM73, Mgz = —M30
gke quantum Yr%ng.-Ba?ter equation is a system of algebraic equations. %' ] : T;MN" o = —Mgs, Mas = M7g = —Msy = —Mas, M3z = Me7 = g = —Meds
3?1;3.mg Wu El:mfnatzon, it is solved for some special cases. A series § 7 e~ gkufl\ﬂo‘ﬂ vy = M7y = —Ms2 = —Maz, Mag =~ M2 = mas = 0,
solutions of YBE including multiparameters are obtained. o i T P o s + g + Mz = 0, ey + M2 oy =0, mys +msr + Mz = 0,
e i » :
ar — Mrs =0, myp — Mgz —Mn = Y-

ms; + mos + Mgz = 0, M7 — M

e s o itz

1. The Yang-Baxter equation ;-»---.» ) ‘?
The quantum Yang-Baxter equation (YBE) [1,9] plays an important rolefin many B SRS

mation (1.1), it is sufficient to solve

-Therefoke, in order to solve the YBE with the assu
a system of 16 polynomial equations. These polynomials are

fields ; . .
o (?f r;'lathemat_xcs and theoretical physics such as knot theory, quantum grpups and " e
statistical mechanics, integrable systems [3,4]. : | HERE i N
e ———— i ' = - — T13Z9T1 + T12Z1172
We set the matri : r -t ¢ § M2 T15211%5 — T15T9%1 T T13TnTs 13%9T1
atrix R a ; s
8 nd the permutation matrix P to be L ;mv,...»}g 21221181 — TuTeTe — T11TeTs ~ 2672 + T5T2T1,
i Bt 4. .
Tis T3 I1 In 1000 ¥ R S B §omy = TyisTuy — T15TeTs + 1381271 — T1aTeTs + l‘;zxnl'e
R s T4 Tio T2 0010 i‘ ' i - ; +T12211%5 — .’Ele‘g.’tgz—-‘ T12Z9T1 + TeTsT1 — T5T2, )
B T X9 T z , P = , 3 k e ] T = T16T11T9 T 11635? + Z15T11 — T1sTnTe + 22452221 — T15T1
7 9 Tz T4 0100 i“-mw‘d‘«us.m.w‘h - i b 'I%ﬂu — 224322 — T11T6T2 — TuTeL1 + 2112522 + T TsT1
N oyt ] 7
Tz e Te T 0001 - - ¥ e Ty = T16T12%9 T 16T} + 25712 — T15T12T9 + 2715T6T5 — ZT15T5
where z; are compl iab PRt e 2 9 2 — TsZg + T12T5T
: plex variables. 1 T —z3.7y5 — 27135 — T12T6Z2 + 212T6T1 — T12T5%2 12Z5%1
i T e N 2
Let Iv?" RP. Th . :L”‘*%“ ; f Mas = TigTi — T16TnT9 ~ T16T2 + 21167221 + T15T11Ts + Z15%3
= . Then the Yang-Baxter equation is | T i 2 o & 2h ity + Er@sTs — TndsTa — InTsT
H TR ian o, : —Z13T1 — 4T13%3 1176T2 11T6T1 11T572 11 s ’
v v Vv v v Vv i ; 2
M= (m;j) =Ri2R23R12 — RaaRi2Raa = 0 h ‘E?FET.&.\. i § Mgy = :c%sxn — T16T12Te — T16%g + 2116T6Ts + T15T1289 + T15%6
1 ', . R Ay o _
where }Vz Ivz I p v’ 3 nCal, e "‘*"M} "133312 - 217132% + T12T6T2 — T12T6T1 + 122572 T12T5%1,
2=k 8l and Rn=10 R M “ Y é Mg = TieTuds — L16TeTz + T13T11Te ~ T13%e72 + 21221172 + T12T11 %1
i i i sy T g2
' The YBE is a system of algebraic equations consisting of 64 cubic polynomial equa- ! ‘"““"*M? —I11T9T6 — Tn1TeTs + TeT2T1 ~ T3Th
n;ns. Thl;a Wu Elimination, established by Wu Wen-tsiin , provides a perfect method to ' : s = T16%1222 — T16TeTe + T13T12T2 ~ T13%eT6 + r12T11T6 + T12211T5
solve . A a
s YBsEuc a system [8,7,8]. By using Wu Elimination, some multiparameter solutions . —Z15T9Ty — T1aToTy — TeTy + TeT5T2; ] .
are presented in [2]. In this paper we study the YBE for a special case . We set ‘ My = T13T12%11 — 21373 + T13%6T1 — T13T5%2 + T2y + 278
T14 = Ty3, T10 = L9, Tg = T, T7 = T5, T4 = T3, T3 = Iy. (1'1) ! —ZT9TeZ2 — I'g$5.7521, . .
"Work : may = TiafiaTn — T13Tg — T13T6T1 + T13T5T2 + 127 + Zud;
Ork Sy i . . . . ¢
Laboratory) pported in part by the National Natural Science Foundation of China and CCAST (World i —ZTgTelz — TaTs5T1y
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M1 = TieTi3Ty + T16T11Ts + T15T137; + T1STNTs — TiyTs — 2h,7y
—113$291'2 — T13%9Ty + T12%1127 + Ty37y, 7y — Z11T9T¢ — T11T9Ts
~T6T3 + L6231 + 5227, — 1532,

My = T16T13T5 + T16713%7 + T4521376 + T15T19%y — Tlozs — x?st
—1';370916 T Z1aT9Ts + T1afniTe + L1211 T5 — TpTeTy — Z12T9T
~TsZ2 + Tex51, + TeI5Ty — :chl,

26 = Tiel13Ty + T16Ty176 + TysTiaTs + Ti5ToTy ~ Ty — xh,z,
TEBTNTs — T13T92g — TeT2 + 147,7; Tezl — z572,

M3 = Ti6T13T5 + T16T9a4 4 T15%13%6 + T15T1221 — %6 — 22,75

TTT0Ty — Li3TyTs — T30y + 230, + TeTsT, — ziz,,

F16%12T11 + T16T52y + ThiTo — 11572 + 215767, + 15252,

—T15T5T; — ftfgl‘g = 22332531 + 210752, + T11Z6Ts — T9TeTy

TT9TeTy ~— TgT5Ty + T9TsTy,

M= Tl — T16T3 — L1767y + T16Z6T1 + T16T5T9 + L1527,
FT15%622 — a9 — 223762y + 115702, + T11%6Ts + ToTeTy
—T9Tery — TgT5Lq — TyZ5ry.

3
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We denote the set of these polynomials by YS .

2. The decomposition of the zeros of ¥S$

o aI;:t f;l be thfe a«;oz‘nplex ﬁe‘ld. We denote the polynomial set {P1: P2, ...0a} by PS where
denoteg bync;znn‘sl' s in the ring K{-Tnl’z,...,:t;s}. The system of pi=0,i=12.,nis
is denot.edy by Z; 0}.75The set of all zeros of PS , i.e., the solution set of PS =0,
Zero(PS i, o(PS). The set of zeros of PS satisfying I # 0 is denoted by

Th sy .
ince : C(zlaracttex:sxt}c set.of‘a pt?lynomlal set plays a profound role in Wu Elimination.
the zeros 7:1;_36 erlsltxc set is in triangular form its zeros are well-obtained. Furthermore,
a po. i . .

%nclusio{ls - polynomial set can be determined by some characteristic sets. The

Th
Polyno;?;le::t 1}9;Vu Wen-tsun) If €S = {C1,C3,...,C,} is the characteristic set of a
» then the zero set of PS has the following decomposition

Zero(PS’)Vx Zero{CS/I) -}-Z:ZCTO(PS,I,‘), (2.1)

Where I; are the initials of Ciand I is the product of all I

Theorem 2. N .
d ecompos;i::; (Wu Wen-tsun) The zero set of a polynomial set PS has the following

Zero(PS) =}~ Zero(CS; /1), ‘ (2.2)

in which C'S; are some characteristic sets. ,
Theorem 3,(Wu Wen-tsun) By eliminating, the characteristic set of a polynomial
set can be obtained in a finit number of steps.
In our case, for the polynomial set Y'S which defined in prececding section, we do

" first the following two eliminating procedures.

Procedure 1. p(1)=myy; p(2)=mn; p(3)=mzs; p(4)=maz; p(5)=p(1)-P(3); P(6)=P(2)-
p(4); p(T)=Rem(p(5),p(6)); p(8)=lcof(p(5), 215)); p(9)=lcof(p(6), 715)); P(10)=p(8)p(6)-
P(9)p(5); p(11)=z6z) — z522; p(12)= p(7)/p(11); p(13)= p(10)/p(11).

Procedure 2. p(1)=myz; p(2)=may; p(3)=mzs; p(4)=maz; p(15)=Rem(p(1),p(2));
p(16)=Rem(p(3),p(4)); p(17)=Rem(p(15),p(16)); p(18)=zsz1~zs7; p(19)=p(17)/p(18);
P(20)=z11(z2 + z1); p(21)=p(19)/p(20).

We obtain three polynomials p(7) = p(11)* p(12), p(10) = p(11) * p(13) and p(17) =
p(11) * p(20) * p(21), in which

P(12) = zy5T122) — T15TE + T1aT12T1y — T1aTa + Tua2l + T12TaT1 + Tty
+211T6T5 — 2T9T6T2 — ToTeT) — ToTsT2,

P(13) = Zi6T12211 — T1673 + T13T12T11 — T13T8 + T1aZaT + z1222
+21186T5 + T1177 — ToTeTy — ToTsEy — 2LeT5T1,

p(21) = zy33% 76 + 7122}, 75 — T1p257) — TiaTa7i — T1175T6 — T1173Ts5
-:tu:téxl - Iu.’t?l’z + 239136332131 + 229$5£2$1-

Therefore, we have
Proposition. The zero set of Y'S | i.e., the set of solutions of the system Y5 =0
can be decomposed into two parts: (I) the zeros of {Y'S,p(11)} and (II) the zeros of

{Y'S,p(12), p(13), p(21)}.
In this paper we study only the first case (I),that is the zeros of {Y'$,p(11)} and we
present all the solutions of it with the hypothesis formulated below. The second case,

that is the zeros of {Y'S, p(12), p(13), p(21)} is studied in [5].

The calculusion is much simpler when some unknowns are zero. But the.discussion
is lengthier if we try to list it case by case. We will leave this discussion in another

paper. In this paper we take the following agreement

Hypothesis: The all unknowns are not zeros.
By this hypothesis, the factors of unknowns power will be omited in next sections.

3. Some solutions of YBE
Now we study the zeros of {Y'S, zez; — z5z2}. Note that

2 2 2

Mas = Mgy — Mag = 2213T6T) — 2T13T5T3 — T12T5 + T1aZs + T11%g — T11T5.

The remander of mas to (Tez) —T522) is (T2 —21)* (224 21) * (21272 — 21123)- Thfsrefm"e
the zeros of {¥'S, zgz, — 257, } can be decomposed into the zeros of three polynomial sets
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{YS, zq — T5,T3 — xl}, {YS,a:s + 5,27 + 31} and {YS, Tl — 9353”2,33122? - 311553}'
According to Wu elimination, in order to get the zeros.of these polynomial sets it is
sufficient to obtain the characteristic sets of them. We do this case by case.

3.1.The case I,. We consider the polynomial set YS, = {Y'S, A,,A;} where
Al = Tg — 1’5,.42 =ZI; —~T1.

By eliminating, from the polynomials mj3,mz;, mzs, ms; , we obtaine a polynomial
A3+ Ay, where Ay = 7y ~23, Ay = 1202 —z92%. Thus the zeros of Y'S, = {Y'S, A1, A2}
can be decomposed into the zeros of two polynomial sets {Y'S,, A3} and {YV'S,, A;}

For the polynomial set {Y'S,, A3} , from the remander of mg; to 43 we get two poly-
nomials A5 = Ty9Zy — T9Ts, As = T11T5 — TyZT;. Thus the zeros of {YS‘,, A3} equals the
zeros of {Y'S., As, Ag} . The remanders of my7, m7, to the basic set {As, Ag} are factor-
ized as A7 As , where Ay = 7,3+ 19, Ag = 716+ 15— 2213. The zeros of {Y'S,, As, 46}
can be decomposed into the zeros of {Y'S,, 4s, As, A7} and {Y S, 45, As, 4s}.

From the remanders of my7, My, Mas, May, M2z, Mar to the basic set {As, As, Ag} we
obtain the polynomial Ay = z;5 — z13. The characteristc set of {Y'S,, 45, As, 45} is
CS\(L) = {A4s, Ag, As, As, A1, A2} (3.a.1)

By eliminating the remanders of mg;, ms7 to the basic set {47, A;, Ag}, we obtain four
polynomials

Ao = T1623 + T16T571 + 23579 — 21573 + T15T57) — 73 + 2292571,
An = 15+ 2y,

Ay = Z)59 — 23 + 22574,

A|3 = 1?5 - 22‘519 + Ig + 41’511.

Therefore, the characteristc sets of {Y'S,, As, Ag, A7} are

CSy(LL) = {40, An, 45, 46, Ar, Az}, (8.a.2)
053(1“) = {Axo, A121A57A5y A];A2}7 (3(1.3)
CSy(L) = {Awo, A13, 45, As, A1, Ao} : (3.a.4)

The initial of Ay is A4 = 22 + z57;. The polynomial set {Y'5,, A5, As, A7, A1}
is obtained by adjointing the polynomial 4,4 into {Y'S,, As, As, A7} . And the charac-
teristic set of it is ‘

CSS(IO) = {Alﬁa A~l$y A51 /1‘61 Al4s ‘413 A2}7 (3.0.5)

where Ajg = 22,29 + 2215752, + 329252, and Ays = zi;Te + 2215357 + 39757,

For the polynomial set {Y'S,, A4}, the remanders of m; 7, myy, Mas, Mgy, Moy, M72,
Moz, M7, to the basic set {mgz, ma1, ma3, A4} are

Air*xAg*x Ay, AirxArAn,  Aprx A Ay,

5

in which
Az = Tns — Ty,
Ay,v .Iz{t_:, + T11Z9Ty — 21?,
Agg x},zs - Ii,
An = 23,22 + 220120151, + Thal — 42573,
Ay = 23,22 — 201 29257) — 22?4 22573

Il

il

By eliminating A0, A1, A22 we obtain following two polynomials Ay = 321375 + Z92y,
Agy = z% — z47;. Therefore, the characteistic set of {Y'5,,As} are

CSG(I“) = {m871 may1, M23, A41 Al7y Aly A?}y (306)
CSi(L)= {mar, ma1, ma3, Ag, Ars, A1, A2}y (8.a.7)
CSg(Ic) = {mgr, Moy, My3, Ay, Ags, Azs, A1, Az} (3.0.8)

The initials of Mgy, Moy, Moz are A25 = I19%1 — T9Zs, Ags = Ty12T31 — 3153 The p(?ly-
nomial set {Y'S,, Aq, Ass, 426} is obtained by adjointing them into {Y'S,, As}. By elim-
inating A4, Azs, Azs, we obtain following polynomials

Ay =212 — 29, Ap=711— zg,and Az = 5 — 1.

The remander of my, to the basic set {Azz, Azs, Azo, A2, A1} is Az * Aa, where Az =
Z13+79, Azt = 216+ Z15 — 2213 Thus teh zeros of {Y'S,, A4, 4zs, Ajs} can be decomposed
into the zeros of polynomial sets {Y 5., Ay; Aas, Az, Az} and {YSG,A4,A25,A26,A31}.
Similarly to the above, we get the characteristic sets of {Y'S,, A4, Ass, Aze, Aso}. They
are

CS\((I.) = {As2, Ass, Aso, A7, Azs, Az, A1, A2}, (3.0.9)
CS1o(1.) = {As2, Ass, Aso, Azr, Azs, Az, A1, Az}, (3.2.10)
CSui(l.) = {Asz, Aas, Aso, Aa, Ass, Az, A1, A2}, (3.2.11)

in which

2 2_ .3 2
Ay = 371613 + 2167} + T Tg — 71525 + TisT} — T3 + 2207,

Ay = z15+ T,

2 -
Az = T15T9 — 73 + 227, ~
A35 = .’L‘%s - 21;5.’89 + 23 + 4:33,

And the characteristic sets of {Y S,, A4, Azs, Aze, An1} are
CSu(In) = {A%s A37s AZ‘I, A287 AZB: Al H AQ} 9 (30'12)
CSia(1.) = {Ase, Ass, Azr, Azs, Aze, A1, Az}, (3.0.13)

where Agg = T16 + T35 — 2T9, Az7 = T15 — T13, and Asg = 713 — To.




' Th(? initial of ’A?z is Ay = 2%+ zl. The polynomial set {V'S,, 44, Azs, Azs, Azo, Aso}
is obtained by adjointing Ay into {Y'S,, Ay, Ass, Az, Azo}. The characteristic set of it
is :

CS1u(1.) = {An, Auz, Aso, Agr, Ags, Azs, Ao, A, A2}, (3.a.14)

where Ay = 22,79 + 221627 + 32972, A = zizg + 221522 + 3Tezl.

3.2. The case I,. We provide the characteristic set of the polynomial set Y'S, =
{YS,B],BZ} where B] = ZTg +I5, Bg =T + .

If we set £ = —z,,7¢ = —z;, then we have my; = By x By, my = B, * B,
mzs = —B3 % Bg, mg; = — B3 * Bs, where

By =116 + 213, By =235 + 13, Bs = 21371 — ToTs, Be = I11Zs5 — 2971,

The zeros of Y'S, cab be decomposed into the zeros of polynomial sets {Y'S;, B3, By, }
and {YSb, Bs, Bs}

In the polynomial set Y5, there is only one polynomial which is not zero if we set
T f ~Zi5, 815 = —T13 and Tg = —25,7; = —21. It is By = zya(eypzy — 22) + 702t +
71175 — 2r9r5r1. Therefore the characterristic set of {Y Sy, B3, By, } is

CSI(Ib) = {33,34,37,31,32}. (361)

The initial of B; is By = z132y; — 2. For the polynomial set {Y'S,, B3, B,, B}, the
characteristic set is
CSz(Ib) = {BS, BQ;BB; BS’ Bh BZ}) (3b2)

in which Bg = 71,11 ~— z9z5, Bg = r;175 — To7;.

For the polynomial set {Y'S;, By, Bs}, the remanders of mzz, mr; to the basic set
{Bs, Bs} are the same polynomial By, * By, where Big = 36 — Z13, By = 213 — To-
Thus, the zeros of {¥Y'S;, Bs, Bs}, can be decomposed as the zeros of polynomial sets
{Y'Ss, Bs, Bs, B}, and {Y Sy, Bs, Bg, Bu}-

The remande.rs of myz, myy, Mg, Mgz, Mg, M7 to the basic set {Byg, Bs, Bg, B1, Bs},
can be all factorized as By, * By3, where By, = 1,529 — 21379 — 2257y, Bz = 715 + 213
Therefore, two characteristic sets of {Y'S,, Bs, Bs, Bio}, are obtained. They are

CSy(1) = {Bio, B12, Bs, Bs, By, B:}, (3.6.3)
CSy(1;) = {Byo, Bya, Bs, Bs, By, By} (3.5.4)

The remanders of Mmyq, Moy, Mg, Mgz, Moy, My7 to the basic set {Bn,Bs, Bﬁ, Bl; BQ}
are only two polynomials of z16. By eliminating them, we get two characteristic set of
{Y'S;, Bs, Bs, B1,} . They are

CS5(1y) = { B4, B1s, Bs, Be, B, Bz}‘, - (3.5.3)

CSG(Ib) = {BIMBIS’ BS: BSthB?}v (3b6)
in which
By = nie(zd + 2521) + z3;39 — T1528 — 3T15T5T1 — 73 — 219752,
Bys = Ii539 — 23 — 22571, By = 115 + Z9.

The initial of By is By = ¢ + z51. The polynomial set {Y S, Bs, Bg, Bu1, By} is
obtained by adjointing Bi: into {Y'5;, Bs, Bs, By} . The characteristic set of {Y'Ss, Bs,
B61 BII’BI7} is .

CS:(L) = {Bis, Bis, Bs, Bs, Bir, B1, B2}, (3.6.7)
in which ,
ng = 1?%53'9 - 21'15I5I1 — TgX5L1,
BIS = Igs.l'g - 21’161'5371 — TgT5T%.

3.3. The case L. We consider the polynomial set Y5, = {YS,C,, C;} where
Cy = 21,37 — 21132, Cy = T6z1 — T523. The remanders of myg, ma1, Mg, Mar, Mae, Mr3 tO

the basic set {C1,C;} are Cs * Cy, C3 % C5, Cy * Cs, where

C3 = z1325 — TeTy, .

Cy = 162271 + T13T21 + T1125%2 + T11T571,
Cs z1523 + 21323 + 212522 + T11 X571,

Cs = T13711%5 + T13T9T1 + -’tsl'% + l‘sxf'

il

Thus the zeros of V'S, cab be decomposed into the zeros of polynomial sets {Y'S,,Cs}
and {Y'S., C4,Cs, Cs}-

For {Y'S.,C3}, there are three remanders ¢(31),¢(32),¢(33) of muz, mri, Mas, Maz,
Mag, M7, M7, My to the basic set {C},C3,C;}. By eliminating, from them we get two
polynomials Cy x Cs, C7 * Co, where

Cr = z15%9 — T13%9 + L5T2 — T5Z1,
Cy = z15713%1 + T15TeZ2 + 1z — 7132971 —"’2'31'2 ~ iz + T513 — T527.
Thus we get the first characteristic set of polynomial set {Y S, C3}
CSi(L) = {¢(33),Cr, C1, Cs, Ca}, (3.c.1)
in which

2 _ .2 2 .2

¢(33) = Z16T137% + T16TexaT1 + T15T13T2T1 + T1sTeT] — Ti3T2T1 — 13T
2 2 3

Z13TgLaTy — T1aloTs — TsTh + TsT321 + TsT2E] — TsTy-

The remander Rem(Cs, Cy) can be factorized as Cig * Cy1 * Cy2 where

2
Cro= z%z1 + 22132071 + 7321 + £52] — 257221 + 2571,
2 vi
Cu = T3 — Ty, Cu = 2$13I2.’L‘1 + 9Ty + I9xy-



Thus we get the characteristic sets of {¥'S,, C;}

CS?(IC) = {C(33),C9, 0101011 01;102}1 (3C2)
CS3(I.) = {c(33),Cy, C11,C1, C3, Ca}, (3.¢.3)
CS"(IC) = {C(33)v Cﬂ’ Cl?v Cly C37 Civ } (364)

The inatial of ¢(33) is Cy3 = 132, + 2¢2,. The characteristic set of the polynomial
set {YSC, C3,CL3} is

CSS(I:) = {Cm ClSv 0137 Ch C:h 02}7 (3'6'5)
in which

- 2,2 3, .2

Cu= z16732] + 2162577 + 73,292% — 2152322 + 2215252,22 — Ty57573
3.2
—Z3T; ~ ToTsT3xy + 229752277 + Toz573,

- 2 3

Cis = 15292321 — 2153073 + 2323 — 232227 + 25237, — 757227 — T5T975 + 7527

{%nd the initials of Ciy, 15 are Ci6 = 23 + 2571, Cir = 23 ~ 2. Cyy is omited
for it can be introduced to case I, or L. Similarly to above, the characteristic set of

{}’Scs CS) CXS’ CIS} iS
CSs(1:) = {C1s,Ce, C13,C1, Cs3,C2}, (3.c.6)
in which
CIB = 1'?61? + xwxgxg - 2.’L‘16.’EQIQ$I - 231619.2?? 4 22’51’3 + $5.’L'§.’l’h

Cm = Tri5T9 — T5Z;.

By eliminating, the zero of polynomial set {Y'S,, Cy, Cs, Cs} can be decomposed into
the i:fr;)ls of {Y'S,,C4,C5,Cs,C(61)} and {Y'S.,Cy,Cs, Cs, C(62), C(63),C(64), C(65)}
in whic

C(61) = =} 25+ 392, — 22,72,

C(62) = z}z522 + o} 25207, + 20129222} — 211207} — 2323 - 25,

C(63) = —(zhaszr + o752, — T112e2 + T11Tez22) — 7§ — 2222),

C(64) = i} 222, + 221129257,52) + 232273 ~ 2528 — 2250327 — 252t
C(65) = —(z,atz) — 211297523 — 211 T9Ts237, ~ 222,27 + zsz3zd + 252d).

The characteristic set of {Y'S., Cy, Cs, Cs, C(61)} is

CS7(IC) = {C‘!y 051 CB) 0(61)1 Ch CZ}- (367)
The characteristic sets of {V'S,, C;, Cs, Cs, C(62), C(63), C(64),C(65)} are
CS(1.) = {C4, C5,Cs,Ca0,Cn, €y, C2}, (3.c.8)
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CSo(1L.) = {C4,C5,Cs, C1, Cay, Ca, Caz}, (3-¢.9)

in which
2
Cuwo = znze+ i+ 222y + 23,
CZI = 1‘3.‘13213% - 1‘51'; et 21}5231‘1 - 3Z51’§$% - 23}5223? - I;Z‘:,
= .2 .2 —
Cyp = z5+1f, Co = 21125 + 911,

Summing up the study above, the main result of this paper is

Theorem 1. Assume the unknowns z; are not zeros. All zeros of polynomial set
{Y'S, 262, — 2525}, i.€., the first part of all solutions of the YBE with the condition (1.1),
are provided by the characteristic sets in formulae (3.2.1-14), (3.b.1-7) and (3.¢.1-9).
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