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Abstract 

We use r-matrix with a spectral para.mr.ter fa disc1tss the sol'lf-tion of 
infinite dimensional integra.blt: ,,!/,dl:m,q. The intrinJic geometric pic
tures are given in the sense t}wt tlu: .wlll.tions of the integrable .3ystem 
can be described aJ geode.,ic.q on nn inj£nite rlirncn,~ional Riemannian 
manifold. As an appliCll.tiun to gt:ncmliurl periodic Toda lattices, we 
obtain the reduction to a finite dimel1..qio1/.al $ymplectic manifold, the 
quantum pictures of the thcoric .• be g7:'lJcn by geometric quanti(';(/,11. 

zation of this symplectic mG.nifolrl. DOl!.bl(; loop group is easily de
rived, which is a loop gTOnp 'with Poi.q,qon 8tructure, it may serve a.s 
the origin of quant-um gTOnp,q. 
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§1. Introduction and main results 

It has been well known that the dassic(ll FInd qnantum r-matrix pby an impor

tant role in classical and quantum integrahlc systems [2,3,5,15,20,21]. Many solu

tions of r-matrix have been gi"en <lnd well IInderstood [1,2,3,10,15,16,20,21]. For 

a given classical r-matrix, the integrahl<' systelIls c<ln be constructed in principle 

and the solutions of Hamiltonian equatiolls ('{Ill ;dso he obtained by representation 

theory [13]. Ten years ago, Perelolllo\' awl OlslwIlrtsky [17J posed the following 

question as a conjecture: for all integrable syst('rns. do the solutions correspond 

to geodesics on some homogeneous spacC''? They also illustrated this property in 

the case of some finite dimensioIlHI integral)I(' systems. Oliw' [6J has proved this 

conjecture for non-periodic Todn lattin's. I3ttt for infinite dimensional integrable 

systems, this conjecture is open sincC' the theory of infinite dimensional geometry 

is imcomplete. But recently the infinite dimensional theory becomes more inter

esting from many aspects. Such systcms \\'(,1'e studied by methods of algebra and 

algebraic geometry in some case, the soilltioll has heen gin:, in terms of Riemann's 

theta functions [4,19]. So the question whet h<'l' Perclomov's conjecture also holds 

true arises naturally. In this papcr.wC' usc til<' theory of loop group and loop al

gebra to construct an infinite dimen::;ional h01llogcncolls space and gi,'e the proof 

about the geodesic property of the solution. All the method we used can also 

applies to finite dimensional case, whnt wC' get is then the theory just given in 

To be specific, we first recall the ('flt1ntioIlS of the Toda system: 

Let g be a complex semisimple Lie nlgehrn . £'9 = 9 /&IC[A, A- 1
] , we denote 

the generators of e.g in standard form by {IIi. i 1, ... ,n; e±C>.}, j = 0,,, . ,n}, 
their commutative relations will be ,f,!;i"eIl in next section. Let 

A L:?=1 Pihi + L;~o ('if,rp(L~=1 + e_C>.,) 
(1) 

B 	 L:i'=o c;exp(L:j'=1 )'1.; H(,.." - e_CI!, ) 

where{Ql"" ,qn} are free variablps and Pi = dfji. 'Ve consider the equation in Lax 
df 

form: 
riA [B,A.] 	 (2) 

This equation describs the motion of Torln particles in the language of Lie 
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algebra. For the purpose of r-mntrix ;\pproach. wc will introduce in 33 (25) a 

linear operator on the loop algebrfl £Q "Hcll Ih;\t. 

R(e±aJ ±C±'" (i = 0.·· , n) 
(3) 

o (i=1. .. ·,n) 

By the definition, we easily rewrite LaXCIJllfltion (2) in form: 

dA 
A).A] (4) 

This La..x equation will be st.ndi('ri d('('ply in this paper, we will see that the 

operator R is just the generalized Ko-<z1l1 op<'rntor of homogeneous spaces, see 

it can also define a classical l'-ll1ntrix satisfying the modified Yang-Baxter 

equation. 

The detailed theories about classinl1l'-1l1Iltrix. classical doubles, dressing trans

formations on loop algebra and loop~rol1P "'ill be gi"cn elsewhere. These are the 

basis for infinite dimensional ~rst('l11S. In fillite dimensional case, these 

were studied by 

We now outline the main results in til(' form of theorems. Since the proof are 

scattered through the next sections according to logical order, they are renumbered 

into propositions and theorems in the main context,. 

Let G be a semisimple Lie group OW'1' a complex field, g its Lie algebra,g* the 

dual space of g, Cg =Coo
( SI, g) is the loop al2;el>1'a of g. Cg- is the smooth part 

of the dual space of Cg. LG=CX(SI. G). th(' slllooth maps from S1 to G or the 

loop group of G. Let J( is a maximal mmpact snhgronp of G with trivial centre, 

LJ( is the loop group of J(. 'Ve han' 

(Theorem A] 

(1) LG can be decomposed into two factors: 

LG = II..:· S (5) 

where the subgroup S of LG can he ('<jl1ippnl with a Riemannian structure in 

infinite dimension sense. 

(2) On the homogenous spacc IG/ I1\. therc exists a standard Riemannian 
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metric such that LG/ LK is a symnwtl'ic Ui('mnnniRn space (similar to the finite 

dimension case). 

(3) There exists a geodesic immersion: 

W : LG / LI\ ----- LG (6) 

we identify LG/ Lf( with the image of \II. 

Under the identification (G).there is an isometric diffeomorphism: 

<I> : S ---> IG/£1\' (7) 

This theorem is the genf'ra liza tioll of Cart IIll'S immersion theorem in finite di

mensional Lie group theory [8]. This p;elwt':lliznti()ll is the mathematical basis for 

our theory. 'Ve note tha.t the grollp property of 5 leads to considering dynamic 

systems on the adjoint or coadjoint orbits of the Lie nlgebra of S. Using. theorem 

A ,we can identify S with LG/ LA'. UndC'r this ident.ification, we can give differ

ent pictures of the solution of the infiuite dimcn::::lonal integrable systems whose 

equat.ion is (4), and also prove Pcrdomo\'\ conj('cture about the geodesic property. 

Let S be Lie algebra of S. S' t.he dUlll Sp:H'(, of S. Since there is a nongenerate 

scaler product on g, the Killing form, We' can obtnin a nongenerate bilinear form 

<, > on e.g by integrating over the unit circlc'. which is invariant under the adjoint 

action of LG. We then identify e.g* with £Q hy setting 

1 2:
y*(() =< y,~ >= .)_ r I\il1(y(f)),((f)))df) (8) 

_It .10 
where ( E e.g, y* E Cg* and y. is idcntifif'd with y E £g. Under this identification, 

one embeds S* into cg, the image of this ('1111 )('dding is not S, this is the subtle 

point of particular importance. In fnet, if OIl(' nses the Riemannian metric on S, 

S* can, in a different fashion, be ic\contifi('(l with S. and what we get is a different 

geometric picture. We denote the first idC'ntificntion with S* c e.g, and the second 

H, identific.ation with S· = S, one hus to distin!!;nish t lwse carefully. 
wo'" !W .,.~} ... , 

Motivated by the equa.tion (4), we clC'fiuc a Lax equation related to the 

loop algebra Cg: 

dA 


A). A] (9)
elf 
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where R is the operator on eg dcfillCd hy om ..ttl:'-.sicnl I'-matrix explicitly. 

Because we hm-e identified eg- with eG. so eq1!ation (9), in fact, defines a 

standard Hamilton system on tll(' ('ondjoint-orhits in eg- with Hamiltonian H = 

? < A,.4 >, from which we obtnin another g('Ol!lctric descriptions of the solutions 

;;f equation 

[Theorem Bl] (Coadjoint)Adjoint-Ol'bits Picture of the Solutions 

(1) For a fixed initial condition A(O) = Ao E S· the Lax equation(9) has 

a unique solution, expressed in (coHdjoint lrHljoillt-orbit form: 

A(t) Ad(:.;(r.1'pf.-io )) ..-tn 
(10) 

where the element set) = s(e.rptAo) ;,)11(1 "·(t) = k(e.rptAo) are defined from 

exp(tAo) by the decomposition of (5), i.e. up(tAo) = l.:(t)s(t). 

(2) If one pulls back the tcmgpnt \"('dor at ,..;(f) right action of LG: i.e. 

take the function 
A.(t) = ,.~-I(t) 

which belongs to S* under the idclltificHtio!l S' S, then A(t) satisfies Lax 

equation (9). 

[Theorem B2] Geodesic Picture of t.he Solut.ions 

If we denote 

x( t) <I> ( .~( f.1'jd A (11) 

where <1> is defined by (7), and .... (uptA) ..,(t) is (kfiuerl by Theorem B, then 

d 
di('l' (t)· o (12) 

With the knowledge of infinite dilll('l1sio!l(11 gcomdry gi\'cn in next sections, the 

equation (12) is that of the geo(ksics flo\\' in LGI Lf{. 

(2) Given a geodesic .r(t) ill LGI LI\', \\'(' consider 

(.I'(t),l-I (t) I 

;) 

in S, where <1>.. is~the tangent map of <I>. If we identify t.his in S*, and call it .4(t). 

Then A(t) is the solution of equation (9). 

For a reduction to Toda lattic('s, \\'(' first dpfilH' a family of manifolds depending 

on (CO," ',cn ) E (C\ {O} )n+l modulo somc l'f'lariol1s, denot.ed by Q(CO,"', cn), 

11 n 

Q(co,'" ,cn) {A E eg ! A = LP,II, + LCix",(ea, + La.)} (13)
,:1 ,=0 

where al,' .. , an are simple roots of g, aneI 

x = { e~(Lk.' q,o;(hkll 1" ",n 
Clj 

onj;:1 

and (aI, ... ,an) is defined by the root 0 of g, i. e. e I:?=l ajQi' . 

[Theorem C] (1) The phase space of genernlized periodic Toda lattices can be 

decomposed into the union of Q( co . . ". clI ). (';.)ell l(,flf Q(co,'" ,cn ) has a natural 

symplectic structure derived from the clnssicall'-mntrix. 

(2) For a given initial elelllC'llt .-l(O) E Q(co,"', cn), the solutions 

of Toda equation (2) are just a geodesic projcction from some geodesics of LGILf{. 

It is obvious that the quantnl1l t hemy of Toda systems can be obtained by 

quantizing the phase space such as Q(co'..... r,,). the procedure of geometric quan

tization is applied in a straightfrowarrl WHy (S('C section 5) to get the same partial 

results as in Goodman and \Vallaeh's pnpers 

From the decomposition (5) or til(' cln!'<~i('(ll I'-matrix, we obtain the Lie bial

gebra structure on the infinite dimensional Lie algebra eg. By the construction 

of Semenov-Tian-Shansky [20], t herc ('xists a classical double in our case. This 

will be given explicitly by the decompositioll (5), we will also see some hidden 

relations between the quantum theory of Toda systems and quantum group. The 

later leads to many interesting problems in r('ccnt years. 

G 
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§2. Preliminaries 

In this section, we review some fllwl!l\t'llta\ results about Lie algebra, Lie group, 

loop group and loop algebra which (In' imoo\n'd ill Olll" paper. vVe give them in the 

form of lemmas without proof. The C(ll\("('pts Hll(l the proofs can be found in the 

references. In our paper, all notatiqlls ':;1Il be fOllnd in this section. 

[Lemma 1J Construction of Complex Semisimple Lie Algebra[9] 

Let 9 be a semisimple Lie al,!!;ehr'l on'I" a complex field C, 1{ the Cartan 

subalgebra of g, 1{. the dual spnee of H. ThPll there exists a finite set 6 in 1{*, 

called the root system of (g, 'H) . it \ws the foi\owillg properties: 

For any a: E 6, we take g" = {I' E G .r] = (j (Ii ):1.: for any h E 'H}, then 

dillll·Q,o, = 1 

and 9 has the root spaces decompo;;ltH)!l: 

9 = NEB ~;" (14) 

(b) Let Kill(x, y) = Tr(ad:radlJ). \\"hC're y ~;. then 

(i) I<ill(g",,9{J) 0, for Hny n.i E ,6. nnd n +:3 t= O. 

The Killing form is Ipf)I'nl'l'Cltp 011 1{ X 1{ and gOl x 9-Ct for any 

a 	E 6. In particular, the Killing form is lloll.!!;"llcratc 011 9 X g. 

There exist non-zero elements E" E ~I,. for ('f1ch n E 6 such that 

(i) I<ill(Ea, E_ OI ) 1 


Oi) If 0', {3 E 6, 0' +3 :f O. thCll 


(0 + 3 E 6) 
[E,~,Ei31 

{ o (n+:1rt.6) 

where N a ,/3 is a non-zero real llUlI11H'l". 

(iii) [EOI' H" for any (\ ,6., awl !{ill(Hc1.H_ a ) a(H) for any 

HE 1{. One can construct. the l'f'f11 ,'C'etor ,,[><1<'(' 'Hr.. spanned by HOI, i.e. 

'Hr- L R· H, 
('E6 

,. 

where n .HOI is spaned by He;, over n. Then 

'H = 'Hr.. + i'Hr.. 

'HRniN~ = {O} 

and A- illl'Hn x'Hn is the positiw' clefinitf' iIlllf'r 

There is a subset II E 6, wh(;~w df'llWllt is called a simple roots, such 

that any root in 6 can be express('(l ill the lill('(lr combination of simple roots 

whose coefficients are all positiye or allll('g(ltiYe integers, we call them positive or 

negati\'e root respectively. To simplify. we denote 6 6+ U6_. Then {HOI, a E 

II; Eo.a E 6} is the Chcvalley bnsis of ~;. n11d the collection {HOI,Eola E III is a 

set of generators of 9 . 

Let 

K = i1{n + L R.(E,) E_,,) + n i(Eo +E_ OI ) 
"'EA 

P = 1{n + L n(E. + E_ ) + n, i(EQ' - E_ OI )d 

a€A 

Then Kill!JCxfC is negative definit(~, Kill!J'xJ' is positive definite, K is orthogonal to 

P with respect to Killing form. In P3rticnlnr. we lla\'e the commutative relations 

[K.KJ C K [A.~. P] C P [Po PJ c K 

Moreover there exists an im'olutioll (1 on 9 :,urI! that (J'(Ea) = -E_"" which has 

eigenvalues +1 and -1 with eigenspaces A: Hwl'P respectively. We call (J' the Cartan 

involution. 

(f) (Iwasawa decomposition of 9 ) 

Let A=1{n, ./V=LaCA+ C· Eo, then 

9 = 1\: + ~ +X 

is the direct sum of Lie algebras 

(Lemma 2] (Construction of Loop Algebra) 

We denote C9=COO(51 , g). i.t!. the smooth lllClpS from 51 to g, Cg is called 

the loop algebra of 9. Then 

s 



(a) By Fourier's expansion, 011C lws 

Cg EB ,\k'HEB L )..kg<> 
,kEZ J'EZ {.E.6. 

(b) The Cartan involu:;ion (j call he' cxt('lld('d to Cg by 


O'()..k.1: ) (I.. E 3,.1' E g) 


Then 

CK CX(SI,K) 

{x E cg jO'( x) .r} 

EBkEZ()..k + )..-k)i'Hr. EBkEZ()/' - )..-k)1-lr.. 

EB(Lo:EA n· ),.-h'£_,,) + n.i()..kEcx+)..-kE_o:») 

CP C'X(SI, P) 

{:l.' E Cg!O'(x) = -,r} 

EBkEZ()..k + )..-k)1-lr.. EB~,EZ i( ,\k - )..-~')1-lr.. 

EB(LO:EA n· pkE,-y + ) + LOEt:. n· i()..k Eo - )..-Ii: E-o:)) 

(c) The set {)..kHo:, a E II. )..1:£..,,(1 E 61.- E'Z} i:; the Chevalley basis of cg 
with the following commutatiyc relatiolls: 

[)..kHa, )..LHlll = 0 (n./3EII) 

I

/\"'+I"\", ..;I£"+/j a,,3,('( + f3 E 6) 


(i5)
[)..kE )..IE] - )..k+IH a -(3 E 6)a, i3 - " 

o ( otherwise) 
[)..kHa,)..LE{Jl = f3(H,,) .. k+l£.1 (a,/3E6) 

where k, 1 E Z and Na,iJ given by Lellllll<l l( c). 

Three is a nondcgeneratc hiliw'nr form 011 f~--; defiucd by 

1 
I{ ill( E.UJ). (16)< ~," >= 2rr 

!) 

Then <, >rx.x£K: is negath'e d0finite'. <. >£rx£r is definite and 0':, is 

orthogonal to CP . 

(e) If one set e = Li:1 aj<l:i, the high(,~t root of 6, then collection {E±o:, a E 

II,).. -I Ea , )..E_a } is a set of generators of 1.:,(;. 

[lemma 31 About lie Group and loop Group [8,18J 

Let G be the complex semisil1lpk Lil' grol1p with Lie algebra (i, J( is the 

maximal compact subgroup with triyial ccntre. LG=ClX.'(S1,G), LJ(=Ceo(Sl,K), 

Then 

(a) The Lie algebra of LG. and LI{ nl'c' respedi,'c to Cg and CK. 

(b) There exists an involutio11 on LG. its diffncllt.ial is giyen by Lemma 2(b), 

its fixed points is Lf{. 

(c) LG/ Lf( is an infinite dim011tiollnl RielllOIlllinn symmetric space. This state

ment will be given in detail later. 

(d) Iwasawa decomposition of G 


G can be decomposed into: 


G = I\·.4..\" 

its infinitesimal form is just the I,yasawa ofg. 

(e) Birkhoff decomposition of LG 


Let OJ{ be the subgroup of LI{ wllOs(' df'llWllts are through the unit of 1(, 


L+G the subgroup of LG, whose elemmts (ll'(' tlw bonndary mlues of hoiomorphic 

maps in the unit disk. Then we h",yc 

LG = rtI{ . L+C; 	 (17) 

To construct the decomposition that \y(' 11('('d f'xactly, we change the form of 

(17) in 	the following way: 

[Corollary 4} Let G be a compiC'x scmisimplf' Li(' group, J{ its maximal compact 

subgroup with trivial centre, LG (mel L1\ ar(' loop groups respective to G and J(. 

We denote S the subgroup of LG which sarisfi('s the following property: 

For I E S, I can be extended hoiolllorpiliril to the unit disk with reO) E A.N. 

10 



where A, N are given by Lemma 3( d). T\Wll 

IG II~', S (18) 

Proof: We first express -I E L+G of Lellll1W 3(e) iu th{~ form of series: i = iO+/IZ+ 

.. ·+/nZn+ .... Note that -{O = ~/(O) cal1 lw dC'('()mposed 

of G, i.e. 10 kan. So 1 = 1.:((1I1 + l..-I"nz +". + ":-':Il::n + ... ) E [(. S. Then 

combining with the Birkhoff decompositioll of IG <lnrl II': = nK '[(, one obtains 

LG = LI< ' S. This complete the corollnry. Q.E.D. 

We take S for the Lie algebrn of S. \\"hic!l is important for our paper, then 

S {~ E C91~ I.'.. '?O/{)JIIOI'1J1! 

insidf of 51 with ~ (0) E ..-t (J).V} (19) 

1i'R (J) Q" ED [1,>0 ,\kg 

§3. Construction of Generalized Periodic Toda Lattices 

In many interesting examples. the Hamilton systems can be constructed on 

the dual space of a Lie algebra which .admit suffieiently many integrals of motion 

in involution. They can also he rcstricrod to a condjoint orbit. It should be 

pointed out that these constructiollS nw~' 1)(' \'jc\w,d ns the more general r-matrix 

method. Seminov-Tian-Shansky ha;;; c\c":C'\olH'd into n ('kgant Lie algebraic scheme 

in [20,21]. In this section we use rlw ('on'-'trllctioll of S0minov-Tian-Shansky to giye 

the Hamilton systems of genernli7.f'd P('!'jodi(' Tod" lnttic('s. we choose a r-matrix 

with a spectral parameter. 'We first gi\'C' two pqllin~lellt definitions of classical 

r-matrix, the details may be fOHuel in 

[Definition 1] Let C be finite or infinite dimensional Lie algebra, we call r E 

C®C a classical r-matrix if r satisfies the following modified Yang-Baxter equa

tion: 
[r12, r 13 ] + + 18 C - iTwariant. 

(20) 
rlZ +r21 = 0 

11 

,,":" 

where C-action is the adjoint action. /,12.,1'\. f'~S. ,."1 E ®U(C)3.i.r.. if one sets {I",} 

for a basis of C, 7' LI"v r"'v III ® l,,, t1H'1l 

12 _ ,''''I to\ I to\ 1 r - I "IC:J I' IC:J 
11.1,.1 

'r 13 ,2) 1 Iv 

r23 @ III @ I" 
1.1,11 

1,21 ,.1''' Ib @ lit @ 1 
M.tl 

In this case, the Lie algf'bra can 1)(' ('(jltip]ll'd with a Lie bialgebra structure 

and (C(J),C-,C,'c-) is called a ~I;1llin triplt', [3.1.;.20]. 

If there exists a non-degenerate im'ariaut hiliw·nr form on C, then Definition 1 

of the classical r-matrix is eauh',Jkllt to t be f()ll()\\'in~ definition: 

[Definition 21 Let C be a finit.e or :llfillit(, diulf'llSiolHl1 Lie algebra, a linear 

operator R E End(C) is called a classicn\I'-llmtrix if the hracket given by 

[R(X). + .n,}' fol' X. Y E C (21) 

is still a Lie algehra bracket on C. Thl' Lil' alp;('hrn with this classical r-matrix is 

called the double Lie algebra.. 

The equh'alence between these two cldillitiolls means: for a fixed basis {i",} . 

of C, we can found an anot.her basis {I'I} s11ch tlwt < 1",,1" >= 8JJ.II , this is 

guaranteed by the non-degenernte hiliuc'll' form <. > on C. Then if a classical 

r-matrix gh'en by Definition 1, i.e. 

1'= @I,. 
it.v 

it can be expressed in the form of Defillitioll 2 : 

R(X) L < I,,, X > for X E C (22) 
J1.,v 

On the contrary, if a classical r-lllatrix g;i\'C'u hy Dt'finir.ion :2 , we can construct it 

in the tensor-form. i.t. 

r L R( I I.1Q9f!' 

12 
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We keep this equivalence in mind llwl C())1st.n!ctl' Hamilton systellls of generalized 

periodic Toda lattices. 

Let {hdi=I be an orthogonal hasi,; for H". In lI( C~n. the universal enveloping 

algebra of e9, we regard e9 ® 1 and 1 ®£~f as realized in (g ®C[A, A-I]) ® 1 

and 1 ®(9 ®C[Il, ,rI]) respectiwly. We intl'1ldllCC 11. clussical r-matrix simply in 

tensor-form [1,1OJ: 

r = r(A,Il) 

. JI-/\."
LOE6 szgn(0')Ee>.®E_i' -+- --,(L 11;0 11; + L E<.x0 E-a) 

(23) 

JI+/ ;=1 c>E6 

+1 for a E 6~ 
where sign(a:) = 

{ -1 f01' a E 6_ 


we can express (23) as follows: 


r = LOE6sign(a)Eo ®E_,) + [~E.z\() ® Il,-kh; 

(24) 

+LnE6 LkEZ\O ® 

1 for k > 0 
where sign(k) = .

{ 
-1 for k < 0 

From (22) (24), we know the ojH'rator R on cg could be realized as follows: 

R/1{ = 0 


RIC'" = .>if}/l( n )Id fol' n E 6 (25) 


Rl.xkC'=8i.(]II(k)Id fO/' ,.. =/=0 

So we obtain: 

[Proposition 1] Let 9 be a complex St'lllisimplc LiC' algebra, £9 its loop algebra, 

then the classical r-matrix (23-25) gin..s :t classical douhle structure on e9. 

Proof: The r-matrix (23) (24) is gi\'cn by Behn-in Hnd Drinfel'd in [4J, which. is 

satisfied the classical Yang-Baxter ('qllatioll (20). We also know that the new 

bracket (21) is still a Lie bradi:d. Awl t Ilf' classical double structure is easily 

obtained by the Seminuv-Tian-Shall:"ky ('Oll;,llllctioll [20.21]. Q.E.D. 

13 

Using the classical r-matrix (25), we 11,1\'e a new Lie brad:ct on e9 by definition 

2, then the new commutath'C relntions of Lelllllla 2( t) in section 2 become: 

[AkHo,VHaJR = 0 for k.l E Z. 0', j3 En 

[Ho" E±oJR = a(HQ, )E±., fo,. n E 6+, aj E n 

[Eo, Ep]R = 0 for 0', E 6+ j3 E 6_ 
(26) 

[E,., EPJR = 2Na ,pEo+!3 f 0/' 0,.3, a + f3 E 6+ 


[Ak HOi' A'E±oJR = + iiirtn(l))( ±o:(Ho, ))Ak+1 E±o 


for k.1 E Z \ 0 n E 6+. (l'i E n 

If we choose <:oordinates in 0;;- to b(' E Z, i = 1,"', n, a: E 6} 
such that 

hi,J.;(L) =< )."h i , L > 

xo,dL) =< A"E". L > 

for L E e9. Then we can define the Poissoll hrllcket on CX '(e9*): 

{/t,/2}n(L) = L([vfdL). 'Vi2(L)JR) (27) 

where 

vfi(L) = L Dli (L)/\k H,.\ +LDf; (L)Ak Eo E e9 
i,k Ohi,k ~'." D.te"k 

and /t,h E COO(e9"),L E e9*. 

Combining (26-27), one knows that D;r is R infinite dimensional Poisson man

ifold. In particular ,the Poisson llrad:ds hC't\\W'll coordinate functions are : 

{hi,k,hj,I}R =0 

{hi,x±a}R = for (\ E 6+ 
(28) 

{Xa,X-P}R = 0 fo/' a,J E 6+ 

{Xa,XP}R = for n.'"O' +,8 E 6+ 

where hi, Xo simply denote hi,o. Xo,O ,·,.,,,nnr·t;,,,,J,· 

1-4 



Now let 
n " 

A = LPJL; +L (ir.I']l(L 'fI(\i(hi, + (29) 
;=1 ;=0 /,;1 

Eo, for i = 1"" ,II 

where e", = { >.E-e 
for i = 0 

E_ a ; fori=I,· .. II 

e_o ; = { 

>.-lEe fm· i = 0 


then 
n 

R(A.) = L Cif.l'll( (}i,.li,l - c_ a ,) (30) 
;=0 

So we obtained the equation of gCI1IT,ljiz(,lj p(·riodic Toda lattices 

dA. 
ALA] (31)

df 

Because we can identify £g- with C(I hy th(· uoml('gcnerate bilinear form on £g 
(See Lemma 2.2( d»). Restricted to ("(lHdjoillt-orhit of Cg- with the symplectic 

structure given by (27) (28), then Lilx ('qnation (31) is just the equation of Hamil

ton systems whose Hamiltonl1inll is 
,) 
1 < A. A >. 'V(' will give the proof that the 

phase space of (31) is the union of th~ foUowilll!; family symplectic manifolds, each 

leaf is Q(co,"',cn ), depending Ol1 (co.··· .en ) E (C\{O})1l+1, is defined by 

Q(co,'" , = {A. E C9 I _-1 =L 
11 

I)," i + L 
n 

+ e_ a .)} 

;=1 ;=0 

where 
ex!,)(2::Z: t qk(\i( I,d) i = 1, .. ,n 

X"i = { n;:l i=O 

and (al,'" ,an) is defined by the root (-1 = (liG'i in g. 

It is easy to see that 

Q(co,'" ,en) = Q(c~,.· . . c~) if (lod only if there exists 

(qr,···,qn) E cn ,:juc/' tllrlf == e,l (*)Ci 

I,') 

• 

The existence of (ql,' " qn) is obtaillf'd hy tIl(' llondcgenerate matrix ( oi(hj ) ). 

So we choose (CO,"" Cn) E (C\ {OJ )"+1 wit h modulo the relation 

We have finished the construction of p;C'llf'l'nlizf'd periodic Toda lattices by the 

standard r-matrix method. The cl<lssicnl ,mrl qnantum theories will be given in 

detail later. 

§4. Property of the Solutions 

In this section, we shall disclISS til<' sollltion of Lnx equation by using the 

theories of the infinite dimensiol1nl p;mnJ('try. In [!pneral, because the coadjoint 

orbits have symplectic structl\l"('s. t.l1<' Hnmiltolli;1I1 systC'ms defined on the coad

joint orbits are very important. and 111m' heCll \\"('ll cle\·C'loped. Especially, if the 

Lie algebra has a nondegenerate hiliIwi1l" form. tllf'll the Hnmiltonian equation can 

be expressed in Lax form. In sectioll 3. wc hnn' constructed Generalized Toda 

Lattices in this sense. From section 3. \\"(' hnn~ the r-matrix (24) and the operator 

(25) on £g, then we only consid('l' tIl<' following Lax equation: 

dA. A] (32)
dt 

where A. valued in £g, Of courSf', this ('rpl;ltiol1 111<ly he tridal for some A, but if 

we choose .4 E S* C £g, the dual spncc of S (0). then many interesting results 

can be obtained. 

[Proposition 2] Under the idclltificntioll of S- c £g, the Lax equation (32) is 

the equation of Hamilton flow on coadjoint orhits of Cg-, whose Poisson structure 

given by (27), with the Hamiltonifll1 H = ~ < A, A>. 

Proof: First note that, under the id('ntificntioll of Cg-= £g , A.d*1 = Adl for 

'Y E LG and ad* = -ad. Since H is Ad - il1l'ori(mf functi.on, so the Hamiltonian 

on the coadjoint orbits is well ddhH'd. TIl(' Hmnilton's eqnation is the form: 

dA = {H..-1"} H (33)
dt 

where A. E £g,.4.* =< A" > is a fUllC'tion Oll cg. By the definition of Poisson 

bracket {,}R , the equation is just (32). Q.E.D. 

16 

http:functi.on


.. 

This Hamilton system is inte:;rnhk. D('CCl1ls(' the POiSSOll strncture on cg" is 

induced by the st.andard Poisson -tC'nsor i. Oil L G, i, I:. 

i.i-; ) = I.,.r - 1'-,. r 

where 7 E LG, l"Yo' r'"'!o are the tallgcl1t lllnps of left multiplication 7 and right 

multiplication I respectively, and r i" rlw r-1l111trix (23-24), So the integrablity is 

followed by the V.G.Drinfd'd in im'olllri()ll tlwolTIll [2] nnd [5J, 

One easily gives a differential stnICtllr<' on LGILK. for there exists a local 

isometric diffeomorphism betweelI CQ and L G. i, (:, exponential map. The quo

tient space is diffeomorphic to CP locnll!' (SC'(' LClIlllll1 2(b) in section 2). By the 

left multiplication of LG, we obtnill <I smoot It ('OWl' on LGI LI\" which gives the 

manifold structure. An obvious result is thClt thC' tnngcnt space at any point on 

LG I Lf( is isomorphic CPo Since there exists a posith'e definite inner product, we 

can obtain a LG-invariant metric on kft cosC't Sp(1('C LGI LI~·. From Lemma 3(b) 

in section 2, LGI LI( is an infinit(' dil1l!'llsiol1nl Ricmannian symmetric space. 

[Theorem IJ There exists a inll1H'l'Fiou: 

W: LGIL1\." ......... LG 


where LG I LI( is equipped with LG-im';l1'i,llit mC'tric abow and LG is equipped 

with the standard Riemannian strllct1ll(', 

Proof: For LI( is the fixed point.H of rhe iuYollltioll11lltomorphism 0-, so 0-(7)-17 

is indepe~dent of the presentl1tion ekuwllts ill the ('oset [rJ := LK,i, i.e. o-Cr)-17 

gives the parameterized coordimlt('s of LGI LI{. WC' dcfiue l!J([i]) = 0-(7)-1 7. This 

is well defined. Up to a positive scakr. q, is :.."",r:-...:~ Then we can normalize it 

such that W is a geodesic immersion. Q.E.D 

In the following discussion, we will identify LGI LI{ with the image of Wand 

think the element of LGI LK ill form of (1'( ") )-I"), From corollary 4 in section 2, 

LG have decomposed into hm factors: LG = Ll\" S. then for a coset [ij, let 7 = 
kCr )$(7), we have [rJ = [s(J lj. SO II'C rqmr<ll11('tC'rizc LG / LI~' with the elements of 

S, i.e. 4>(s) = [sJ is one-to-one fwm 5 to LG / LI\". Ilnde!' the identification of W, 
4>(8) = o-(S)-IS. Because Killin:; form !'cstri(,tcd to S. the t.angent space of 5, is 
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degenerate, so S has not a Ricmanlli<lll ~tl'1ld1\l'(, from Ad-invariant bilinear form. 

But we knows that 4> is illjecth-C' and SHrjcctiw~ :-;mooth map, t.hen Riemannian 

metric on LG I LI( can be pulled back to S t hrollgh (P such that 4> is isometric of 

course. One can easily know that this ll1('tric 011 S is induced by the inner product 

of C:P = S· on cotangent space of S (lip to a seeder) at any point. To conclude 

this paragraph, we claim that the coYari1lnt nic'Il11lnni;:lIl tensor of this metric on 

LGILf{ can be expressed through tIl(' ickntifkntioll of q, in following form: 

, ds2 = ,)1 t:: Kill(.r- 1rl.l' . .l'-lrl.r)dB (34)
_i. . 0 

Let x(t) be a smooth cun'e in LGILE , rC'call thnt the first ,-ariation formula 

gives the equation of geodesic fiow. Directly calculation gives: 

d ' 
dij;r (t) . ,1'-1(1)) = 0 (35) 

where x (t) denote ~:. So the g('odC'Hic C'qllatiol1 in this infinite dimensional case 

is the same as that in the finite dimcnsionnl ensC'. 

The reader will obtain the following LC'lJ1l!l!1 without any difficulty. 

[lemma] Let A E S, if we ident.ify it with a clc>ment A in S· = CP by the 

induced inner product onS ,then i(A-i1(A)). MoreoverR(i) = ~(A+o-(A)). 
If A E S*, then A + R(A) E S, 

Now we give the following nwill tllf'or<~m of dnssical theories. 

[Theorem 2] Properties of the Solutions 

(1) For a fixed initial condition A(O) = Ao E S', the Lax equation (32) has a 

unique solution, expressed in (condjoillt la(lioint-orbit form: 

A(t) Ad( ,~( f.rpt Ao) ).Ao 
(36) 

where the element set) = s(exptAol and k(f) = l'(crptAo) are defined by exp(tAo) 

in the decomposition of (18), i.e. e.rp(fAo} = l·(tHt). 

(2) If one pulls back the tangent ,'C'dor nt .,,(t) hy right action of LG, i.e. take 

the function 
(HI) ,,,,-I(t)

A(t) =dt 

18 



which belongs to S· under tlw i(klltificati(lu S' S, t!ten .4.( t) satisfies Lax 

equation (32). 

(3) If we denote 

x(t) = <Pt.,(f.l'ptA)) = <p(At)} (37) 

where ell is defined by (7),and S(CI'Ilt.-t) ,,,(t) is defined by Theorem B, then 

d 
(f) -I' - 1(f)) = 0 (38) 

With the knowledge of infinite g:f'OlIldry gi\'(~n above, the equation 

(38) is that of the geodesic in LGj I 1\', 

(4) Given a geodesic ;r(t) in IG/II\'. \\'e ('onsidC'r 

<I>~1 (t) ) 

in S, If we identify this in S*, and rnl! it A(f) . Then A( t) is the solution of 

equation (32). 

Proof: )Jote that s(e.rp(t.4.a)) = 1;(rI'Jlt.-i1i <'Ind A.d(exp(tAa».Aa = 04.0 , 

so the second identity of (36)is ol)\"jolll-', Fil';-;r \n' c"klllate : 

s(exp(t.4.a))S-I (exp( tAo)) 

d . 
=-( k- l (exp(tAa))e.1:p(f .-io 

dt 
l:tt"rp(tAo)) 

= .4.d(k- l (exp( tAo)).Ao i: (c.l'ptAa) (*) 

= .4.(t) + R(A(t)) ( b!l Innma 1 

where the third identity is ohtniuC'd by tIl<' fir;.:t pnrt and the second part of (*) 

belong to CP and C}( respectively. <'Ind 0.,: is orthogonal to CPo So we have 

dA d 
))).Ao)

dt 

(t), 

+ R(A(t)}. 

)). A(t 

10 

-\ 

.. 
so (1) and (2) are obtained. Secondly, WI' oht:liu easily that 

x(t);r-l = 2fT! .-i( t )fT(.j) 

where s = s(exp tAa). ,Using the C(IlIl1tioll (32). (3) <lnd of Theorem 2 are 

obtained by directly calculation. Q.E.D. 

So far, we have described the dnssicnl pic·t1l1'(,s of the infinite dimensional in

tegrable system. As an applicntion , we redlld to the gcner<llized periodic Toda 

systems constructed in section 3. "'c will giw' tlw t the phase of Toda lattices 

can be decomposed into the unioll of lr'H\'PS (2\ ('0" • '. cn) and the solutions are the 

geodesic projection of the geodesics ill Ie; I I I{. 

We introduce a quotient B of S . .i.c. 
rl ,) 

13 = E9 qih i +EB .1"" f,., 
i=1 /=0 

where hi, eo; are given in section 3. Thr' ('OIl1l11l1tnr.i\·C' relations between 'them are 

[hi,hjJ = =0 

The dual space of [3 can be idmtifjed i'-itlt B- = Li'=l pJ1.; + L:'=aXo.(ea, + 
e_aJ by the nondegenerate bilinear form Oil (g. In [3-, we construct a family of 

symplectic leaves, each leaf denoted hy Q( ca . .... c,,). depending on (ca,"', cn) E 

(c\o)n+1 modulo relations (*) in l-'cctiol! 3. j, (kfined by 

Q(co,"· ,cn) = {A E cg I A = L
H 

Pi!?i +L
11 

Cj.l~",(e'fl + e_a ,)}
/=, i=(J 

where 
exp(L~:=1 i = 1,· .. ,n 

x a , = 
{ n;:1 x;';J i = 0 

and (a1, ... , an) is defined by the higlwst. root e of g, i. e. e = 2:i'=1 ai(1j, aI, ... ,an 

are simple roots of g. 

[Theorem 31 Q(co,"" cn) inlH'rits the Poisson strllcture from [3* and is a sym

plectic manifold with the symplectic forlll: 
n 

/\ (39)w= L 
i,j=' 
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·, 
I j 

where (a ii ) is the inverse mat.rix;.; of (a,)) (n,(h
j 
)). 


Proof: The Poisson structure on L,- (ll'(' iwlll('c<i hy ! 27) (28), the Poisson brackets 


between the coordinate function~ "hollld to J)(' the fnllowinrr form: 


{Pi,X",JPB ", for .i = 1,· .. ,n 

{pi, X"'o}PB -0(h; )1"'0 	 (40) 

{Pi,Pj}PB {;r.-.,. ,r,,]} PH = 0 

This identities are obtained by tIl(' forlllllla(' (27). we illustrate the second 

identity as an example. Note HUH 

\lP; = It; \l ,r." ,\ -I E(_) 

Then 
{p;,x"o 

< [\lPi. \7.l',.Jn. I > 

< [12;. ),,-1 Er-lln. I > 

< IH(h,). ,\-'1::(-lJ -i.-[!t;. R(.\-' EAll. L > 

< -[hi./\-IE(~)1.1 > 

-0(11;) < ,\ -I E(~). I > 

-0(h;)x"Q 

One knows that the Poisson-tensor OIl 8- i;.; p;in'll hy 

D D f) a 
11"0 = aji x ,,] 1\ - (-)(11, )·1"'0 1\ 

To calculate the Poisson structUI"f:' 011 (,1wl1 kaL w('. define a projection: 

p: n----'t ...• en) 

by 
p(Ei=t Pihi + +c-c.,ll 

=E~t Pihj + c,.re•• ( ( + ( -'. ) + .r(l} + e_aQ ) 

21 

Then the inherited Pojsson-ten~or on Q( ('0' ' . , • l'" l is gin~n by: 

f) a 
11" = p.(:oo) = (t Ji.r,,] :1~:- 1\ 

since p.( 00 ) = O. This Poisson "tl'lwtnrc :0 is llondegenernte, and the Poisson 
X"'o 

bracket on COO (Q(co,' .. , en)) is gin;n by 

{f,g} ;-;U0!l) = ;-;(clf0 

We define a 2-form by 

i-l.,' = 	L (/i),/',~,Id/l, 1\ 
f.,l=l 

and let Xj = dJJ 7l'. Then 

XjJ",' = 

{f,g} = ...·(Xj • Xj(rJ) 

So...; is a nondenegerate closed 2-fonn frolll tlwt tll<' Poisson tensor;;- is nongenerate 

and the Poisson bracket {, } is sa tisfif'd tIt(' Jn ('Ohi ('()ndi t ion. This completes the 

proof of Theorem 3, Q.E.D. 

Note that 8 is a direct sum of t\\'() COlllllllltnti,'(' sllbalgebras, and the second 

subalgebra is an ideal of 8. So \Y(~ nUl inr('p;l'lIt(' thcm and obtain a decomposition 

for the Lie group B: 
Il 

B = e.l:l'(L q)li )crp(L .1·",10..... ) 

i=l i::::O 

And there exists a projection which is isomctric : 

7l': s-----n 

For an initial condition A.o,E 6- c CP. we know A(t) = Ad(s(e;rp(tAo))).•40 is 

a solution of Lax equation (32). We also (k'llot(· the differential of 7l' with the 

same symbol. Then A(t) = Ad(;;-(.::«c.rptAn))).A II is the solution of the generalized 

periodic Toda equation, since if w(' let 

n n 

1I"(s(exptAo)) = e.l'p(L fji(f)h;}c.l'p(f:, ;r",.ea ,) 

i:1 i=O 
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1) 

• 

Th0u 


(I T]d.-\o.l) 


= + 

= .4(t) + R(A(t)) 

1 . 1/ 

so A.(t) = 2::;'1 hi + 2:7:0 :):ro/;:rp(I: (\ + e_a }). By the proof of 
- i=1 

Theorem 2, we know A{t) is the sollltioll of Todn ('(pll1tion (31). One can verify 

that .To) is independent of the tiuw t hy thI' follo\\"ing lemma. 

[Proposition 3J Let .'10 E B-. (', =< .-1. 11 • (,., > (i = O,···,n). Then 

Q(co,"" cn) is the coadjoint orhit of [] r\!\'()1\.u;h ..10 . 

Proof: Note that B = exp(:L:'::l 1(.lJli~:~'Jr",(",) i~ a product of two com

mutative Lie groups and e;1:p(:L;'~o ) is <l llorIll!d snbgroup of B. Then this 

proposition is obtained by some tedioll;; din'ct CRk1l1<ltions, Q.E.D. 

Using this proposition, we know that < .-l.(t). f •• ) >=< Ao,eo } > , so 

limt_o < A(t). (. > 

1 
= limt-O :L (lj(h lqJt)) 

,=1 

1 
= (·Oll.~t(/Ilf 

So A.(t) E Q(co,""cn ) for Cj = ~.i:,,}. Up to now. ,ye finish the decomposition 

of the phase space of Toda systern~. TIl(' g;C'()I\f'f'jc property of the solution follows 

from Theorem 2 and the geoclesi(' projC'criOl! ;;" . 

§5 Geometric Quantization of Toda Systems 

In this section, we will rhf' qllCllltl1111 piC"tnre of Toda systems by the stan

dard procedure of geometric IpHlIltizntioll :22]. We' only consider the reduced Lie 

group B and its Lie algebra B. 13:- Theorem 3. OIH' knows that Q( Co, ... ,en) is a 

2:3 

symplectic manifold with the snllnkcric form: 

w 1\ 

If we change the coordin~tes by .1',>, = 	 i = 1" ", n, then 

w 	 2:~j=l aijx~)dpi /\ 

2:~j=l a'i (exp(2:k:l fjk(\ i( h~. rlPi 1\ d(c;rp(:Lk=l 

2:~i=l aij (exp(:L k:1 /\dqk 

:L:;'1 dPi /\ dqi 

One knows that the symplectic potl'lltial H j>,dqi' Let the prequantum 

linebundle is trivial bundle ,i.e. L = .II x <..'. wlK'l'<,.\1 denotes Q(co.··· ,cn)' Let 

the connection potential ;3 = -*8. rwlC'r tIH' tri"ialization, we ha\"e a non\"anish 

global section So such that any other "<'rtiml.' is the form .~ = oso with 0 E COO(1'\1). 

Then we define a connection \7 on L ]lY 

\7 ·~o = :J 0 ,"0 (41) 

then 

V.\ ·'if! (.YJ j hi= 
so 

\7.1.'( QSo) X(o)·';o + 0 \7x So 

(.\"(0) + 6(XJ3))so 

for X is a vector field. 

It is obvious tha.t curt'atllrc\7 = dJ - i /\ .I = -*d8 = -*w, in other words 
we have 

[\7.1.', \7d - \7[X, t'! = - j; ..... (X, y 

for any tangent vector fields X, Y \YI' ill~() intl"oc\we' some useful identities, for 

each J E COO(.iV/), Xf is the associated Hl1ll1iltolllnll '-cctor field, i.e. XfJw = -dJ, 
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'! 

J 

then 
(1) {/.g} = SfY -X91 

(2) [XI' X9 ] 

(3) [\lx" gj = 

where {,} denotes the Poisson lJnlck(,t Oil eX 
( J!). 

Now we define the prequanti%l1tioll operator" <1cting on the sections of the 

linebundle L. For each I E C'x (-'1) tII<' (ls~ocia tC'd prequantization operator is 

defined by 

i -iii \lx, +f (42) 

Then 
[j,g] 

\lx, +f- -ill \lx, 

-n2
[\lx/, \l}.) 

_n2 
\l[X,.XgJ + i1i;.,.·(Xf ,Xg ) 

-in2 g} 

-in{j, g} 

This is Dirac's quantum conditioll in qlltlutlllll systems. The Hilbert space is 

the completion of square integrahlc S('ctiOll!' with the scaler product: 

< '-1 ..,,'! > ....,d;m,H< 81 >= 

where <, > is the unique Hermitian form to \l 

x < SI,.52 >=< \lX"I"'2 > + < '~1, \lX.52 > .""" 

and ",-,dimM is the Liouville form OIl .II. 011(' ('(lsily knows the operator j is a self

adjoint operator with this inner prndll('t. nut this space is too large to represent 

the phase space of a physically r(,<lsoll<lhk "ystc'lIl. OUf' mtlst choose some sections 

that are parallel along a pnlorizatioll of the dHS;.;jc;d phnse space. In our case, 
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we choose the polarization hy the <li~trilJ11rioll P C YCCM), where P {X E 

YCUvI) I XJ8 = O} = spanc{ ~a }~I = 
up, 

The polarized section is s = 080 whidl ~ilti!'fk~ 

\lXq,8 = 0 

i. c. 
o¢ Do 
-so + 0 \lx. "0 == -'''0 = 0
OPi I'DI', 

So the polarized condition for (> is ~o = O. Th(' another problem arises since 
up, 

the integral of < sis> for polarized sectiolls do(';; Hot com'crge, so this leads to 

Half-density quantization. ny the proC('(ItUT of half-density quantization, the 

physical Hilbert space should be id('ntificcl \\'ith the square integrable functions of 

(ql, , .. , qn) with the volume elel11{,ll t A .. · So the operators correspond 

to classical observables, must act on t IH' pol;n'iz(,d sections space imtariantly, we 

call them the quantizable classic;)l oh~en·ilhk'<. Let f he a quantizable function 

on ,\1, then we have 

) 0\lx", 

for any polarized section s. By directly calculation. we obtain 

\lxqi(js) 

= -in \lXq; \lxJ.'i + \lx", (f.-) 

= -in \lxJ \lxq.(s) - iii \l[x./, . .\',],~- , X 1)05 + I \lXqi 05 

= -irL \l[Xqi,XJJ s 

=0 

This implies that 

.Xf ] E P 

so we know that the condition for t he' fllndions is 

{Pf - 0 
(* )apr 
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In particular, if we take hi,e,.} for i::= 1"'II,j = O"'n, as a fUIlction on 

!vI by the bilinear form on B. Then Ii.::= Jl, :llld (,.) = xo). which satisfy the 

condition (*) obYiously. So we ohtain n rqm'sclltation of B on the polarized 

sections space, which will be descrihed ;lS follows. Not.e that j acts on 1>80 as 

-inXJ - X J J(L~=l Pkdqk) + f on 9 for f siltisfi(',; the condition (*). Then 

[) . 	 .~ [)
P•· = -iil-[) 1i /II-[). + qi

I fl, p, 

By the polarized condition or til£' i<kutifi"d Hill)('rt iipacc of square integrable 

functions of we have 

• 'f. [)
pi=-ll- qi = (ji

[)qi 

which is the familiar Schrodingcl l'cIH'scntntioll. 

Then the representation of B acting on th(' physical Hilhert space are given by 

.'" ahi = -tllaqi 

(43)cjexp(Lk=l for .i 1. ... , n 

eQ 	 = 
{ 

J coexp( - l:k=l for j o 

We can write the quantum Hnmiltollian l)y rile Casimir element of B: 

" H=~hJ+'(-.) 	 (44)~ I 'L -,) 
1=1 .i=D 

by (43), we obtain the quantum Hmniltonian of gCllf'ndized periodic Toda lattices: 

n fJ2 "11 

L: nAhdfJk) (45).H L:i1a2+L: 
1 ql j=() 1::1 

where 0'0 denotes -0. One easily knows that our construction of quantum Hamil

tonian is obtain hy the important theorem of Kostnnt [14], which implies that, in 

geometric quantization, the quantum op('rator~ can give the representation of the 

associated Lie algebra by the HwmlS of 1110mCllt mftp. So the quantum picture 

of generalized periodic Toda lattiN'S is ohrniw'd by the procedure of geometric 

quantization. 
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