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Abstract 

In a mean field scheme, we studied an anyon system in a boson back­
ground representation and fouud that anyon fluid is a superfluid but 
it has two branch of spectrum, one is a linear spectrum and another 
has a finite gap which derives from topological term. As we turn on 
external electromagnetic field, anyon fluid becomes Hall fluid which 
is incompressible. If we consider the condensation of anyons, anyon 
fluid goes into a superconducting phase which has two finite gaps. 
Finally, we find that for different background representations of the 
anyon system we get different results, in fermion background repre­
sentation, as we add external electromagnetic field, anyon superfluid 
directly goes into a supcrconducting phase, as statistical parameter 
8' =1, this superconducting phas e is gapless. 
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\~ Anyon superconductivity has attracted considerable interest recently in 

$; I~onnection with the cuprate high-T, superconductivity. In a rando\ll- ph...­

~~ ,s:, A.~proximation(RPA), one generally thinks that anyon superconductivity is 
~~ c-.;7 (~LA. :::: ~ gap less , it has a linear spectrum in the long-wa\~elength limitC
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l.2J , In Ref.3, 

Wen, and Zee develop long distance theories of the Hall fluid and of the 

anyon fluid, they show that anyon fluid is a superfluid and has not gap, 

but, if we add a constant external magnetic field B, anyon superfluid will 

become the Hall fluid which is gapful. This means that the external field 

maybe makes the system have gaps under some conditions, 

The recent experimental data(4,5,6l show the cuprate superconductors 

are gapful, which motivates us to ~tudy anyon superconductivity because 

anyons can only exist in the two-dimensional materials such as the Cu0 2 

planes of the cuprate superconductors, Wen, Wilczek and Zee{7l have stud­

ied t.he antiferromagnetic Heissenberg model on the square lattice with the 

nearest neighbor and the next nearest neighbor couplings, and indicated 

the possible existence of the chiral spin state which spontaneously breaks 

the time inversal invariance under some range of the coupling parameters. 

They explicitly showed text particles in chiral spin state obey fractional 

statistics. Therefore, we think anyon superconductivity should be closely 

related to the cuprate high-Tc superconductivity. 

Here we use a mean field method to study unyon superconductivity in a 

boson background representation of an unyon system. We find that anyon 

2 



fluid is a superfluid, but it has two branch (jf spectrum, one is a linear 

spectrum and another has a finite gap which derives from topological term. 

As one turns on external electromagnetic fileds A", anyon fluid becomes an 

incompressible fluid with the finite gap. If one Bonsiders the condensation 

of anyons, anyon fluid goes into a superconducting phase which is gapful. 

Finally, we find that in different baekground representations of the anYOll 

system we get different results. Therefore, we think that it is inequivalent 

for an anyon system whether it is in a boson background representation or 

in a fermion background representation. 

We start from the following simple Lagrangian of an anyon system to 

study its some general properties 

L = 4>*(Po + ao + Ao)</> - _14>*(p + a + A)2</> + J1.</>-</> + 4
9 

fj,lll).aj,l8I1 a,\ (1)
2m 1r 

where 4> is a charged boson field, a", are statistical gauge fields, A", external 

electromagnetic fields, J1. is chemical potential. If we change the statistical 

parameter 8 into 9 ± 1, at meanwhile consider 4> as a charged fermion field, 

we think these two system are inequivalent, their different will change the 

whole property of the anyon system(see below). 

In order to calculate the current-current correlation function, first we 

should get the effective Lagrangian of equation (1) by integrating out the 

boson field. To this end, we make the following approximation that we 

properly choose chemical potential J1. = J1.0 + J1.', -J1.0 = m(static energy), 

and think the mass m of the boson is very large, we can take the boson as 

relativistic particle, the Lagrnllgian in (1) can he written as (here omiting 

the chemical J1.' term) 

L == 4>*[(p", + a", + .-1",)2 - m 2]4> + :1r f"'lI>.a",8I1a,\ (2) 

we consi~er this approximation is reasonable for large m and is compatible 

with following results. "Ve take the Lagrangian as the form in (2) so that 

we can easily integrate out the boson field. After simple calculating and 

utilizing the large m limit, we get the following effective Lagrangian of the 

anyon system 

1 8 
LeW. [a, .41 == -?-f",,( a + ·-1)f"'lI(a + A) + 4'-f",".\aj,l8I1a,\ (3) 

A~m 1r 

where fj,lll(a + A.) == 8j,1(a" + A,,) - UI/\ll" + .-I.,,). After integrating out boson 

field, the statistical gauge fields be('ome dynamical variables. One easily 

see that as m -+ 00, then if> == O. the Lagrangian in (2) and (3) are same. 

If we turn off external electromagnetic field, the generating functional 

of the anyon system reads 

Z[~~ == j Da",.t;i ~,(P.r{L~ff.lA=O)+4,.J"1 (4) 

where J", is a parameter. By'simple calculating and choosing k" == (w, k, 0), 
! • 

we get the following correla~ion fundion 

. '< at(k)at(-k) >::= -it;. "/-k~
" > 2. (5)

t .( k) . ( 1<) > . . 8ft '" ~< a~ tl.2 -I\! = -t ~t;'rjo.l(~Lk~)+tIj 
• I • 
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• 
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where a = 12~m' They give two branch spectrum, one is a linear spectrum 

and another has a finite gap which derives from the topological term in 

Lagrangian. Therefore, anyon fluid is a superfluid, this is agreed with the 

result in Ref.3. 

As external electromagnetic field is applied to this anyon system, the 

generating functional reads 

Z[A.] = f Dulle i f dlxLcff [a.A) 
(6)= eiSeff.lA) • f Dalle- i f "l.r(ao~oao+a,G'JuJ) 

Seff,[A] = - f cPx[-~A.otoiGi:/ FOjAo 
-~AoFoiGi:/EiFt, + A.d~kil (7) 

-!(kOi 60J kOI - EijGj"l EkdJA./J 
where Gij = 6 ii - ~L\oi 60J 6 0 ), FOi = -!;fjjOj, Eij = k jj - }L\oi 60J koj, 

and 
6 00 =au?, 6 0i = 2aoOOj + !;€ijUj 

6 ij a(o;uj - 06jj ) + "i;CijOo (8) 
kOi = 2aOouj, kij 2a( UiOj 06jj ) 

where the "",," over the operator indicates its conjugation. Utilizing equa­

tions (6-8), we can easily get the current-current correlation function 

•. • 2 1 c52 Z[AJ (9)< JIoI(X))II(Y) >= (-z) Z[A] 8A (x)8.4,,(y)
Il

In phase space (choosing kJ.l = (w, k,O)), it is simplified into 

, (k) . (k) , 2a02 
k2< )0 )0 - >= -I 16lf4a2(,,-/4-1:2)+81 

< j.(k)jl(-k) >= 0 +0(w2
, k2

) 

. (k) , k) -' 2a8 (..,4-l:l) O( 2 k2 ) (10)< )2 )2(- >- "ltllf;a4
2
(w2-1:2)+81+ w, 
< j.(k)h( -k) >= 0 

< h(k)jd-k) >= -~u..' + 0(w2
, k'l) 
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We :iec that in existing external electromagnetic field, anyon fluid has only 

one spectrum with a finite gap which derives from the topological term, 

then anyon fluid becomes the Hall fluid which is incompressible. It is very 

natural that a anyon system will describe the quantum Hall effect as ex­

ternal electromagnetic field is applied. But the anyon system described 

the Lagrangian in (3) cannot be in a superconducting phase, the current­

current correlation functions do not give the Meissner term in (10), it is 

only in a Hall phase. In order to gaiu anyon superconductivity, we must 

consider the boson condensation. This can be easily done by writing the 

boson field as 4> = v'p + </>' in equation (1) and omiting the linear terms of 

if>' and redefining statistical gauge fields a = aO +a', tfjjOia~ = -p, now 

the Lagrangian is (omiting the prime of all) 

Leff.[a, A.J ::::: -24~m/Il,,(a + .4)/jj,,(a + .4) (11)
-~(ai + Ad2 + !;ell">.allu,,a>. 

Utilizing the same method as above, we can get the following current­

current correlation functions( choosing kJ.l = (w, k, 0)) 

, (k) . (k) , 2Qm04 k4 

<)0 ')0 -' >= -I 161rlma:ol(,,-/Lk'l)+m92+81r2ap 
2 . (k) . (k) ..IQP(..,l_k ) O( 2 k2)

<)1 . h -' >= -Z4am(",L,,1)+p + W,' 

<h(k)j:z(-k) >= i[(! - 8lf2 :::a;:292) (12)
+( 8~a2e '») 8lf2QP(",2_kl~ + O( 2 k'l)

8lf2ae+m01 - _a 16;:-lma2(..,2-k2)+mJ +8orl ap W , 

< il(k)j2(-k) >= 0 +O(w2,k'l) 
< h(k)il( -k) >= -!;w +O(w\ k2

) 

The first term in < j2( k )j2(-k) > is the Meissner term which indicates 

the anyon system being in a superconducting phase, then we see that the 

6 
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Meissner term depends upon the statistical parameter 8, if 8 0, it will 

disappear. This anyon superconducting state ha..'> two finite gaps 6; 2-;;;' 
6 2 

..L +~. If we consider the order corrections, these two gaps~ 211m 16w a 

will have a small change. but they do not disappear. Therefore, we think the 

anyon superconductivity is gapful, and so is the high-Tc superconductivity. 

If we consider as the boson field <P in becomes fermion field by 

changing the statistical parameter 8 into 8 ± 1, how do we calculate the 

effective Lagrangian of the anyon system? We are reminded by the following 

relation 

J 
 dJr~l'f"(p,,+!lI,)±M)1,/> 


(13)ei JdJ:r(±trt""~a"O"aA-~J,,,,!,,"1 

which is valid for large M. However, wh~n a llonrdativistic fermion is con­

sidcred as a relativistic one, we must eonsider its Spill For large III 

limit, the Lagrangian in (1) can be approximatly written as (omiting 

L' ¢d'Y"(p,. + a,. + - m']tPi (14)+WfplI ,\a,.8"a.\ 

where the difference of the mass 10 and m' is only a constant coefficient( see 

below), which can be seen as a microscopic ineql1ivalence of two represen­

tations when we take tP as a boson field and a fermion field, respectively. 

This can be easily understood by the equivalence of the boson and fermion 

in 2+1 dimenSions. Its effective Lagrangian reads 

L~fr. = '-srr'mJlw(a + A.)/,.,,(a + A) 
+¥:E/w.~a,.a"a>. - t;fp",\(a,. +A,.)8v(a.\ + .4,\) 

7 
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Then, if we first consider <fo in (1) as Il. cha.rged fermion field, using the same 

method a..~ above, we ca.n g€~t. the following effective Lagrangian 

L~tr. -H1f~,J,,,,(a + A)/u.,(a + 
0' I a ) (16)+4;fulI .\a,.OIlU,\ 4;f,..,>.((11-\ + A,,) II(U..\ +.4..\ 

where the relation of the statistical parameters 8' and 8 is 9' 8+1. \Ve see 

tha.t the Lagrangian in (15) and ill (16) is same, but they are different from 

the Lagrangian in (3), this difference induces a different physical picture. 

In a fermion background representation of the anyon system, we can get the 

following current-currcnt correlation function with the effcctive Lagrangian 

in (16)(choosing k,. (w, k, 

m' 
< h(O)h(O) >= i 411" (17) 

whidl Hwans that. H.llyOU sllp('rfillid goc~s into SUl)('f(~OIHluctillg phnse 

when external electromagnetic field is applied. As the statistical parameter 

8' 1, i.e., 6 = 0, this superconducting phase is gapless. However, this su­

perconducting phase derives from the topological term -~fJ.w.\a"a.,A..\, Le., 

the interaction of external electromagnetic field A" with the topological 

current .J,. = ~ f JA",\ alla.\ in (16). If one only considers the interaction of ex­

ternal electromagnetic field with the topological current in the Lagrangian 

of an anyon system, one certainly gets the result that anyon superconduc­

tivity is gapless. If the statistical parameter 8' :f:. 1 in (16), one gets that 

anyon superconductivity is gapful. 
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