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Abstract

In a mean field scheme, we studied an anyon system in a boson back-
ground representation and found that anyon fluid is a superfluid but
it has two branch of spectrum, one is a linear spectrum and another
has a finite gap which derives from topological term. As we turn on
external electromagnetic field, anyon fluid becomes Hall fluid which
is incompressible. If we consider the condensation of anyons, anyon
fluid goes into a superconducting phase which has two finite gaps.
Finally, we find that for different background representations of the
anyon system we get different results, in fermion background repre-
sentation, as we add external electromagnetic field, anyon superfluid
directly goes into a superconducting phase, as statistical parameter
' =1, this superconducting phase is gapless.
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Anyon superconductivity has attracted considerable interest recently in

y connection with the cuprate high-T, superconductivity. In a random- phase-
v

h? &:‘ ?ﬁproximation(RPA), one generally thinks that anyon superconductivity is

«
% gapless, it has a linear spectrum in the long-wavelength limit!, In Ref.3,

Wen, and Zee develop long distance theories of the Hall fluid and of the
anyon fluid, they show that anyon fluid is a superfluid and has not gap,
but, if we add a constant external magnetic field B, anyon superfluid will
become the Hall fluid which is gapful. This means that the external field

maybe makes the system have gaps under some conditions.

The recent experimental datal*5%l show the cuprate superconductors
are gapful, which motivates us to study anyon superconductivity because
anyons can only exist in the two-dimensional materials such as the C,0,
planes of the cuprate superconductors. Wen, Wilczek and Zeel”) have stud-
ied the antiferromagnetic Heissenberg model on the square lattice with the
nearest neighbor and the next nearest neighbor couplings, and indicated
the possible existence of the chiral spin state which spontaneously breaks
the time inversal imériance under some range of the coupling parameters.
They explicitly showed text particles in chiral spin state obey fractional
statistics. Therefore, we think anyon superconductivity should be closely

related to the cuprate high-T; superconductivity.

Here we use a mean field method to study anyon superconductivity in a

boson background representation of an anyon system. We find that anyon
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fluid is a superfluid, but it has two branch of spectrum, one is a linear
spectrum and another has a finite gap whiéh derives from topological term.
As one turns on external electromagnetic fileds 4,, anyon fluid becomes an
incompressible fluid with the finite gap. If one Bonsiders the condensation
of anyons, anyon fluid goes into a superconducting phase which is gapful.
Finally, we find that in different background reprcsentations of the anyon
system we get different results. Therefore, we think that it is inequivalent
for an anyon system whether it is in a boson background representation or

in a fermion background representation.

We start from the following simple Lagrangian of an anyon system to

study its some general propertiecs
- 1 - 2 - 0
L = ¢*(po + ao + Ao)$ — a8’ (p+atAyd+ud’d+ —eurandoan (1)

where ¢ is a charged boson field, a,, are statistical gauge fields, A, external

electromagnetic fields, u is chemical potential. If we change the statistical

parameter 8 into 6 + 1, at meanwhile consider ¢ as a charged fermion field,
we think these two system are inequivalent, their different will change the

whole property of the anyon system(see below).

In order to calculate the current-current correlation function, first we
should get the effective Lagrangian of equation (1) by integrating out the
boson field. To this end, we make the following approximation that we

properly choose chemical potential g = po + 4/, -0 = m(static energy),

and think the mass m of the boson is very large, we can take the boson as
relativistic particle, the Lagrangian in (1) can be written as (here omiting

the chemical 4’ term)
- e 2 6
L = ¢"{(pu + 0+ A,)° = m’]é + —eunaud,ay (2

we consider this approximation is reasonable for large m and is compatible
with follov}ing results. We take the Lagrangian as the form in (2) so that
we can easily integrate out the boson field. After simple calculating and
utilizing the large m limit, we get the following effective Lagrangian of the

anyon system
1 0
Leﬂ-.[a, A] = ~9—~——4_mf,w(a + A fula+ 4)+ Ge“,,\aua.,a,\ (3)

where fu{(a+ 4A) = 8,(a, + A — Dula, + A,). After integrating out boson
field, the statistical gauge fields become dynamical variables. One easily

see that as m — oo, then ¢ = 0. the Lagrangian in (2) and (3) are same.

If we turn off external electromagnetic field, the generating functional

of the anyon system reads

Z[J] =/Da“e;'-fds”u‘elf.[“:o"""“'l"] ‘ (4)
where J, is a parameter. By; simf)le calculating and choosing k, = (w, k,0),
we get the follbwing correlation }unction

. < “i!(kk‘l("’,k) >= ‘T‘%z' o (5)
< aj(k)ay(~k) >= ~igemmor e
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where a = ;1. They give two branch spectrum, one is a linear spectrum

and another has a finite gap which derives from the topological term in
Lagrangian. Therefore, anyon fluid is a superfluid, this is agreed with the

result in Ref.3.

As external electromagnetic field is applied to this anyon system, the
generating functional reads

Z[4] = fD(tue‘fdJ’Leﬁ‘ fa,4]
= eiseﬂ\_[A] . f Daue-ifJar[aquono+a.G.,u,]

(6)

Seﬁ’_[A} = —fd(’.r[—i.*ioio.‘(;;—jl F()jAﬂ
-%AOFO,'G"—J'IE_]““!‘ + A-i[%kll (7)
—3(koi B3g kot — Ei;Gj Ew)] Al
where G.‘J‘ = A,J - AO:’ A(;Ol A”', F()i = "'%Eijajy E,'J = k,‘j - ;‘A A 0},

1
4
and
Doo = ad?, Do; = 2080, + 1=€i;0,
A = a(8,0; — U85 + 4,‘:,]60 (8)
= 2a8o8;, kij = 2a(8:0; ~ 06;;)

where the "~" over the operator indicates its conjugation. Utilizing equa-

tions (6-8), we can easily get the current-current correlation function

1 §*Z[A4] )
. - = (—i 2 9
In phase space (choosing k, = (w, k,0)), it is simplified into
< jo(k)io(—k) >= —ifgmaermya
< jik)jr(~k) >= 0+ O(w? k?)
< ja(R)ja(—k) >= igRslehils + 0w k?) (10)

< ji(k)ja(—k) >=0
< iR (=k) >= —Fw + O(W?, k%)

We see that in existing external electromagnetic field, anyon Auid has only
one spectrum with a finite gap which derives from the topological term,
then anyon fluid becomes the Hall fluid which is incompressible. It is very
natural that a anyon system will describe the quantum Hall effect as ex-
ternal electromagnetic field is applied. But the anyon system‘ described by
the Lagrangian in (3) cannot be in a superconducting phase, the current-
current correlation functions do not give the Meissner term in (10}, it is
only in a Hall phase. In order to gain anyon superconductivity, we must
consider the boson condensation. This can be easily done by writing the

boson field as ¢ = /p + ¢’ in equation (1) and omiting the linear terms of

¢’ and redefining statistical gauge fields a = a% + a, ,,"6.36 a® = —p, now
the Lagrangian is (omiting the prime of a,,)
Lo [a, 4] = —somfwla+ A)fula+ 4) (11)

""iﬁ:(ai + At‘)z + ﬁfuw\auavaz\
Utilizing the same method as above, we can get the following current-

current correlation functions(choosing k, = (w, £,0))

< Jol(Kio(=k) >= ~i gt
< jilk)ja(~k) >= *;“ﬁ&’jﬁ)} + O(w?, k?)

< ja(k)ja(—k) >=i[(% - 8x74:z:+:n797) (12)
+(ar?::a+7n‘:9’ - 2a) ls'lmaf():ﬂarl(\;’)::d)’ F8rlap + O(wz, LZ)

< jilk)ja~k) >= 0 + O(w?, k?)
< j2k)ji(—k) >= —Zw + O, k?)

The first term in < ja(k)jy(—k) > is the Meissner term which indicates

the anyon system being in a superconducting phase, then we see that the
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Meissner term depends upon the statistical parameter 6, if 8 = 0, it will

disappear. This anyon superconducting state has two finite gaps A? = 5=,

2 . . .
A= i mi—?ai' If we consider the high order corrections, these two gaps

will have a small change, but they do not disappcar. Therefore, we think the

anyon superconductivity is gapful, and so is the high-T, superconductivity.

If we consider as the boson field ¢ in (1) becomes fermion field by
changing the statistical parameter 6 into 8 + 1, how do we calculate the
effective Lagrangian of the anyon system? We are reminded by the following

relation
[ dpdiet] Ptz
i f d’:[i;—wt,,.,xa,.auﬂx ~sebgg fwv fuvl

(13)

=€
which is valid for large M. However, when a nonrelativistic fermion is con-
sidered as a relativistic one, we must consider its spin degrees. For large m

limit, the Lagrangian in (1) can be approximatly written as (omiting ')

L' = TLa il (pu + au + 4,) - mo (14)
+%t,r‘1‘€pv.\auaua.\

where the difference of the mass in and m' is only a constant coefficient(see
below), which can be seen as a microscopic inequivalence of two represen-
tations when we take 1 as a boson field and a fermion field, respectively.
This can be easily understood by the equivalence of the boson and fermion

in 2+1 dimensions. Its effective Lagrangian reads

Lor. = — o fula + A)fu(a + 4)

15
+€f;_‘euw\auaua.\ - Zl;epv,\(au + “‘L‘)au(at\ + ‘4‘1\) ( )

Then, if we first consider ¢ in (1) as a charged fermion field, using the same
method as above, we can get the following effective Légrnngi.'m

, L’cil'. = 'ﬁfuv(a + A)fuv(a + ‘4)
+%5uv.\au0uax - #ﬁ;u}\(au + A“)a.,(a,\ + A,\)

(16)
where the relation of the statistical paraineters 8’ and 8 is ¢’ = 8+ 1. We see
that the Lagrangian in (15) aud in (16) is same, but they are different from
the Lagrangian in (3), this difference induces a different physical picture.
In a fermion background representation of the anyon system, we can get the

following current-current correlation function with the effective Lagrangian

in (16)(choosing k, = (w, k,0))

< 0)a(0) >= i a7

which means that anyoun superfluid directly goes into superconducting phase
when external electromagnetic field is applied. As the statistical parameter
9" =1, i.e., 8 = 0, this superconducting phase is gapless. However, this su-
perconducting phase derives from the topological term -3-¢,,1a,0, Ay, ie.,
the interaction of external electromagnetic field A4, with the topological
current J, = -211;5,,,,)‘6.,(1‘\ in (16). If one only considers the interaction of ex-
ternal electromagnetic field with the topological current in the Lagrangian
of an anyon system, one certainly gets the result that anyon superconduc-
tivity is gapless. If the statistical parameter &' # 1 in (16), one gets that

anyon superconductivity is gapful.
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