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ABSTRACT

A new analytical method to calculate the wake potentials of a bunch of
relativistic charged particles in an elliptical cavity is developed by taking

the geometry of the pillbox into account prior to the numerical evaluation.

Previous formulation of the wake potenmtial is clarified by a proper adaptation

of the Floquet theorem and also simplified significantly by decomposing the
cavity eigenfunctions into the transverse and longitudinal vector
eigenfunctions, Numerical simulations based on the new formulation for the
acceleration gradient and the transverse wake potential are presented in terms
of driving electron bunches Qf finite sizes. Typically, for a 1 puC driving
charge traversing an elliptical pill-box of 4-mm gap distance, 100 cm2 in
cross section area with a major radius to the minor radius ratio of 2, the
accelerating gradient is in excess of 120 MeV/m, while the transverse wake

potential at the position of maximum gradient is less than one percent of

\]
the accelerating gradient,
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GLOSSARY

2, eigenfunctions of the vector potential

c velocity of light

e absolute value of the electron charge

dE/dz acceleration gradient, i.e., energy gain per unit length
g(s) normalized distribution function of the driving bunch

i V=i

current density

L length of the cavity

P gap distance (height) of the pill-box

Q charge

T radius of the circular pill-box

S the cross section of the pill-box

Uz longitudinal wake potential

U, transverse wake potential

Wz the~de1ta—function wake potential

W, the delta—function transverse wake potential

a mode number

la wavelengths of the cavity modes of the vector potential
Qa frequencies of the cavity modes of the scalar ﬁotential
P charge density

c standard deviation of a Gaussian bunch

0, frequencies of the cavity modes of the vetor potential ®, = c/ka
¢a eigenfunctions of the scalar potential
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1. INTRODUCTION

The Vwake potential of a bunch of relativistic charged particles
traversing a cavity consisting of many pill-boxes is of considerable current
interest. 'In general, from the wake potentials, the coupling impedance and
energy loss of bunched beams can be evaluated. The idea that the energy lost
by the first bunch 1in a cavity can be utilized as an energy source to
accelerate a second trailing bunch of particles has gained further attention.1
In such a scheme, an extraordinarily large accelerating gradient suitable for
next generation particle accelerators could in principle be realized in a two—
beam geometry. Recently, several different approaches to calculate the wake
potential have appeared in the literat:ure.l—3 The formulation of the wake
potential was shown to be simplified considerably by imposing causality.1 In
this paper we show that these calculations can be further simplified by
exploiting the fact that the cavity eigenvectors in the formulation can be
decomposed into two categories: longitudinal eigenvectors and transverse
eigenvectors, We make additional clarification in the previously ambiguous
formulation for the wake potential from the non-rigorous use of Floquet's
theoremn, Our final formulation yields a form similar to that of the Coulomb
law, The effective electric field (accelerating gradient) is found to be
inversely proportional to the square of a distance. Using the mode—
deconposition and proper use of Floquet'’s theorem, we reformulate the wake
potential in a more convenient form to be more readily calculable numerically.
Specifically, we investigate the wake potentials of an elliptic cavity, which
is relavent in the design of a wake—field accelerator using elliptical pill-

4 s . .o . . s .
boxes. The use of elliptical wake field cavities permits periodic staging of
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acceleration sections mnot readily adaptable in other equivalent cavity
geometries, such as that using annular cross sections. The relative merit and
general advantages of wusing elliptical cavities in a wake—field accelerator

scheme under study will be presented elsewhere.




2. THE LONGITUDINAL WAKE POTENTIAL

In this section the wake field potential in a pill-box geometry is
formulated in the mode concept. Consider an accelerator cavity consisting of
a very large number of elliptic pill boxes. A point charge Q passes through
one of the foci of the elliptic disks with a speed c. Let the transverse

coordinates of these centers be r, = (xo,O) and (-xo,O).
2.1 HMode Analysis
The charge and current density are given by

pl,t) = @3(x - x )8(y - y )8(z - ct) (1)

and
i(g,t) = Qcp(g,t) . (2)

The vector and scalar potentials under the Coulomb gauge due to the
current and charge sources given by Eqs. (1) and (2), respectively, can be

expanded in the Fourier series as
Alz,t) = ) q (g () . (3)
a
and

5(z,t) = ) d ()4 () (4)
a

where {ga} is the set of normalized vector eigenfunctions given by the

following equation and boundary conditions:



Yy
Vza +—a =0 (5)
~q 2 ~a
c
and
Vea =0 (6)
~q
everywhere, and
= o =0 (1)
~q

on the surface of the metallic enclosure of the accelerator cavity where n is
tihe mnormal vector of the surface, and {ﬁa} is the set of normalized scalar

eigenfunctions given by the following equation and boundary condition:
QZ
Vg + 24 =0 (3)

everywhere. Note that

o
1]
o]

(9)

on the surface of the metallic enclosure.

Using Eqs. (1)-(%) and the Maxwell equations, we have, in Gaussian units,

il

4nczQ in(t,L/¢)
e (t) jm sinw (£ - t')a (x ,0,ct’)dt’ , for t > O
a a az "o

) 0
a

0, for t <O , (10)



and

4nc2Q
r (t) = ¢ (x ,0,et) , for 0 <t < L/c
Qo 2 a o
Q
a
=0, otherwise. (11)

Substituting Eqs. (3), (4), (10), and (11) into E = (-1/c)dA/dt - VE, we
can express the electric field at any position in the accelerator cavity in

terms of the cavity eigenfunctions as

2 © 1 .t
E(r,t) = —4nc™Q 2 {- j dt’ coslw (t - t’)]la_ (x ,0,ct’)a (r) +
& c 0 a az o] a

1

+ = 8 (x_,0,ct)Vf (1)} for t < L/c ,
Q.CLC) a ~

B

and
E(r,t) =0 for t < O, (12)
2.2 Delta—function Longitﬁdinal Wake Potential

The delta—function longitudinal wake potential Wz is defined as the
energy gained by a unit negatiﬁe point charge with a velocity ¢ traveling in
the path passing through the other elliptic centers, at a distance s in the z

direction behind the accelerating point charge Q. Thus,

W (s) = —dez E (-x ,0,z,(z+s)/c) . (13)
z 0 z o



Since a signal cannot travel faster than the speed of light and the point

charge is assumed to move with the speed of light, the energy loss

driving electron bunch is independent of the aperture size.

Eq. (12) into Eq. (13), we obtain for 0 < s < L

-s .z+s L
W (s) = 4nQ 2 {(jL [ + IL j ) dz dz' a (-x ,0,z)
z £ 0 0 Les az o’

0

2
¢ L-s
xcoslow (z +s - 2z')/cla (x ,0,z') + —— J d
e az o Q2 0
a

a0

dz

of the

Substituting

z ﬁ (x ,0,z+s)—3(-x ,0,2)} .
a o o

(14)

We impose the causality on Egq. (14)1, yielding the result given by

W (s) = 4nrQ 2 ‘ILa (z)exp(iw z/c)dz 2cos(w s/e)
z a a a

a 0

(15)

Since the acceleration cavity is a repeating structure with period p,

aa(z) is required by Floquet's periodicity theorem to satisfy

a (z + np) = einﬂa (z) ,
a a

where B should be determined by the physical conditions on Wz(s).

cavity is assumed to be lossless, B should be real. We then have

n
(o]

n=0

0

(16)

Since the

JLaa(z)exp(iwaz/c)dz = JZaa(z)exp(iwaz/c)dz E exp[i(Ba + wap/c)nl ,

(17)



where n = L/p - 1. Since Wz(s) is proportiomal to L, ﬁa must be equal to

—wap/c in the proper (rigorous) use of Floquet’s theorem. Substituting ﬁa = -
wap/9 into Eq. (17) and combing the resulting equation with Eq. (15), we
obtain the longitudinal wake potential per uniF length (or the acceleration
gradient, which is simply called the longitudinal wake potential in Ref.l. Ve

adopt the same nomenclature as Ref. 1) as

WZ 4nQ
£ = — ) vA(x_,0,A )V (-x_,0,4 Jeos(s/A ) , (18)
L a o a a o a a
p-a
where
1 P
Va(x,y.la) = joaaz(x,y,z)exp(1z/ka)dz . (19)

Here, all distances such as z and ka are measured in units of the pillbox gap

p, and
1
Vzap + —aP =0 , (20)
~a 2~a
A
a
and
j aP. 2P d3r = § (21)
~a ~B a’g ’
P )

where Vp denotes the space in the pillbox.
Since the driving electrons are distributed over a finite length in the z

direction, we Jdefine the wake potential in terms of the delta—function wake

potential as



@

Uz = I-swz(s + s")g(s')ds’ , (22)

where g(s') is the normalized distribution function of the driving charge.

-10-



3. THE TRANSVERSE WAKE POTENTIAL

Consider again the exciting charge Q traveling the omne foci of the
elliptic cavity at v = c. The delta-function transverse wake potential W, is
defined a$§ the transverse momentum kick experienced by a test charge following

at a distance s in the z direction on the other foci and also at v = ¢, Thus,

¥.(s) = Jitgx + (y x g)x"c]t=(z+s)/cdZ

z=L, t=(L+s) /¢

J.L[vd,_A - v,3] dz + A,
0 z t=(z+s)/c 220, t=s/c

Here, Eq. (7) has been used to eliminate the last term in the second equation,
Analogously to the longitudinal case, Eq. (23) can, by using the casuality,
periodicity, and the geometic property of the pillbox being a right cylinder
whose axis is aligned with the z axis, be reduced to

W,(s) 4nQ
=— 2 V;(xo,O,KG)V¢VQ(-xO,0,ka)las1n(s/ka) . (24)

L

where Va(ka) and X are defined by Eqs. (19)-(21). Similar to Eq. (22), the
transverse wake potential or the transverse momentum kick experienced by a
unit negative charge following a distance s in the z direction behind the

driving charge bunch of an arbitrary charge distribution on the path passing
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through other foci of the elliptical pill bozes is defined by

Cel

U,(s) = j W, (s + s")g(s")as"
-s

where g(s) is the charge distribution of the driving bunch.

-12 -
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4, MODE DECOMPOSITION OF THE WAXE POTENTIALS

For an elliptic pillbox with an geometry shown in Figure 1, the cavity

vector eigenfunctions a = a_x + ay y + a, z should satisfy the following

equations and boundary conditions:

V2a + a /XZ =0 s (26)
X x
2 2
a +a /A" =0 27
Yy y
in the pillbox,
a =a =0atz=0and z =1, (28)
z y

ax/ay = yix/xgy for (x,y) on the periphery of the elliptic cross section
given by lexi + y2/y§ =1, (29)
Vza + a /kz =0 (30)
z z
in the pillbox,
a = 0 for (x,y) on the periphery of the elliptic cross section, (31)
and
Vea =0 (32)

Because the boundary conditions on a_s ay, and a are different, they cannot
generally have the same eigenvalues. Consequently the cavity eigenvetors

divide themselves into two categories:
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4.1 Longitudinal Eigenvector
a = a, 2 where a, should satisfy Egs (30)-(31). Note that the

longitudinal eigenvetor a satisfy Eqs. (26)-(32).
4.2 Transverse Eigenvector

a = a g 0+ 2y ¥ where a_ and ay should satisfy Eqs. (23)-(26)
simultaneously. Of course, these longitudinal eigenvectors satisfy Egs. (26)-
(32) simultaneously,. Since the transverse eigenvectors do not contribute to
either the 1longitudinal or the transverse wake potential, we need not
calculate them here (however, these transverse eigenvectors are related to the

energy loss of the driving charge). Because of Eq. (32), the longitudinal

eigenvectors have the form
a = f(x,y) z ., (33)

where ¢ and f(x,y) are determined by

Vilx,y) + £,y /A2 =0 (34)
f(x,y) = 0 for (x,y) such that lexi + yzlyf)' =1 , (35)
and
2
ijf (x,y)dxdy = 1 , (36)

p

where SP is the cross section of the pillbox.
4,2,1 Circular Cylindrical Cavity
Using the above formulation, we first obtain an analytical estimation of
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the delta-function wake potential for a wake field cavity using pill Dboxes
having a circular cross section, and subsequently outline a numerical method

based on Galerkin's method.7

For 2 circular cross section with radius T ¥, = 0. Ve readily obtain

W (s) 8Q
z

= — - 2 2
S g [1 - cos(t /z )leos(sE [z )/T2(E V&2, (37)

where Jl(i) is the Bessel function of order 1, én is the n—th root of Jo(ﬁ) =

0, and T, and s are measured in units of p.

Delta—function Driving Bunch

The delta—function wake potential from the lowest mode, which makes the

dominant contribution, is given by

Q
W (s)/L = 5.2 —=[1 - cos(2.43/r )lcos(2.43s/r )
z 2 o o
P
Q 1/2
= 50 —Ecos(4.3s/S ) for r0/2.43 » 1 , (38)
S

where S is the actual cross section of the pillbox. We identify two salient
features: (1) the smaller the pillbox gap p, the greater the acceleration
gradient, (2) the greater the radius of the cross section of the pillbox, the
greater the oscillation period of the delta—function wake potential. However,
the greater the radius, the smaller is the acceleration gradient (this is due
to the fact that the energy radiated from the driving charge should spread

over all pillbox space). Since the lengths of both the driving electron
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bunch and accelerated electron bunch are much larger than the pill box gap, it
is understood by Eq.(34) that the radius should be much greater than p. For a
typical example in which r = 8 (the actual radius = 3.2 ¢em), p = 4 mm, and Q
= 1 uC, the accelergtion gradient is shown to be of the order of 137 MeV/m.
Note that this value is a lower limit estimate which does not include the

contributions from higher modes.

Gaussian Driving Bunch

If the driving electron bunch has a Gaussian distribution given by

2
1 z
g(z) = ——————exp(~ —=) s (39)
(Zn)llzc 202

the acceleration gradient for an electron is, for s >> o

dE Qe 62
— = 50 —zexp(- 9.2~%) ’ (40)
dz 82 82

where e = - (el , and

(2n)_1/20~lj

exp(—x2/202)cos[(s + x)/Aldx = exp(-cz/llz)cos(s/k) (41)

-

has been used. From Eq. (40), we clearly understand that the size of the
driving electron ©bunch should be much smaller than the radius of the cross
section, An electron at the center of the driving electron bunch is

decelerated, and the magnitude of the deceleration gradient at the center,

i.e.,

-16-




(Zﬁ)—1/26-1

&
-1 2 2
L j eWz(s + x)exp(-x" /267 )dx
0
is "exactly half of the maximum acceleration gradient for s >> o. This
confirms that the transformation ratio of a device in which both drivingl and
accelerated beams traverse the cavity along the same path cannot ©be much

E

greater than two for symmetric bunches, For asymmetric bunches, it was
shown that the transformer ratio can be much greater than two even for a

single mode cavity.
4.,2.,2 Elliptical Cylindrical Cavity

If the <cross section becomes elliptic, the transverse wake potential
becomes especially important, To calculate the longitudinal and transverse
wake potentials in the elliptic geometry, we first note that the solution
f(x,y) of Eqs. (34) and (35) should be an even or odd function with respect to
both x and y: f(x,y) cannot have a mixed parity. We readily find that the odd
functions with respect to y do not contribute to either the longitudinal Qake
potential or the transverse momentum kick since the value of such a function
at y = 0 is zero. Therefore, an appropriate form for an approximation of

f(x,y) can be either

2, 2 2,2 <
(x,y) = C(x /xb +y /yb - l)z .f

’

(Lt u

even even

or

, (43)

L}

. .y 21+1 23
fodd(x.'y) (I.J)x 1 Yy J

2,2 2,2 .
c*/2 + ¥Ryl - *>2 §odd

»
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where C is a constant which is determined by the normalization condition given
by Eq. (38). Then, the Galerkin’s method is to let Vif(x,y) + f(x,y)/k2 be

orthogonal to a suitably chosen set of basis functions. For example, to make

2 2 22
feven(x’y) be orthogonal to all ul,o(x,y)— x, uO,l(x’Y)-Y , ul,l(x’y) = x"y",

u, 2(x,y) = x4, cene Therefore, according to the present method, the mode—
2

analysis reduces to a standard eigenvalue—eigenvector problem, i.e.,

Ref = —(1/32)8-¢ , (44)
~even ~even
where
(£ (0,0)
even
f = |f (0,1) , (45)
~even even
f (1,0)
even

the (mn),(ij) elements of the matrices A and B are, respectively

_ . 2i-2 2j Cem 2i 2j-2 2i 2j 2
A(mn),(ij) - ij{[21(21 1x y o o+2j(2) - Dxy IE(z,y) + 2x" 7y (1/xy
P

+ l/y:) + s(i/x§ + j/yi)x21y23}x2my2n dxdy (46)

and

j;JxZIyZJE(x,y)xzmy2n dzdy , (47)
P

with E(xz,y) = x2/X§ + Yz/Yi - 1.
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Accordingly, the acceleration gradients and the transverse momentum kicks
per unit length experienced by the electron on the same path as that of the
driving Gaussian bunch and the electron on the path passing through the other

foci of pill bozes are given by, for s >> ¢

dE 8nQe
dz p2

]

} Y (x ,0)1 22211 - cos(1/n )lexp(-c2/2A%)cos(s/A )
< a,even 0o a ‘ a a o

| £ (x ,0)12x2[1 - cos(1/A )exp(-62/2k2)cos(sll )}
a,odd "o a a a a

»

1+

ady st (1,00x251%2211 - cos(1/2 )]
1___0 a,even (o] a a

o~
M
o N
~
lal
[= 20 ]
i
[y
[0
2NA

2 2i+1,2.2
X exp(-07/22 ) cos(s/A )+ [2=Ofa’odd(i,0)xol+ 122211 = cos(1/2 )]

Xexp(-02/2ki)cos(s/ka)} . (48)
and
U (z) 8nQe of (x ,0)
x a,even 0

- 3 —
== 2 {ifa,even(xo‘o) a1 cos(l/ka)]

L b dx

afa,odd(xo’o) 3

AT[1 - cos(1/A )]
a a

2 2, .
xexp(—o /21a)s1n(s/ka) + fa,odd(xo'o)ax

xexp(~02/2Xi)sin(s/Xa)}
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8nQe 2 2 21 2x0
= S—(/x - 1) ) (+) £ (1,00x>111—=2¢ (0,0) +
o'b - a,even o} 2 “a,even
D a 1=0 Xy
2
3%, 2i-1..3 » 2,..2
P (=2 -1 E £y even(irOx. TINIL = cos(1/2 )exp(-c"/22)sin(s/A )
X 1=1
b
2
* (ifB - niIy £ (1,027 ) ¢ (i,0022113
2 2 a,odd LYIx, E a,odd '’ %o a
xb 1=0 1=0
2 2. . '
X[1 - cos(l/la)]exp(—c /Zla)s1n(s/1a)} , (49)

where the upper and lower signs of "+" apply to the accelerated electron on
the same path (x = x, ¥ = 0) as the driving bunch and the other path (x = -
X,y = 0), respectively.

Using the method developed, we present numerical simulations to defermine

some salient features of an elliptical pill-box cavity in the next section.
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5. NUMERICAL SIMULATION RESULTS

We first show results for a circular cross section found in the wusual
collinear <configuration, followed by those for elliptic cross sections. The
circular cross section is a limiting case of the elliptical cross section in
which T, becomes equal to Yy

Figure 2 shows the curves of the longitudinal wake potential computed by
the numerical method for a pill-box of a circular cross section for different
values of the parameter n. Here, n is the parameter describing the number of
modes, whose contributions are taken in the summation of Eq. (37). These
curves show that the summation of the contributions from modes converges as n
increases (contributions from high modes make only small ripples) meaning that
we can neglect contributions from modes with mode numbers greater than ten
(10) even for a lossless cavity. For cavities with losses, higher—number
modes damp faster so that we need not include these modes for the wake
potential at s much greater than 1 (or the distance between the centers of the
driving and accelerated bunches much greater than the pill-box gap, p).

Figure 3 compares the longitudinal wake potentials, computed by the
analytical formulation given by Eq. (37), with that by numerically evaluating
fa(i,j) and la in Eq. (49) for a pill-box of a circular cross section. For
easy comparision, only two modes (the principal and second modes) are included
in both calculations, We find that both calculations agree with each other.
The curves confirm that the result from the numerical method agrees with the
result from the analytical formulation, which is readily obtained for the case

of the pill-box of circular cross section. It suggests that the present
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numerical method can yield accurate results for pill-boxes of elliptical cross
section.

Figures 4 and 5 show the longitudinal and transverse wake potentials,
respectively for several values of parameter o, which represent the length of
the driving Gaussian bunch. We readily find that both potentials decreases
as the length increases for a fixed value of total driving charge.

Figures 6 and 7 show the longitudinal and transverse wake potentials,
respectively for several values of yb/xb, which designates the elongation of
the elliptical cross section (e.g., yb/xb = 1 for c¢ircular cross section and
yb/xb = 0 for line cross section) with all other parameters being fixed. We
readily find that the transverse wake potential decreases as yb/xb approaches
1 (circular cross section) as expected. However, we also find that the
maximum longitudinal wake potential does not become maximum at the values of
yb/xb = 1 (circular cross section), indicating that an elliptic cross section
has a larger acceleration gradient than the circular cross section, The
accéleratidn gradient can be greater than 100 MeV/m for a total driving charge
of 1 uC, pill-box gap of 4 mm, and an elliptical cross section of X, = 8 cm
and yb=4 ca.

Figure 8 shows both the longitudinal and transverse potentials versus
the distance between the centers of driving and accelerated charges, s. These
curves clearly reveal that we can find a position at which the the
acceleration gradient (the longitudinal wake potential) becomes maximum while
the mnmometum kick (the transverse wake potential) becomes negligible for

elliptic pill-bozxes.
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6. CONCLUSICN AND DISCUSSION

It is well known that the formulation of the wake potentials of a
relativistic current in a cavity can be simplified by imposing the causality
and wusing Floguet'’s theorem for periodic boundary conditions. However,
previous formulation is ambigous due to a mnonrigorous use of Floquet’s
thesrem, which is clarified in this paper. The formulation is simplified
further by utilizing the fact that the cavity eigenmodes naturally decompose
into two distinctive <categories: longitudinal and transve;se modes. We
calculate numerically the wake potentials for elliptic pill-boxes for the new
formulation, Numerical calculations reveal two salient features: (i) . The
maximum of the magnitude of the acceleration gradient is not achieved with a
circular cross section for a given set of parameters such as the total charge
and length of driving bunch, pill-box gap, and the major radius; in fact,
elliptical c¢ross section is better suited than the circular cross section as
far as the magnitude of the acceleration gradient is concerned. (ii) A
position can be found at which the acceleration gradient becomes maximum while
the momentum kick becomes negligible. This point is especially important in
the optimum design of a wake—~field accelerator based on the use of elliptical
cavities., The acceleration gradient can easily exceed 100 MeV/m for a driving

charge of 1 pC traversing a standard elliptical pill-box.
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FIGURE CAPTIONS

FIGURE 1 Cross section of a two—beam elliptical pill-box. I and

vy, are measured in units of the pill-box gap (or height), p.

FIGURE 2 Plots of the longitudinal wake potential of a Gaussian
bunch vs s obtained by the numerical method for ¢ = 1; Q=1 um,
P = 4mm, a circular cross section with radius r, = 20, and n = 10
and 15, Here, n is the number of modes which are taken from the

lowest mode, and the potential scale is relative.

FIGURE 3 Plots of the longitudinal wake potential of a Gaussian
bunch vs s for ¢ =1, @ =1 pC, p = 4nm, a circular cross section
with radius r, = 20. Potential scale is relative, and only the

principal and second modes are included in both calculations.

FIGURE 4 Plots of the longitudinal wake potentials of Gaussian
bunches with ¢ = 0 (delta-function wake potential), 1, 2, and 3
vs s for G = 1 puC, an elliptical cross section with major radius
x = 20, minor radius Yy, = 10, and p = 4 mm. Six even modes and
six odd modes from the 1lowest mode were included in this

calculation. Potential scale is relative.




FIGURE 5 Plots of the x—component of each transverse wake
potential of each Gaussian bunch of each o = 0 (delta—-function
wake potential), 1, 2, and 3 vs s for @ = 1 uC, an elliptical
cross section with major radius X, = 20, minor radius Yy = 10,

and p = 4 . Six even modes and six odd modes were included in

this calculation. Potential sale is relative.

FIGURE 6 PLots of the logitudinal wake potentials vs s for
=1, Q@=1pC, p = 4mm, and elliptical cross sections of Xy =
20, and Yy T 6.1, 1, 5, 10, 15, and 20. =Y =20 corresponds

to a geometry of circular cross section.

Figure 7 Plots of the transverse wake potential vs s for ¢ = 1,
Q=1 pC, p = 4mm, and elliptical cross sections of X, = 20, and

yb =0.1, 1, 5, 10, 15, and 20. Potential scale is relative.

Figure 8 Plots of both longitudinal and transverse wake
potentials vs s for o =1, Q=1uC, p =4 om, and elliptical

cross section of X, = 20 and Yy = 10.
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