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I. INTRODUCTION 

A discussion of physical properties of the vacuum should begin with a few general 

remarks attempting to elucidate general notions of the problem. Consider a cavity made 

of ~matter" enclosing a liection of vacuum. OUantum theory has a unique prediction for 

the structure of thc wound state of the latter: each oscillator degree of freedom 

(for a precise definition see below) contributes l'li:::' 5-t\ Wet ' W. is the frequency of 

this degree of freedom, to the energy of the ground state; degre,es of freedom of the 

matter walls are not accounted for and we have 

(1.1)E\fa( = 2: ! "'Wet 
e( 

Now, the frequency spectrum of the modes in our cavity is unbounded from above and we 

eoncludr 

~\IIl.( = ()Q (1.2) 

However, this infinity depend!; on the quantum-field thf'oretknl model and its para

meters, on the geometry and the physical properties of the cavity and, therefore, is of 

physical interest. In order to extract information on the structure of the vacuum from 

this quantity we have to classify divergences, clarify dependences on the cavity 

parameters and model measuring procedures. 

Let us begin with a 'Gedankenexperiment' and consider an electro-magnetic radia

tion field enclosed in cavities of identical shape but made of different materials. We 

decouple thermal black-body radiation modes by going to 7.ero temperature: only 'vacuum 

nuctuations' or 'zero point oscillations' contribute to the field energy. Different 

materials U'lcd for building the cavities provide natural cut-offs for the spectrum of 

the zero point modes, in particular for its high. frequency components. Hence, in actual 

fact the vacuum energy is given by a cut-off sl1m 

t: VCl~ =: ~ ~ lVe( CoO( (A) (1.3) 

where the (00( (A) are material-dependent functions which are expected, with reasonable 

confidence, to provide a cut-off and to lead to a convergent series for tbe vacuum 

energy. Its value, however, then is predominantly determinC'd by the experimental 

arrangement and the question of physical interest arises. Can we identify and experi· 

mentally disentangle components in Eva.< which unambigously reOect the structure of 

the theory for the fields making up the vacuum state and which are independent of the 

apparatus, in particular of the cavity materials? 

The parameter A stands for a length characterising the cut-off scale such that 

-1. (1.4)Ce( (A )1":0 

The other parameter in this game carrying a dimension i~ a length, L, characterising 

the spatial extension of the cavity. 

We expect Evac to contain terms proportionlil to the volume, to the surface etc. of 

the ca·Jity. Therefore, we write Evac as a series 

= O-oL'3;\-1f + o.-4L~-'3 ().2. LA-1Evat + 

+ lA.~A-... .J- O-'f L--I + o.sr'-A t .~. 
(1.5) 

which we read as an asymptotic series for small A . The coefficient a. can be deter
I 

mined by measuring E as a futlction of 1\ (remember that we are discussing a 
vac 

Gedankenexperimentl), varying the cavity materials. It is tbe very point of this 

enterprise to realise that a" has a universal meaning. 

This is guaranteed by a theorem1) due to Ramanujan which we state in a loose form 

appropriate for our purposes. 

Let 

OC) 

:::: oa~ an. 
(1.6)fl.::'" 

be a divergent series such that 

0,,- """'-./ It 
)(, 

)( ) -1 
... ~ OIJ (1.7) 
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and a set of funetions with a sufficiently rapid decrease for ~ -~ Co such thatf ( .... ll1 
00the series 

L Q.,.. C", C,\) 	 A=FO (1.8) 
h=1 

is convergent. Choose {C""C'\ )J such that 

(1,9) 
Ch(O) = 1 / 

the A -indrpendent part of (1.8) is then independent of the choice of the 

l\et [c.~ It \J 35 long as (1.9) holds. 

The set l C\->( I\)J is realised 	 by choosing a COO-function ~ (x) with 


')lo)= t for x 0 


'A(xJ~O sufficiently rapidly 


x~oo 

and putting 

C", tA) = ~ ( ~A. ) 

where d is an irrelevant lengt h scale. 

Since the use of cavities made of different materials translates into different 

sels of functions { we conclude that 

E (lA.) =: J\ -independent part of t cv,.., C,..., (A) 	 (UO)
2.1Jn.c 

2
is also indepenclen( ) of the physical properties of the experimental set up and thlls 

represents the universal component of the vacuum energy which only follows from the 

quantum theory for the 'radiation'-field (actually containing all degrees of freedom 

making up the ground-state of the world) and the global geometrical properties of the 

'piece' of vacuum enclosed by the cavity. 

How do we measure and compute in practice this universal component? Let us con
3sider an old story in the new light of (1.10): the original Casimir effect ). The 

experimental arrangement originally consisted of two infinitely extended parallel metal 

plates at a distance d. The frequency spectrum of the electro-magnetic field modes is 

given by 

lv --:: 11 
h 

(1.11) 

'h € ~"continuous.
I ,j 

We choose an exponential cut-off 

A.w~ 

Ct\(A) = Jl 
~ 

(1.12) 

and obtain for the vacuum energy (t.3) per unit area 

..,00 	 lAw."C)() 

Eva< (tArA) = ~ b 21r[kJk trj{~)>.. -I- k1. .t. - 11' 

t. '1 00II _L ~ Bn_(A)"'--2.. 2-t\tr~ 
2J J.Al-~ -;Y . .,t t ~ 

1,-3 ) _ \1<1 (_~~ +). - t... ;360 (j\ 

(1.13) 

we observe conseculively the volume term (proportional to d since we are considering an 

effectively one-dimensional problem), a surface term (proportional to dO accounting for 

the point-like surface) and the A -independent part 

r- (,,) 
=: 

it 1rl 

C~( (04) 120.,(-3 
(1.14) 

the Casimir potential. 

To measure the latter in its pun," form we consider an experimental set-up of three 

parallel, conducting, infinitely extended plates: two plates ftxed at a distance D, the 

third plate between them at a distance d from one of the plates such that 

.,( « D. 
The vacuum energy per unit area is then 

( ) - .i.r( 6 ( 	 +.LEw-( J, D, A - 2 Ali ot f D - ,,( ) 1\1 

- 3:0( ~-l +(D-Jr3 ) t ... ) . 
(1.15) 

The Casimir potential is measured by varying d, we neglect tbe (D-d) -3 term and note 

that the cut-off dependent volume and surface terms are irrelevant constants not .. 
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contributing to the foree between the two close platr-s. We see that in the light of Ollr 

definition of a universal component in the vacuum energy (which clln he literally 

extended to other observables), no artificial !>ubtraction procedures have 10 he intro

duced, procedures which are not modell('d in experiment. 

A final J'cnHlrk seems in place. It logarithmic terms appeared in the expansion 

(15), the A-independent part would be tlhviously ill-defined and the vacuum energy 

wmdd nol contain a nniversal component in tbe sense discussed above. 

We now turn to the question of how to compute this universal component in quantum 

theory and distinguish two cases. We first treat theories in which the single particle 

dispersion is determined by the Laplace or, rather, the Laplace-Beltrami operator, i.e. 

theories of the electro-magnetic radiation field and of non-relativistic matter fields. 

The ca~~ of rdalivi:;tic matter-fields has to be discu!>Sed separately since the single

parficle di';Jlersion operators arr. not bounded from below and the phenomenon of anti

pllltkle states has to be aCl'ountcd for. 

II. HIE VACUUM FNERGY FOR LAPLACIAN MODELS 

The Laplacc·neltrami orerator 

A 11 -I- V (x) 


I rYi ) , ,11 jA'"J 
 (2.1)~ = d ~ d d 'J 

where ~JA"'(:~) is the metric lc'!or (and '~I its determinant) on 8 position space mani

rold param~lri<;ed oy coordinates X on which our system is found to move, is known to 

describe the sinfJe-particie excitation spectrum of the radiation-field (V = 0) and of 

non-relativistic particles moving in the potential VG() . Om goal is to compute the 

universal cut-off independent part of the vacuum energy described in the preceding 

chapter. To this end we regularise Evac 

-2:ir AEv~{ = ~ ~ lot " (2.2) 

by introducing the same cut-orr function C_ (A) as in our calculation of the Casimir 

effect 

- A lO(
(et CA ) J 

(2.3) 

such that 

let.. J.. -Ac.tt k(A.l-AA)Ew-c (A) L 
oc. 

tAJ- J..A ,(.- (R -AA) - etA Z(A) 
(2.4) 

The partition function l(A) , i.e. A-" am be visualised as temperature, allows for 

an interesting 'high-temperature' expansion. asymptotic for flO'} 0 , which is precisely 

the expansion we have been anticipating in (1.5). We now give a J:hort description of 

the method. 

The central object is the 'hent-kemel' KA(i, X') determined from the equatiorJ 

(2.5)( - 5~ - A )KA(X,X) o 

with 

-y.; 

I<A(j(,x') 1,,-+0 f~'- 2.S(x-X') 
(Ui) 

6
We brutally abbreviate a long and fascinating stor/- ) on local differentiability and 

global topological properties of geometrical entities if we simply state that this 

heat-kernel has an asymptotic expansion for 1\ 40. By taking its trace and thus com

puting l. (A.) we obtain the asymptotic expansion used in (1.3), (1.4) and (1.10) and 

its A. -independent part. 

The point is that there exist algorithms for a syslematic computation of the 

coefficients Ck(X I xI ) in the said asymptotic expansion 

1. 00 

~ ~)) ~ (It1\" I\fM. ). -~~ L /\ k~ C (X,X')I< ( kA x,x A~O k=O 
(2.7) 
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where r denotes thl' geodesic dislance in d-dimensions hetween X and ~ 1 . For the 

rcgularised vacuum energy we then find 

0() k-.t 
E>'AlA) "-' (ht J/,.L k.2.( AT -1jJ~ ell(x )( ) 

A~O k;() It. I (2.8) 

and, hence, 

r:(~) (2.9)" (4T) _,1.-1. I .('I~ CkCit,;? ) Ik = J+ 2C\m.l 

The coefficients C.kG(/~\) can be found in reC!;. IS-llJ for the case of compact mani

folds without boundary and in ref. /12/ and ref. 1131 for compact manifolds with 

hHlI1dary in d "" 2 and d '"" 3 respectively. It is clear that the last case corresponds to thc 

phy~ical situation, vacuum endosed ill a cavity, discllssed in the previous ehRpter. 

For the sake of completeness we cite the lirst few coefficients; more precisely, 

we give only the dil'lgonal parts since those are the ones needed in the computation 

of E\ftI,( (A) and E~:l 

; CtJ (~,~ ) :: .-1 

(,(x,x) • -If Jill be 
C2C~,X) • ~-v +f~ Iiv?' t f/(J3 1~B 
(l(X,X) = -r Iv + ~ H:t - 2; k - -: J/fSa 

-~r RH./fJ3~B - : ((l~ldnJ.l Sa 

etc.; (2.10) 

a is the ~ ·function with support on the boundary of our 3-dimensional manifold whichB 
we parametrised with normal coordinates, the 3·direction being the normal on the 

sl1f1icielltiy smooth boundary; R is the Riemannian curvature scalar, H the average- and 

K the Gaussian curvature of the surface x3 ",,0. Dirichlet boundary conditions have been 

imposed. Similar formulae hold for Neumann boundary conditions! 3) 

Summarising we may state that heat-kernel expansions provide a general method to 

extract E~: ,the cut-off independent part of £\Ir.Ilt{A) , fmm a given model for single

particle excitations. Generally speaking, for odd dimensions, the latter is a pure 

boundary effect and depends only on the global geometry of the cavity since odd coeffi

cients C2.kt-1 C~ I ~) can be shown to be proportional to ~8 aDd its normal derivatives. 

We should stress again that only the coefficient c...\U ()( I ~) leads to a physically 

relevant contribution in Evtl'.( (A) : the cut-off functions ( ..(A) provided by a specilic 

material used to construct the cavity are, in general, not paramctrised 

by 1..-At.. and the coefficients aj , i .. It ,in (1.5), hence, are not reproduced in a heat

kernel expansion since they do depend 00 the set {(lI( (A)1 . 

III. THE VACUUM ENERGY OF RELATIVISTIC, MASSIVE fIELDS 

We \lOW turn to the more involved case of relativistic systems. Here the main 

complications corne from the fact that the single-particle disperr.ion operator A is 

unbounded from below and the question of stability poses iti.elf The generally accepted 

solution of this problem is to imhed a given single-particle theory into a many-body 

theory formulated in terms of loeal quantum fields, i.e. into local quantum field 

theory: a spectrum of single-antiparticle states and the corresponding pair-creation 

processes appear. We should Iikc to give a cursory sketch of the main issues pertinent 

for a discllssion of vacuum properties. 

We trent simultaneoll,~ly the cases of spin 0 bosons and spin 1/2 ferminns, the 

single-particle spectrum of which we take to be given by 

Spin 0 Bosons: A = ( 

....l.. ..:I.. 2.
- ( J t i.t.A) t ~)41. .....,  +.t1\, 

(3.1) 

Spin 1/2 Fermions: A~ 
'" (..Jo. ....l..T~' dtilA) t r~ t "A~ 

~ ~ 

where (A, Ao) is the clectro-magnetic 4-potential, m the particle mass, 0{ I ~ the usual 

Dirac matrices; both signs of the square-root arc understood. 

We shall work in the Schrcidinger picture of quantum field theory14), more precise

ly speaking in its coordinat.e representation. Here, the coordinate is a complex field 

~ 
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aCling as a multiplicative operator and the adjoint momentum acts as the 

derivative versus this field: 

coordinate: r(X) complex field aCling as a multiplicative operator 

momcnlmn: 'IT (X) 
. ~ 

- , J"OH 

functional 

The dynamics of a physical system is determined by a Hamiltonian 

)-( :: }{ [,,1r] (3.2) 

quantum states are represented by functionals 

the 

'±' ::: 

time-dependence of 

fLCfif] 
which is governed hy the Schl6dinger eqnation 

( i;1-( }{)f o. (:'3) 

In 

of 

this formulation quantum field theory is directly interpreled 8S the wave-nlcchanics 

8 continuum of degrees of freedom, as quantum continuum mechanics. 

Gcneralising the Hamiltonian of an harmonic oscillator accordingly we have 

}{ = J.,(~ I -1r"1r(~) +'ffA'l1'(~) J (:t4) 

Its dlagonalisation proceeds as follows. We first use lhe spectrum of A 

to define 

A't'«M(x) 
,.., 

the operator A 

:: lol. '1'0( (~) (3.5) 

A " ArJirA (3.6) 

hy its eigenvalues 

l"

E~ . II to( 1 (3.7) 

""'+1
The square-root A being well-defined we then introduce two sets of creation and 

annihilation operators 

"- '" ( ""'1< _ A- 1 __0_ A t 

at(x) + /2' q/(x)If' ~f (;() 

X1iA-~ ~ 
fA (X) + .j2l f (x)If' fr*(;() 

(3.8) 

~-1z ~ A~~(~)b X : :: 
-~-/2' t~~)~f ()i + 

ff 
<p (x) 

-)b (x ,,: 

IV_\ ~ 
A __7'l" J r(;() 

+ X1t 

,;2' - cp*U) 
(3.9) 

wHh the usual commntation (bosol1!;) or anticommutation (fermiolls) rilles 

b .f-(~\)J f(..\. ~1)
[ (,( (~) 1 CA.f.(X') J.:t : [ b (X) X +:::. <' x-x 

(3.10)[fA (X) I b(;})]_ == o Ric. . 

where the fermion anticommutators are calculated by considering the fermion field as an 

anticommuting Grassmann variable. 
15

The Hamiltonian is then written in diagonal form ) 

(3.11)}{ :: Joe>< [ af(;nAO-(;() 1- b'rx)Ab(;<)l ± ,t.- A 
where the (+ )-sign holds for bosons, Ihe (-)-sign for fermions. 

It is obvionsly diagonal in a Fock space built up by creation and annihilation 

operators 

+ 
Gt«)( ::: f ~e)( a'" (x) "VI)( (x) 1-4 f (,,) 
<At:( = JJ~ 'Y:(~) fA (x) 

and 

~ 

\ 
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b: :::: J,(~ 'I'..tWb~(:;() } f (b) 

=: J J~ b (;<) 'Vet C~) 
--) 

b« 

the F()ck states arc direct products 

r(~)® ~(b)f - (3.12) 

the two fad on; are distinguished oy their charge strlletme which we depict schemati

cally by plotting the (a)- and (b)-r;pectra 

a:: -1 l«< 0 Q ::: +1 1«> 0 
--~.. ------- - ----------1 (a)

-"" 

Q::",'1 l .. <.0 Q ~ -1 1.,( < 0 

----------------tn I (b) 


-t'Io\ 


rkcallse ~lf t.he ext e lIlal chargell distinguishing the charger. 0 i I, the spectml (!cnsi

lics on the left- and righI-hand branches are dirt'ercnt. 

Charge conjugation now ~erves to erolls-identify the (a) and (b) spectra; the 

single-particle and -antiparticle states are then douhly counted in the stales n.12). 

Defining occnpation numbers 

occupation number for particles Q +1
(±) {net .:: 

occupation numbcr for antiparticles 0 -1 

we have for the energy of (3.12), deli ned as 

)-('1' ::. 2 E [t\.~H, n,:-lJ ~ (3.13) 

the following cxprclIsion 

r [ H) (-)]
I:: no() net = ~<fJ)-{Jl'> 

~ (f)1V ~ (-) ........ 
 -= L tto( lo( -I- L_ no( lo( + 1. ;fA" A 
2l ..>o llll«O 

(3.14) 

The vactmm energy obtains if we set 

U) (-) 
rt« = I'lo( ::;, 0 for all 0( (3.15) 

and we find the relativistic analogon for (1.1) and (2.2) (-t\. 4) 

_ f -1.J A
EVAt. - - '2 jf<A" j'"\ 

! 1 ( L l~ L £~) 
to('> 0 l#:l«O (3.16) 

We emphasise that only positive energics enter in our diaf~onalisation of ){ 

statcs ~ correspond to physical statcs. 

The vacuum energy is infinite and needs a regu:arisation. The procedures intro

duced in the previous chapter can be applied literally if we start from 

Eyo.(. (A) :: ~ ~ ;&- ( A'- -A A' ) (3.17) 

(u) 
and extract the universal componcnt EVtt(. 

We shall not pursue this line any longer but rather discuss another intriguing 

aspect of the vacuum: the charge dcn:;ity induced by vacuum deformation, effected e.g. 

by cavities. 

The charge density is given as the first order response of the total energy versus 

the time componcnt of the external 4-potential; the vacuum energy, in particular, leads 

to the vacuum charge density ~VAC 

/ 
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We find and determine the 'fI« self-consistcntly. 

cS" f c. 
::::~ v(\( (X) J -t Ao(-x) 


.± i ( L "y.(;I) /l - L ''1'-(;t) I~) . 

~).O l~<O 

(3.18) 

The physical meaning of this formula is clear: the vacuum charge density is induced hy 

an external field distinguishing positive and nc~ative chnrgcs. 

The total induced charge, i.e. the integral 

(J.l9).£5i~ ~YM ex)QVtt(' 

is of particular interest since it is nothing but the famous Atiyah.Patodi-Singer 

speet..", invariant 16) which it'; non-trivial for topologically non-trivial external 

fields produced e.g. by monopoles, dyons etc. There is a number of very intcresting 

physical phenomena17), subsumed under the name of fermion fractionisation 18) relatcd 10 

this quanlity. 

Up to now we have covered the cases of charged bosons or fermion!; interacling with 

an external eleelromngnctie field. If we promote the latter to It dynamical dcgree of 

frn'dom by adding its kinetic term to the Hamiltonian (3.4) using e.g. Coulomb gauge we 

end lip wilh the full Hamiltonian of quantum electrodynamics (OEU). The constrnction of 

Foek stales proceeds by introducing single-particle orbitals. The latter are produced 

in a mean-field 8nsat:l., the simplest of which is, perhaps, the Hartree-field: in (3.1) 

we write instead of 1. Ao 

~f,l'..lf (-q)= (3.20)tAol1-I 4..- ~ Ix- xlI ~ XX 

Nhere 

(.f.) -l<12., (-) J 12.
~(~) = L tt.,( "vo«~) - L tt.. 't'~(x) 

( .. >0 l.<O 

(3.2t)+~V4< c;) 

19
We have recently shown ) thn! the usc of generalised Hartree mean-fields, the g-

Hartree fields, allows for a unique determination of the energy shift produccd by 

vacuum deformations, which one might call the Casimir effect in atoms. 

The g-lIartree potential contains an exchange tcrm 1.. AoI I and reads 

::::::lAol~_f.I ~ J:Aoi H - (~ d) 1.. Ao 
'XU\ 

IJ)(ck (3.22) 

where g &J can be chosen such tbat 

H) (3.23)<-'J IEQfO E [ ....~ "-0< 3 ::: 3eoI 

i.e. such that the exact total energy predicted by OED is given by g-Hartree single 

particle excitations. Since the vacuum contribution to the latter can be identified 

unambiguously, it can be extracted from the experimentally measured E ' Its measure
OED 

ment in highly ionised aloms is of great interest since it gives insight into the 

structure of the vacuum component due to all charged quanta; not only electrons and 

positrons but also other charged fundamental fields contribute to it. 

IV. CONCLUSIONS 

We have discllssed the reglliarisation of the vacuum energy whicb in actual experi

ments is prtlvided by the physical properties of the cavity walls enclosing the region 

of vacuum under consideration. A ver,; powerful theorem by Ramanujan1)led us to the 

notion of tbe cut-off independent component in the vacuum energy which is solely deter

mined by the structure of the quantum theory describing the degrees of freedom building 

up the vacuum state and by the geometry of the cavity. To compute the cut-off indepen

dent part we are free to choose a convenient regularisation: the heat-kernel provides a 

cut-off and allows for an algorithm for the compulation of the cut-off independent 

part; global geometric quantities like integrated curvature and Riemann scalar for the 

cavity walls appear in it. 

The case of relativistic matter fields requires further analysis in order to in

corporate the antiparticle speclrum in a physically adequale manner: the diagonali

sat ion of (3.4) under the requirement tbat only posilive energies appeM in ils 

spectrum leads to (3.11) from which we read off that the eigenvalues are determined by 
"-" of-,.f J _ ...... 

the positive E. II( and that a constant contribution - I ;vr A has to be taken into 
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account which is finally dne to tbis positivity. This is the \'acuum energy which is it 	 REFERENCES 
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