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In this paper the contribution of the W loops to the partial width of the &dectw in \f

three photons is calculated in the standard model. The width is about 2 x10-'! GeV.
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Recently there are three papers discussing the contribution of the W-boson loops
to the Z-boson decay into three photons. M Baillargeon and F.Boudjemal!l take a
non-linear R; gaugem Using an apptommate expansnon,they get the width I, ;oop,(Z —
3y) ~ 2x107"GeV. The gauge invariant condition of the- electro—magnetlc inter-
action can be ea.sxly shown in the non-linear R; gaugem XY Pham uses a hnear R,
gauge and glves the expression of the fourth-rank tensor G""‘“’ in his o,ttlcle[41 His
conservative estimate gives 'y 5,5, = 2eV, which is a hundred times bigger than the
one given by Baillargeon et al. We also use a linear R gauge and get the fourth-rank
tensor G**#" both'in Z — 3y case and in photon-photon scattering casel).:In:the lin-
ear R; gauge the gauge mvana.nt condmons should be carefully considered. We find
that these condltmns are subtly dlﬁ'erent between the {emuon-loop casel® and the W-
loop casel®l. In this paper we further ca.lculate the width I‘., ;M,.(Z — 37) in the un-
polarized case. Using an approximate expansmn similar to’ ‘that i in ti:e referencem we
obtain the width = 1.94 x 10~11GeV whenM,‘: 91.1GeV, sin%, =0.23,a = 1/137
and a(M,) = 1/128,which is consistent with the result given by the reference [1].

The amplitude of Z — 37 is

I = € (k1) A1)em(kas Aa)ens (K3, As)ey, (Koy Xe)GP1P1#388 (ky, kg, ki3, k) (1)

“where (k1, A1), (k2, A\2), (k3, A3) refer to the photons and (k4; X¢) Teférs to thé*Z-boson.
ky, k2, k3, ks are their four- momenta. Ay, Az, A3, Ay are théir'"physié&fiﬁﬁ"ﬁ:ﬁz&ti‘on
degrees of freedom. The fourth-rank tensor G*'#" was calculated in our previous
paper in the W-lqop case. We gave two equivalent forms of G,,,,. One of them
is invariant under the permutations of (ky,A1),(k2, A2) and (k3, A3), i.e. it has S;
symmetry. The other one G'***" is invariant under the permutation of (k,, Al) and

(k2, A2). It has only S; symmetry, but it satisfies

klmelﬂxmﬂl(lza4) = 0 ’ | (2)

From now on we use f(1234) in stead of f(k, kg,k;,,,ik;)‘{‘qr. simplicity, It is colivenient



to calculate the decay rate in the unpolarized case. In this case one should calciilate
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where n = (1 0 0 0), 1s a flme hke umt Vectorm For ‘the 'Z ‘boson
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Ze: (k A.)f (k,,/\) = o g‘w kuk, (15)

where M 1s ytﬁhe mass of the Z boson At ﬁrst we surh ‘over’ “Xgi USmg ‘the gatige
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-We. may. drop terms k ky;; kgaﬂm qg&ky; m T Then sum over ,\1,.\2 and ,\ - Usmg
Eq.(2) we finally get e e
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In our previous paper we have proved that G"‘""’ ‘can be expressed in terms of four
i {Liorentz scalars, ‘e.g. A12(123)5:435(123),.4,(123) and Bs(123) , which are given in the

(rmeference [5]. Hengze phe can exphcxtl,y wnte o

G'™*(123) = ZQ(123)P“”"(123) + ((krip), H(kg,l/)) 8

i=1
Cwhere Qu(123) = A1(123),@5(123) = A15(132), Qu(123) = A1(123),Q4(123) =
. A1n(132),Q5(123) = A1(321), Q6(123) = A,(lsz),m(ms) = A' (321) Qs(123) =
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PIP = —(2112) +dy(34,12)g" — d,(n,zl)g‘“/z+d2d3gi293*/2
»P{”* = (3111) + (3112) — d3(24,11)gm - d,(24 12)g" — d3(13 31)g* +d dagn A
— (3311)d;/d, + (24, 31)gl3d2d3/d1 T
PP = (2111) +(2112) - d3(34 11)g'2 - d3(34 12)g12 +d,(12 21)93‘ d,d gl’g”
P12 = _(3112) 4 d;(24, 12)g‘3+d3(13 31)9”  dydagBg?t
PB4 = —(3321).+.d1(14,31)9% + da(23, 32)9“ - dydyg gt _ )
Py (3121) — d5(14, 31)9'*’3 dy(24, ll)g‘3+d1(23 11)9“ +d3(24 31)gl3
) —d3(23, 31)g“-? d2(23;12)g™ + dgd:;g”g“ L
PP = (3122) +.d3(34,22)g" +.di(24,12)g7 - d,(13 22)g24 + d3(13 3.2)9«"M )
+d1(13,21)97 — dy(34, 12)g™2 — dydag'3g?* C |
Py = [(23, 31)gu — (24, 31)913 - (12, 33)93’/2]d3/d2 — (34, 21)g” + (23 12)9“
+(14, :zz)g23 ¥ (14 21)g + (12,23)g% — (13,22)gay — thg'2g%* /2 — dag"'g™®
R N T | 9
‘where ’P,m;:: Em;usﬁ;,"(’;}“‘,’n;j’ = k'p‘;k:}; ié}}ffk;“,'(dt;-’if) - k‘p Ié, ab yn«n d1 =
ka - ks, dy = ky - ks, ds = ky - ky. el
"} Note that the coe‘ﬁiments A1z, 4} and Bj are iurther constrained by (5]

S dAn(23) = ddp(1Y), L (104)

ngs(3‘12)= diBg(321) 0 b m el e (102)
Bs(123) — 35(321) = dg[A,(SIZ) A (132)] CT(1043)
By deﬁmtmn A‘ ‘satisfies /
o A(123) + A(231) + 45(312) .=, O ~(10.4)
The next s»t‘ueilfty)rf calculatmn is tedious. We use Rediice to calculate T. But fur-
ther numerical calculation is still tremendous. Fortunately,there is an approximate
method. There are quantities in the reference [5]

3
M} = M2-23 dntim (i =1,2,3)

m=1
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where t1) =ty =ty = (1 —b)e,ty3 = ty = ty3 = —deytyy = ty3 = tz = —db
and d,b,c are Feynman integration parameters!®.. Note that 0 < tim < 1/4 and

k,’ . k,' 20 (3,] = 1,2, 3),50

2 3 M 1 .
0< = Y dnt; LIl ,
= M2 dmtim < 4M, 3 (11)

m=1

where we use 2(d; + d; + d3) = M. Now in general, we can expaiid .
Q(123) = a15’{Qo(s) + s[d1Qu(s) + d2Qua(s))/M] + -- -}/ M} (12.1)

35(312) = C!]_J{Bo(s) + 8[d131(3) + dz.Bg(.’f)]/]M-;z + 32[d'{Bn(s) +‘d1d3_813(8)
+d3Bn(s)l/M; + ---}/M]

(12.2)
where s = 1/ cos?,,, @ is one of A3, A3, 4} and a; = ~e%g3 cos 0, /(47)?. Now from
- Eqs.(10.2) and (12.2) one has
Bo(s) = Bi(s) = Bu(s) = 0, Bu(s) = Bus(s) (13)
B5(312) = a182d1[31(3) + Bu(8)8(dl + dg)/Mz +.. .]/M: (14.1)
Using the tables in the reference [5], to the order of 3, ‘
54 101 22s .
By(312) = alszdl[?+ a3’ 63M3(d1+dg)]/M, (14.2)

which checks that to the order of s?,By(s) = O,to the order of s,B3(s) = 0 and
B2,(0) = 0,B,,(0) = B13(0). In the same way,using Eqs.(10.1) and (12.1) one gets.

Aua(s) = Aua(s) = 0 (15)
A15(123) = alsaélAlgll(s)/Mf+-.. (16.1)

To the order of s°, . o |
;412(123) = %g;—;?ﬁ (16.2)




which also checks to the order of s, A130(s) = 0 and A1212(0) = 0.
. As for A3(123) there is no any constraint from Eq.(lfl))._ So it has the general
form of Eq.(12.1). To the order of s°

2 41 26 188 ’

'I'he general form of Ay is

A4(123) = as?{Alg(s) + sldiAly(s) + doAlg())/M2 + -} IM] (18)

In general let T(s) = £.72, 7, 5", Eq.(10.3) gives

Buo = Ago— Ao (19.1)
Eq.(1;0;4)'vgivcs_ A | o N |
00 = Ap(0) =0 (19.2)
o BAg + (A A M2 =0 (193)
Finally to the order of s*
A,123) = s (372 (dy — M26) + 32 (d — M2[6)] (20)

which also checks Egs.(19). Using Eqs.(14.2),(16.2),(17) and (20) to the order of s°
we finally get

T = %a}s'[49518Mfd3 + 49455MFd,yds + 49518 MFd3
—198072M}d3 — 296982M}d2d, — 296982M }d3d?
—198072M*d3 + 198072M2d! + 396144M3d§d,
+594216 M?d2d2 + 396144 M2d3d3 + 198072M?2d}
+5(12780M$d} + 11383MPdad; + 12780M ¢ d}
—51120M} d} — 60846 M} d3d; — 60846 M} d3d3
~51120M}d3 +51 120M2d} + 50080M2d3d,
+75120M2d2d2 + 50080M2dsd? + 51120M2d
+52160d4d; + 104320d3d2 + 1043204243
+52160d3d3’)‘_}/l:(‘:;:;ffsM}ﬂ)a i

(21)
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T has apparent .S; symmetry. It is not difficult to see it also has S symmetry,which
in a way checks our results because we start with G"***” which has only S, symmetry.
The differential decay rate can be calculated by the formula in the reference [7]. Using
the momenta conservation one may integrate one of k; (1 =1,2,3) eg. kz. When
wi, wgl are fixed,one has ‘
w3dwy = wywydcosf (22)
where 0 is the angle between k: and k; ; wi (t = 1,2,3) are the energies of the photons.
Note that
dy

MX(1 - 2w, [M,)/[2 (23.1)
dy = M1 —2w;/M,)/2 (23.2)
Let 1 = 2w /M,,z; = 2w; /M,. We ﬁhally get

‘T toops(Z = 37) = 55245 fy dzy fi7°* doaT(dy = 2.M?[2,d; = M2 [2)

= %‘-,—%-G(M,)03X(8) (24)

where
X(8) ™ sgervamtacowss (346479 + 90547/ cos? 6,,) /441000

~ 1.26257 x 103

(25)

where sin? @, = 0.23. The result of the reference [1] gives X(s) ~ 1.3 x 10~3,which
is consistent with ours.
The ratio of the second term and the first term of X (s)in the Eq.(25) ~ 1/3,which

is nearly the one estimated in the Eq.( 11). This gives
Cw toope(Z — 37) =~ (0.0194 T 0.0040) eV _ (26)

when M? = 91.1 GeV, sin’9, = 0.23, a = 1/137 and o(M,) = 1/128. Here we
give a‘conservative error estimation of twent'y percents. This result is quite small
in comparison with the I'f.rmion 1o0ps(Z — 37),which is about 0.7 eV for a large top
quark mass(®l. The result is somewhat unexpected,because the W contribution largely
dominates the fermionic one(top quark included) in the decays Z — W + f + f'[gl

and Z — v + H" where H is the physical Higgs scalar meson.
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