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Abstract

An analytical approximation of the radiatively corrected

cross section for the resonances in e e collision has been

derived with the accuracy at the order of 0.1% for Z boson as.

well as J/¢ and 7" family particles within the experi-

mentally scanned energy range. It is recommended using this

analytical expression to treat the resonances which have to be

folded with the accelerator beam energy spread in the expe-

rimental data analysis. This provides an alternative to the

previous method of Jackson and Sharere. It gets much higher

accuracy.
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1 INTRODUCTION

Precise determination of the masses and widths of resonant
states in ete™ annihilation requires proper treatment of initial
state radiation. The structure function approach introduced by
Kuraev and Fadin [1,2] provides a systematical method to célcu-

late th{s correction to 0.1% accuracy. Their result is expressed

in the integral form that the radiatively corrected cross section
- O(s) ===de Gg(s(i-x)) F(x,5) (1)

where J & is the C.M. energy of the colliding bean, dB (S) is the

cross section of Born order approximation, and
2
p-1 3 B S 2_37y)1
Fex,s)=px’  [1+5p= 25 (5 lnmg +27 7)] (K factor)

pl-Epgp 420 ok - B fin)- 642 @)

where
_20f g S .
P=% [l" mz l) .
o 2 I : , dﬂ
and (K factor) =1 +~ﬁ(3-2~) for vector coupling and 1 + 3 for
axial vector coupling [3].
In the expression of F(x,s) given in (2), the first term is

called the soft photon contribution; while the second and third
terms are called hard photon ¢ontributiqns‘ and they are trun-
cated to f quuare order.

In this paper we are only concerned with the resonant states,

sotjé(S)is Breit-Wigner cross section. We take the standard form
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68(5)3 (s..__Mz).z_’,rzMz (3) |

where M and [ are the mass and total width of the resonance. lee
and rf are the partial width to e*e™ channel and to the final
states respectively. If the resonance 1is coupled with photon,
like J/@ and P particles, then [¢e is defined as ”}ekq,to absorb
the vaccum polarization [4].

If (2) and (3) are substituted into (1), then the first and
the second term in F(x,s) can be integréted analytically, as
demonstrated in reference [5,6], while the third term cannot. But
if this third term is dropped, the accuracy gets worse substan-
tially, as compared with the second term, the third term does
not decrease as the power of P , ‘becauée there is such singular
function ln?%- in it. |

In this paper, we present an analytical approxiration to the
cross section of resonant states, with the accuracy of 0.1% order
for 3/, 7" and Z boson in the energy range which is scanned
in the experimental situation. The material is organized as
following: in section 2 we redrive F(x,s) and express it in a
different form; then in section 3, with this.new form of F(x,s)
the approximation for the cross section (1) is made; in section 4
we disscuss the radiative correction treatment to J/¢ and T
states and demonstrate that our formulae can get much higher

accurary than the previous method used up to now [7].

2 THE NEW FORM OF F(X,S)

In this section, we redrive F(x,s) within the scheme of
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structure function approach. Our calculation is parallel to the
one in reference [1] but with a somewhat different mathematical
technique.

The cross section of ete~ annihilation is
d(s)=deI,d12 De-(Ia,$)De~r(xz,5) GB(xlxzs) . (K fdc‘fﬂl") (4)

where D(x,s) is the distribution function which satisfies the

Lipatov equation [8]

Do-w(x,8)= Sci—-x)+-

5 ’ . l
ds’ olts’) dz X o
+sz = S L TP Do (F5')

e

with
2N e
s l-—%—ln—rs
37 me
and

] 2 ’
1+ j 1+
= -~ u-z)| T dx .
P(2)= =z~ 8 1-2)) ———dx
The way to solve this equation is through Mellin transformation.

After the inverse transformation,
o +ioe

Di-enfz.5)= E—vl?fa. dnx azp{ﬂ[[——-( bnn - .e(mt) =, f;‘(‘n} ]}

-3 00

where C is Euler constant, By, Bernoulli number, and

7{— ln—r
With the help of the formula

. J-1

| f“'“‘” " (In3)

— dn = ——
i M’ )

S——

27T ¢
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We get

27-8 2
2(F-C) [(Ind) (In
— = e (~7) 4
De-t0 (x.5)= € ( oo + re7e) (-7)
27[4-0 127*2 3
(tn [ _7_1_’_] x) T, .2 _r
+—Ff7’z+L27 T#8)r 2| * r(z*(*‘ﬂ“ (0L

Then expand

(en—;é—)a = [ (1-x)+ (:-x)2+3L(t——x)3+ .. 1

a

= (1-1)" {l+-—(:-x)+ =t )(x—x) +

+{ +.=§§-+ )(1~I)+---j.

Also following the prescription of reference [1], make the subs-

titution o
o S _d s B
=27 4n g > gr(fngal) =7
and add the contribution of wvitual e+e" pairs
A .26..; ¢
7 (=) [ 255 (24n 5z = 15)
We have
13 B 2
exp(-5+3) (e i (o
De-—u-J(I,S) r(,+}é) {2(1-1) | 298(2ln-;’;5 15) +

—E .
Z

+(1-%) (--§ %-) (1-x) (-,{;s-‘f,-p;)-f—--'} ’

here the actual value of Bernoulli number has been put into.

Finally substitute D(x,s) into Eq.(4), we obtain the expre-
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ssion of F(x,s) in terms of a series expansion of x

-1 2 ,
F(x,s)=X '(3,[”%{5'}@2(?3!'(”'53*271'2"%)]' (K facfor) ’

: o B R gtz |
+ 2 cp-G) 4 L 5p) e 0 (<) (5)

+2
252 | unile the

Notice that the terms we omitted start from Xx
three terms which we kept all have [3 term in their coffiecients.
Our first term is identical to the soft photoh term of EQ.(Z),
while the hard photon terms of Eq.(2) are equivalent to our
second and third terms in the expansion of small x. This can be
easily verified if one rewrites xp = 1 +p 1lnx, xp'L= X +[3xlnx
and 1n(1~x)=r{x +§?+---) . The advantage of our expression for
F(x,s) lies on the fact that 0<:x4‘1 and in Eq. (1) if 6;(5(1—x))
is Breit-Wigner form as in (3), it peaks at Ximp = 1 - Mz/s.
In the actual experimental situation, the ‘resonance is scanned
near its mass, so Ximp is always small. This makes thg expression

of F(x,s) by Eq.(5) very useful to treat the radiative correc-

tions to resonanes.

3 THE APPROXIMATION OF THE CROSS SECTIQN

With our expression of F(x,s), the ‘radiatively corrected

cross section of a resonant state is

! dx
os)= lznr‘eef}ja [S(I-I)—-M’J’-PM‘F" .

€

{XP” & [I‘* i’ﬁ" g{éé’n% %27?12—%1)]~ (K factor) (6

2 +1 2
s )it (_,2@,___;,(3)%..}
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Here the up limit of the integration is put to 1, corresponding
that all the energy of the electron (or positron) can be lost to
photon emission. The first term of the integration can be done

analytically, as demonstrated in referenpe (5], with the help of

the formula

X2 +2axcosg+a? r=a Sind s
L} Sn 71'/3

ﬁjm <" d b2 rpsin[ti-8)9]

o

To apply it to the integration in (6), the part of the integra-
tion from 1 to infinity should be subtracted. This can be done
by a series expansion
! ' / :
[sti-x)-mM2]24 m'r? =5‘x‘[l-‘“s'w)+ (s-pM)*+M T
x3s ; xts?

n* 2.2
~ I 2(5-M?)  3(s-M*)=M'T ]
s*x? xs Xx3s2

Here we keep only three terms which are good enough:

el
e dx = A B-2
l[sc’-x}-m’]zfmirl — 58 a' ¢(C"5I9,ﬂ)+

+/9 ! 205-M’) 3(‘**”)1-""”'2}
s? {/s-i‘*(/s—s)s * (3-4) s*

where

a mi\2  mr®
= — +
@ (' s ) 5%

. e
P(cos ., y) = T2 sin[C-Y)]

sind-SinTtyY

The second term in the braces of Egq.(6) can be integrated simi-

e
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_larly

e a® '45(605-9,#*')*

i[su-x)-wﬁ-c-m‘rzd (H{Q)s

L[, 26emy | ses-myEMTT L
‘6-—1 (P..z_).s (p-3) S
The third term in Eq (6) is the last term we consider. Since f# is

+
small, we suggest to approx1mate X =X 'so that

<7 YR

! xP dx o 1 [1 /n 1+2a cosd +a’
[sci—x)-m*]*+m?r? 34
o

=1 59 'Jr.
- (g L2t - Zys) |

Put together the three terms, the cross section is expressed in

terms of series expansion

12 lee 1 2(s- M‘) 3(5-—»4‘)“‘—M”r‘1
Oy = -5———f—{( +6‘)[ CP(COSJ [5)+{3(P 2t a5 t (gt st )]

2(5-MY) 3(S~M‘)‘-”'f -
“‘(’(’*g‘)['“ @ ¢(wﬂ,/3 )+""" 03 " (s I

B_ W -l jpacsd _m
+(z 3‘9)[ In -‘23'9( asinb z+9)” )
with

(149 ) = (K facfor)+33—_{3 23 (3 i +27t'-—-%7- - (9)
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Eq. (8) is our analytical approximation of the radiatively cor-
rected resonant cross section. To test its accuracy, we have cal-
culated its deviatibn from the exact cross section for 7 boson,
Qf, J/¢ and w”. Here by the exact cross section we mean the
F(x,s) of Kuraev and Fadin in Eq. (2) convoluted numerically with
Breit-Wigner cross section of Eq. (3)

o’m,...-—-..J

Q

I 127tleely dx
[sa-x)-m7]%+ M?1 2

{pxéwt [1+-§_—-p~12§ (—-3'-1::}%3 fz—rr‘-ff)]- (K factor)
L 2

: : - (10)
. "ﬂ(l~'§')+§"[4(2-—x)fn3%+ 43077 o ,fx-vé +x” |

X

The integration (10) has been evaluated by Gaussian method with a
CERN library subroutine DGAUSS. For the first term in the braces
of (10), a partial integration was done to eliminate the singula-
rity of xP”! pefore Gaussian method was applied. For illustration
and comparision, we also include three other approximations of
the radiatively corrected cross section of resonances. The first
is the soft photon approximation which is commonly used in the
experimental data annalysis of J/¢ and Y states

| o j27r Rely dx
Gsdf=J'weef

[su-,x)«m']ﬁ m*r3

(11)

WS TR : 37 \
{ﬁdt {Przjg"zqi&;lk;£?4u277 ~~2:) -(ﬁ(j%cﬂnﬁ
Compared with Eqg. (10), it only keeps the first term in the inte-

grand. The second approximation we consider here is suggested by
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Cahn [5]

ol — J!, 127 Tee Ty dx
Cahn A [SU-X)-'M‘]"-PM“[*

-

ot e - (50 m a3 fotr)-p- 5

e

(12)
Compared with Eq.(10), it drops the ﬁz term in the hard photon
contribution, so that the remaining terms can be integrated ana-
lytically if the upper limit of the integration 1is extended to
infinity for the soft photon contribution. But here we took the
upper limit to be 1 and use the numerical evaluation as we dia
for the exact cross section (10). The third approkimatibn ‘which

we include is a simplified version of Eq. (8)

* -2
Teim = i‘i—?%fi—{(t—rg)a P(cosd,B)+

3 42y B (13)
+ (81385 preoss pr) |
This expression can already achieve high precision in the appli-
cation to some resonances like J/¢ .
ol

In the calculation, we put the K factor = 1 +f§- for Z boson,

corresponding sin‘&w= 0.25, so the coupling is pu!t:ely axial vec-
tor, and K factor = 1 +§;G§{m%ﬁ for - 3/¢, w" and T . Also we put
M, = 92.4GeV, [; = 2.6GeV; Mgy = 3096.9Mev, - f‘f/.,; = 0.068MeV;
My =9460.3MeV, = 0.052MeV; Myv= 3769.9MeV, [yn= 25MeV. The devi-
ation of our approximation‘(8)‘from the exact cross section (10),

as well as three other ‘approximations (11), (12), (13), are

expressed in terms of four ‘errors:which are defined as
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. G;éft Ceahn
- — 2L = |-
E| I dKF EZ dKF (10)
Eam | —Jsim CEa— - Ose
3T N A OkF

Here Og, Tif Q soft O’c“,,,; and Ojj, are defined by Eq.(8), (10),
(11), (12) and (13). " The calculated results of these four errors
are depicted by the four curves in Fig.(la), (1b) (1lc) and (1d)
for Z boson, T*, J/y and Y” states respecfively.

In the figures (1a) to (1d), all four curves have a mimimum
at the energy of the resonance mass. This is due to that near the
resonqnce mass, the soft photon contribution dominates, while the
hard photon emission is negligible. The approximations (11) and
(12) include the same form of soft photon term as Eq.(10) does;
while in the approximation'(8) and (13), the analytical expres~
siori for the integration of the soft photon term achieves very
high precision. Furthermore, the narrower the resonance is, .the
more prominent of the soft photon domination at the energy of
the resonance mass. So for very narrow resonances like J/¢ and
7" , the minimum is a very sharp dip; while for wide resonances
like z boson and ¥, it varies smoothly. In Fig.(la), the error
of our approximation (8), i.e. the curve 4 has a dip down to d
at the energy above the resonance mass, this is due to that the
error changes its sign at that point.

The figures (la) to (1d) dembnstrate vthe excellence of our
approximation (8). For Z boson and ¥”, within the energy range
(M -4, M+ 4 ), the error is within 0.1%. For J/¢ the error
is also less than 0.1%, and for I, it is slightly larger, within
the appropriate energy interval. Here in the experiments of these
very narrow resoﬁances like J/¢ and I, the scanned energy in-

terval depends on the collider beam energy spread. Usually it is
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no more than (M - 104, M + 204), with A is the stanard devia-
tion of the beam resolution function. 1In Fig. (1b) énd (1c), the
energy interval in which we did the calculation was taken from
the planned experiments on Beijing Electron PoSitron Collider
(A= 0.88MeV) for J/¢ and from the experiments on DORIS at DESY
(A =8MeV) for T [9].

In this paper, the soft photon terms which we consider are
identical to the ones in the original work of reference [1]. In
the literature, additiohal terms have been calculated for Z boson
[2]. These results can be straightforwardly incorporated into our
expression (8). Also we only considered standard Breit-Wigner
formula (3), some authors suggested the energy-dependent resonant‘
width in the Breit-Wigner formula [5,6]. The mathematical tech-
nique in this paper can be easily extended to such considera-

tions.

4 TREATMENT TO THE OBSREVED NARROW RESONANCES

In this section, we discuss the radiative correction treatment

to the experimentally observed resonances of J/¢ and r

o+

families. Many experiments have been done on them with ee™ col-

lider. The main feature of these experiments is that those reson-
nat states below the charmed meson or beauty meson production

threshold have widths which are narrower than the beam energy

+

resolution of the e'e” collider. So the measured cross section is

the cross section (1) folded with the beam energy resolution

+ -

function G(W,W') where W equals to the C.M. energy of the e" e
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collider.

O, (W):J Gr(ww') o (w')dw

xp 0 ~ (15)
G(W,W') is usually taken as a Gaussion function.

With the expression (8) for ow’y, Eg. (15) contains a one-
dimensiohal‘ integration which can be performed numerically.
Actﬁally, the simplified approximation for gw’) given by
Eg. (13) already gets accurary of 0.1% for J/¥ and 0.2% for I* .
So in the following, we take the simplified expression of the
observed cross section, although the complete formula (8) can be
put into:

oo ' Sy !
(5065(W7’= ﬁ277f;er}J; dw- G(W,W’) j;;z .
(16)
l (1+6) ap-2¢ (605‘9,[5)4'(23.- &2-/3) aﬁ"’qﬁ (cos9, ﬂ-H)}

with
, { (w-w’*
G(w,w) = 7;72‘6"/’[“—2:27‘

here a, cos9and ¢ (cosd,x) are defined in Eq.(7) with s = W' ,
and & in Eq. (9).

Up to now, all the experimental data are analyzed with a
method developed by Jackson and Scharre [7]. Their original work
mistreatéd the radiative correction éontribution, but here we
have made the neccesary modifications baéed on Kuraev and Fadin's
work [1] and present it in the following:

The experimentally observed cross section expressed by Jackson

and Sharre is

+ 00
O’Js'-‘('*g’Lw dw’' o5 (w') Gew,w') | (17)
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where GR(W,W')'is the so-called radiatively  corrected resolution

function
. ﬁ ,
Galw, W' = [22) L F(H4, )

in which 4 1is the standard deviation of the beam energy reso-
lution function. If G(W,W') is in the form of Gaussian, then
F(z,p) can be expressed in terms of Weber's parabolic c¢ylinder

function D_(x):

2

rFasp) -2/4
(Z,) =——=e€  D_,(-&

F p Ja7 -B )

At this step, most of the experimental data annalysis based on

Eqg.(17) make an additional approximation on the Breit-Wigner

formula:

da (w) — IZ:.TMreerf J(W‘—Mz)

so that with this delta_function'approximation, the observed

cross section is

2 A . W-
Ts(w) = 47 reelt (28)° L p (WM g)005) (18)

To get an idea about the accurady of this method, we have
calculated the cross section by (17) “with the integration eva-
luated numerically as well as. (18), then compared them with the
outcome by Eq. (16) which is also integrated numerically for J/ ¥

and Y° . In the calculation, the same values of mass and width
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were used as in section 3. Also we took the standard deviation of
the collider energy resolution function & = 0.88 Mev for J/¢ and
A= 8Mev for ' . The results are depicted in Fig. 2a, 2b for
J/¢ and Fig. 2c¢, 2d for T’ respectively. It can be seen from
these figures that the approximation (18) deviates from  the
correct value very badly at the energy (6~8)A below the
resonance peak, in the way that it dips too sharply. Besides,
(18) also deviates from the correct value at the resonance peak.
To show this more clearly, as well as the discripency of (17)
with (16), we caldulated the errors of (18) and (17) which are
defined as

; O'rs
Ua b3

OQbs

Eps= I~ (19)

where U, and O}s are calculted from Ed.(16) and (17) with the
integration evaluated numerically,.and Os is from Eq.(18). The
results are depicted in Fig.(3a) and (3b) for J/y and I respec-
tively. They show that the =rror of Eq. 17) is at the order of
1% for J/w and I’ . In the figures, the dips down to 0 are due to
the changing of the sign.

For future experiments when the accuracy needs to be better
than 1% 1level, we recommend that the Eq.(16) to be used as the
theoretical curve to fit the measured data, with the integration
in it done numerically. Thus in the determination of the mass,
width and leptonic partial width, the systematic uncertainty due
to the treatment of radiative correction is pushed down to 0.2%.
(The complete formula of Eq.(8) can be put into (15) to achieve
the accuracy of 0.1%.) Besides the improved precision, an addi-

tional advantage of this method is that it does not depend on the
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condition (<« A as Eq.(18) does, so it can be used for what-
ever values of [ and 4 . One more advantage of it is that
with the integration done numerically, one can fit I and lMee

simultaneously, if the statistics of the data is good enough, and
sufficient number of points are scanned in the appropriate energy
range; whereasvwith the Eq. (18), one can only obtain the product

rzer;/r‘, as most of the previous experiments so far have done.

5 CONCLUTION

We have derived an analytical approximation for
radiatively corrected resonant cross section presented in Eq. (8)
which gets accuracy at the order of 0.1% for all the interested
resonant states within the appropriate experimentally scanned
energy range. For the experiments in which the collider beanm
energy resolution has to be taken into account, we recommend the
use of the numerically integrated Eq.(15) as the theoretical
curve to fit the data of the measured cross section. By this
way, the mass, total width and 1leptonic partial width can be
fitted simultaneously. The precision of the radiative correction

treatment is at the order of 0.1%.

sl
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Figure Captions

Fig.

Fig.

1. The errors of approximations (11), (12), (13) and (8),
which are'shown by curve 1, 2, 3 and 4 respectively, (a) is
for Z boson, (b) is for T , (c) is for J/¢ , and (d) is
for ¢”. The errors are defined in Eq;(14). Here the parame-
ters used are:

M, = 92.4GeV, [z = 2.6GeV; My = 9.4603GeV, [p= 0.052MeV;

MﬁM’= 3.0969GEV, rﬂ?= 0.068MeV; Myn= 3.7699GeV,l~¢u= 25MeV.

2. The experimentally observed cross section calculated by
Eq. (18), (17) and (16), they are shown by curve 1, 2 and.3
respectively. (a) and (b) are for T , (¢) and (d) are for
J/¢ . The parameters used are:

Myp= 9.4603GeV, = 0.052MeV, A4 = 8MeV;

M= 3.0969GeV, [z = 0.068Mev, A = 0.88MeV,

3. The errors of approximations (18) and (17), which are

shown by curve 1 and 2 respectively. (a) is for ', and (b)

is for;ﬁ/Qi. The errors are defined in Eq.(19). The parame-

i H

ters used are the same as in Fig. 2.



»

s
TTTTEN T, Lt LTI
D iy Ty 7
- (9mvd opmosqy) Jodi]
. o 0
3
N
™~
t
9
&
0
Y
©
V. “
. r._:: / __:_ L4 __==: | ~==_: (98
T bR T T B
o ° ] 2 S

(2724 3ynjosqy) ousz

JS (GeV)

JS (GeV)

«mx\éﬂ mxa\mwiyc Lo.t.m

J/y

cC)

______ :\ ____:\_ _

3.108
(GeV)

3.1

] ™~
1)

Q o

— ,

(onfva 3ynposqy ) | o417y

10

JS (GeV)

NG

1

FIG.



O (nb)

T (nb)

o

10

10

20

i 1

7.5
s

12.5

2,3

25

¢b)

i

1 l ;
0 952

9.48  9/32
W (GeV)

9.56 96

94 948
W (GeV)

9.56 9.6

llnﬂTl]_r'r

L I”IIII

P IHI||

\

AN
\ W
N

| |

i [

Ty

2,3

| | | }

(o)

1 ]

3.092

3.086

3.1 3.0
W (GeV)

3.108 3.12

3.0 3.104
W (GeV)

3.092 3.096

FIG. 2

3.108 3.l12




1 1
o ) °

( gﬂu\. , u.na\nlh@?» Joudg

~ m
]

. !
ﬁ_::_ I r::—‘ i _._zuu__ 4 ________ 1

9.48 9.52 9.56

944

Y
o

-
]

O

—

9.6

W (GeV)

3.104
W (GeV)

3-1

3.096

3.092

/
?EE'l—E:__ 1 rE:_ ] __::_\_ l
<

3 " b .
.0 o Qo =

(anjpa apmjosqy) 40443

3108 3.112

FIG. 3



