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Abstract 

In this letter we show th1\t the restricted st1\r-triangle relation introduced 
by Bazhanov and Ba.;der ca.n be ohtained either from the star-triangle relation 
of chiral Potts mod~1 or from the- star-square relat.ion which is proposed by 
Kashaev et al 1\nd give 1\ response of the gues,'! which is suggested by Ilaio;/lanov 
and Ba.xter in Ref. [:IJ. 
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1 Introduction 

Recently milch progn~ss has been made in t.he three-dim<,nsional integrable laU.ice 
models. Bazhanov and Baxter generalized the trigonometric Zamolodchikov modd 
with two states [lj to the case of the arbitrary N states [2, 31. The star-star relation 
and the star-square relation of this model are discussed in detail [3, 4, 5]. Boose 
and Mangazeev et al enlarge the integrable lattice model in three dimensions to 
the case where the weight functions a.re parameterized in terms of elliptic functions 

7, 81. Just as the Yang-Baxter equations or the st.ar-t.riangle relations playa 
central role in the theory of two-dimensional integrable models. the tetrahedron 
relations replace the Yang-Baxter equations (1,.'3 the commutativit.y conditions [9] for 
t.he three-dimensional lattice models. And the rest.rict.ed st.ar-triangle relations of 
t.he cubic lattice model introduced by Ba7.ha.nov and Raxt.er have the following form: 

N-I w(v2,a -I) (. )w(v;, -b)W(Ul/(wvd,a) ( ) 
'1'1 v" V2 ( , b)' I( ) (b)wVI,-ll,1 wVI,a 

'I:I w(vJ, -/h(b, I) = ) w(v;,a - b) 

1=0 w(v4. a - /) v" w(v~, -b)W(1'4/113, 0) i 

where '1'1 a.nd '1'2 are sndar functions and 

w(v,a) d

I1(l wiU)-I, v N + /:.IN = I,
w(t.,O) i=1 

VJ == exp(21fi/N), w l /'2 exp( i7r / N). b) = W"~ 

lIi (lnd I,';(i = 1,2,;3,4) satisfy 

.' _ t'26.(vd A( .') _ L\{v2/(wvd) 6.(vd L\(t:;) WV1~( P2/(VJlId)
I" - Ll. (;1 
, Wl'1.6.(t'2)' L\(t':d • v; L\(V2)' ~(t'2) 

(5) 

' U4G(VJ) '\( ') L\(U4/V;J) .' _ o(vJ) '\( .. ') IJ;J~(I'~/IJ:J)
rJ". , Ll. IJ'1 , /), - ---, u ",

('::0(1'.,) . ~(V.1) wo(v~) L\(l'd 

(I) and Eq. (2) can he changed each ot.her. Bazhanov and Baxtp.r point out 
that it is quite possible tuat I<:q_ (I) is a particular case of a more general relal.ion 
l'Ind "f is just a limiling value of a morf' complex fllncl.ion, The purpose of this letter 
is to give a r('sponse of it. rn Sec. 2 t.he star-t.ria.ngle rdal.ion of Haxt.€r-Razhanov 
1TI0d('1 is obtained eithf'r from the star-triangle relation of the ('11;ral Potts model or 
from t.he st.ar-square rdation introduced by Kashap.v et 11.1. In S('c. :1, t~1P. r('suH. is 
changed into the form of Eqs. (J) .Hld (2), it sho1lld be not.e that, he last rdation 
in Eqs. (5) is different rrom the original one. The detail will hI:' given also in Sec. :J. 
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2 	 The Star-Triangle Relation of Baxter-Bazhanov 
Model 

As is well-known, thl' ~tar-triangle relation of the chiral Potts model can be formu
lated as 

N 

-1)w;P(n l)w~~f'(l k) = l4'1rw~:(n -m)w;p(m. - k)w~P(n k) (7)L 
1=1 

where 
.. d= IT wap q - dpaqw)IT " 

i=::1 	 cpbq - bpCqW1):1 

and 

+ , k'a~ +b~ = , k2 + k''1. = 1. 

Let 
I 

Nw(.I:, y, zl/) IT -_Y-., x N + y = zN, (10) 
i:1 Z - xwJ 

lJ.,'"q(lt) == w(w-tcpbq, dpa q, bpc?ln) (11 ) 

and define the llIap I( as 

Ii: (a,.. bp,cp,dp) ---4 (bp,wap,dp,cp)' (12) 

When we 5f't. (tp <iT 0, t.hf' following relation~ arc obtained: 

W pr ( -T/); 

wCP(n)
_P'l__ = ____: 
1ij~r(O) 

w~P(n)
"'n- I (?)r( -11), 	 (] 5)

ti1ft(O) 

By af:("ollnt of the: star-triangle eqllat.ion (7) of chiral Pott,s model we gel 

__--:--'---'-.:...:_---.:~_ = H' WpR(q)(l1 - m)wR-I('1)r(k n) (lG) 
pqr IIIpr(k m) 

wit.h aI' rlr I) wh{'l'(~ II~"" is a s('a.lar f1lnction. This is just. t.he st.ar-t.riangle 
f'l1l1at.ion of B~xt.f!r-Ba7,h~llo" modr:l. If Wf' sd. (Ip Cr = 0, similarly we havf' 

(17) 

1 

where ti' pqr is also a scalar function. Both of the above I.wo equations can he 
into t~e form of Eqs. (1) and (2). It will be discussed in Sec. 3. Now we give 
the connection between Eq. (16) and the star-square relation in Baxter- Bazhanov 
model. Let 

W(x,y,zll) = (y!z)lw(x!zll), 4»(a - b) = w(a-~)(N+rl-")/2. (18) 

As the version of Kashaev et aI, the star-square relation can be written as [til 

{ L W(Xl, Vb ztla +a)W(X'l,Yl, zllb +a)} 

I7EZN W(X3,Y3,Z3/ c + a )W(X4,y",z"ld+a) 0 


(Xlyt! XI Z2)a( XI Y2! x2zdh( Z3!Y3Y( Z4!Y4 )d 


<P(a - b)w(a+b)/2 


W(WX3X4ZIZ2!XIX2Z3Z4Ic +d - a b) 

x w(~ld a)w(~Ic-b)w(~1c a)w(~~~~ld b)' 
where the subscript. "0" after t.he curly brackets indicates that the I. h. s. of 
the above equation is normalized to unity at zero exterior and the constraint 
condition YtY1.ZJZJ(ZlZ2YJY4) = w should he imposed owing to spin, 0' E ZN hut. r. 
h. s. of the above equat.ion is independent of 0'. Set 

:1:1 = C'I"r, Yl = wd7ar , ZI bqcr , 

X2 = cpuq, Y'2 = dpbq, Z2 bpdq, 
(20) 

X;j = w_lc,.br , Y3 T= dpa r • ZJ bpc.,., 
.r" = 0, y., = Z-t. 

cOIU'Iidering the "inver~ion". relation 5j 

(21 )L 
keZ,. 

where is the Kronecker on ZN we get the CQIHl.tlOn from tlw star
sqlla.re rel~t.ion nUl bE' obtailled <:;mibrlv 

3 	 Discussion 

Firstly, F,q. (16) can he changed into the form of F,q. (I) and Eq. (2) by 1lsillg the 
l1otatiol1ll 

c."bq bqCr' L\(vt} ~( wind 
. !l2)=~

tIl = wbpc ' V2 = cqb ' q r	 cqbr 
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VI 

aqCr Cpa" w 1
/ 

2cqar dpb'l
V' - --, 	 (22)

I - dqb, v; bpdq' L\(V~)= ~' L\( v;) = bpd ' q 

I 2A( lJl W / dLl-)=~ 
WV\ cphr ' 

and 

bq4 
V3 =: CJi;' 

I~ 
V3 waq4' 

b 
Vf =~, L\(V3)wo;c:; 

I ~ L\(')
114 = wr-a' V3 

-p q 

w l / 2 d ar~,6.(V4)
cqbr 

~ A(')a 4' Ll Viiq 

d a 
:;E.::1,
bpcq 

~ 
• ,lIlA ~ j
W cpaq 

(23) 

respectively, with dpbr = w l /2c.."a r • Vi a.nd V~ (i = 1,2,:3,4) satisfy Eqs. (5) and (6). 
Here we show that the last relation in Eq. (5) is correct and this relation is different 
from the one in Ref. f31. Eq. (l7) can he also changed into Eq. (1) by setting 

=..EA ~ db ~ 
WCptlq ' "2 aqdr ' L\( t'l) = wl/~~aq' L\(V2) = aqd ' 

da 
r 

(24) 
I 	 ~v; = r!J;!!L ' L\(v~) = ~, ~ ~V'2 wcqar	 L\(v~) = .,I/lC a ,W)pCq ' w 	 A q r 

L\(~) = dpbr , 

Will bpdr 

with c"br = w1/1d"a r • Similarly Eq. (2) can be obtained easily from Eq. (17). In 
fact, each of t.he rdaLions (6), (17) is a corollary of another by taking account of 
the "inversion" relation (21). 

As a courlusion, iu this lelter we get t.he st.ar-triangle relat.ion of t.he Baxt.er
Bazhanov model from the Iltar-triangle relation of the chiral Potts model and give 
a response to t.he guess proposed by Bazhanov and Baxter. And t.he connedion is 
founo hetween Lhe sf.ar-triangle relation and the star-square relation il1 the Baxter
Ba7.hanov model. 
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