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Symmetries and Solutions of Colored Yang-Baxter
Equation for Six-Vertex Modelt

Xiao-dong SUN? Shi-kun WANG!'? Ke WU?

t Institute of Applied Mathematics, Academia Sinica, Beijing 100080
? Institute of Theoretical Physics, Academia Sinica, Beijing 100080
Abstract: In this paper, symmetries and spectral-dependent so-
-lutions of colored Yang-Baxter equation with six-vertex are dis- -
cussed. It is shown that each six-vertex type solution of colored
Yang-Baxter equation is equivalent to one of the six basic solu-
tions up to five solution transformations and all solutions can be

classified into two types called Baxter type and Free-Fermion type.
The unitary condition of the solutions is also discussed.

'

§1. Colored Yang-Baxter equation and its syminetries

It is well known that the Yang-Baxter equation
Rua(u)Rag(u + v) Raa(v) = Raa(v) Rua(u + v) Raa(x). (11)

plays an important role in the theory of two-dimensional integral system of quantum
field theory and quantum statistics on two-dimensional lattice.[1-4| It ensures commu-
tativity of the transfer matrices in the systems and models.

As one of generalization of the Yang-Baxter equation, the colored Yang-Baxter
equation is defined as:(5] ‘

Ru(‘u,f, n)RQS(u + v, E) A)Ru(v, 7, A) = R?fﬁ(”x 7, A)}'Z].Q(“ + 1’:6: A)Rlﬁ(u) f) 71): (12)
where £, 7 and X are color parameters, %, v and © + v are spectral parameters and
Rl?(u: E»’I) = R(“»E»'))® E, 323(“,& 77) =E® R("»E» ")'

here E is unit matrix of order n, ® means the tensor product of two matrices. Recently,
much attention has been attracted to the colored Yang-Baxter equation (1.2) and its
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solutions. Some subjects, such as the close relation of the colored Yang-Baxter equation
with the free fermionic model in magnetic field, the connection between solutions of the
equation and the multivariable invariants of links as well as representations of quantum
algebras and so0 on are also discussed.[6-11]

In this paper, we will focus on the discussion of the symmetries and non-degenerate
six-vertex type solutions of the colored Yang-Baxter equation (1.2). The case of the
eight-vertex type solutions will be discussed in a coming paper. The first section of
this paper is applied to introduce the symmetries of six-vertex type solutions of (1.2).
In the second section we give the differential equations that solutions of the colored
Yang-Baxter equation satisfy. In the third section we will construct all six-vertex type
solutions of Yang-Baxter equation only with colored parameters. Based on the second
and third sections we present six basic solutions of the equation (1.2) in section four
and classify the obtained solutions into two type: the Baxter type and Free-Fermion
type. These basic solutions, in fact, give all non-degenerate six-vertex type solutions
of the colored Yang-Baxter equation (1.2) up to five solution transformations.

The six-vertex type solution of colored Y-B equation is the solution of (1.2) in the
following form:

2y(u,§,1) ( 0 - OE ) 0

. _ 0 awém) es(ubm) 0

R(“)f:ﬂ)" 0 . a:(u,f,'r)) a:(’u,f.ﬂ) 0
0 0 0 aq(“:f.’l)

If the weights functions ai(u,§,n) 0 (i = 1,2,---,6) are satisfied additionally, the
solution is called the non-degenerate six-vertex type solution of colored Y-B equation.
Otherwise, it is called the degenerate six-vertex type solution. In the case of six-vertex
type solutions, the Free-Fermion condition can be expressed as[6]

a‘t(uvf) ﬂ)‘h("hf» 77) - al(“)& f[)d,(u,f, 7’) - as(u,f, 'I)“ﬁ("» f! 7)) =0. (1'3)

For the six-vertex type solutions of Y-B equation, the matrix equation (1.2) is
equivalent to the following 13 equations:

Po: aMa®a® — oa®a® = o, (1.4a)
P aMa@a - (x) m NOENCRONCIPY

P aMal®e® _ (x) (z) o _ (n ROXCI (1.4b)
P oM@ _ (x) 2l a“)a(”a(”

Py m (z) (a) (n (z) (s) - a{Va®a® -
Py: ol (z) (3) a%‘) ) (s) pORCNON 0 (1.4¢)
P (n) (z) (a) x)afn o _ g m (a)



P aMala®)  oa@al _ oaPe = o,
v allaal Tt _ o) g
Poi allalPa) ,a?n RO ,%1) X 33) -0, .
Po: a gx) 3,0 _ 0,000 _ 0,0,0) _ o (14d)
Pt oMl 33) ) (a) m oM 0,
Prat alVaal® — oV (z) - m A .

where for simplicity we denote

a(i) = d"(u»&fi)- “?) = ai(”a 7, A), a&a) = al'(“"" "'er’\)) i =’ 1,2,---,6. (1‘5)

Assume R(u,£,7) is a solution of (1.2). Detailed study of the system of equations
(1.4) shows that there are five symmetries of six-vertex type solution of Y-B equation
as follows.

(A) Symmetry of exchanging indices.

The system of equations (1.4) is invariant if we exchange the two sub-indices 2 and
3 or 1,5 and 4,6 respectively. :

(B) The scaling symmetry.

F(u, €, m)R{u,£,7) is also a solution of Y-B equation (1.2), where f(u,£,7)is an
arbitrary function.

(C) Symmetry of weights as(u,£,7), and as(u, €, 1)

If the weights as(u, £, 7) and ag(%, £, 7) are replaced by the new weights as(u,é,m) =

~lag(u, §,7) and dg(u, €, 1) = pas(u, £, 1) respectively, where pisa non-zero constant,
the new R(u,£,7)is also a solution of (1.2).

(D) Symmetry of weights a3(u,¢,7), and a3(w,&,7)

If the weights a;(w, £, 77) and a3(u, £, n) are replaced by the new weights d;(u, £,7) =
e“"‘}ﬁ%a,(u, £,n) and @(u,€,9) = e"““%ag(u,f,q) respectively, where f(¢) is an
arbitrary function and g is a constant, the new R(u,£,7) is also a solution of (1.2).

(E) Symmetry of spectral and color parameters.

If we take the new spectral parameter # = uu and new color parameters a = f(£),
B = f(n), where f(£) is an arbitrary function and g is a constant, the new matrix
R(', @, B) is also a solution of (1.2).

The five symmetries (A), (B), (C), (D) and (E) are called solution transformations

A, B, C, D and E of six-vertex type solutions of colored Y-B equation (1.2) respectively.

§2. The differential equation related to the Colored Yang-Baxter
equation

Since we only consider non-degenerate solutions of (1.2), from the equation (1.4a)
and the assumption of non-degeneration we have

Bt = 2t e N/ 2w (2

due to az(u,£,1) #£0. Let £ =5 = Xin (2.1), we have

:—:(u,e,e) = ezp(C(€)u). (2.2)
By letting n = A in (2.1), we find
Z(u,6,1) = Z(u+v,€ mexp(-Cln)v). (2.3)
2 . a7
Therefore, the combination of (2.1), (2.2) and (2.3) gives
2w, 6,7 = ez OO 2(0,6,%)/ 2(0,7,) (24)

Noticing that left hand side of (2.4) is independent of A and considering the solution
transformations B and D, we can assume az(u,£,7) = a3(4,4,7) = 1 in the following
discussion of non-degenerate solutions without losing generality. Therefore equations
(1.4) can be reduced to following six equations:

a‘l(uifl 77)“1(”: 7, A) - hl(u + ”t‘f! A) - aG(ul fl ’7)“3("’ 7, )‘) =0
al(“)f, ”)aﬁ(u + ”tf:’\) - as(“,f, 17)“1(" + ”’fl A) - a;(v,y], A) =0 (2'56)
al("y uh )‘)aﬁ(u +v,¢, A) - nﬁ("» L A)al(“" + ¢, ’\) - aﬁ(us ¢ 77) =0
'14(1‘9 fv ")a‘l(”’ T A) - a’(("’"" ”lfl A) - a!(“n f» 77)00(". T X) =0
0.4(’(&, ft ﬂ)aﬁ(u + v, 67 A) - Bg(ﬂ, £1 Tl)ﬂa(" +v, fl ’\) - aﬁ("m L ’\) =0 (2~5b)
a4(”s ﬂ,_/\)ds(u +v,¢, A) - “5(1’1 uh A)“'4('“ + ¢, ’\)." aS(u; '3 17) =0

In order to solve (2.5), we will use a;(u + v,{,1) and a;(v,7,2) (i =1,2,---,6) to

‘represent a;(u,&,1) (i = 1,2,---,6). from (2.5a) we have

alugm = 2D - ay(o,n, Aas,7,3)

+65(V, LD A)‘15('“ +7v, fl A),
ag(u+v,£,))
al("l 7, ’\)

_‘%(1- as(u+v,€, Nas(u + 9,6, 1),

46("'61 7’) = 41(1’, f),k)ds(u +v, f. A) - al(u + ”'f: A)"6(”1 m ’\)l
and from (2.5b) we have :

as(ulfl '7) = (1 - “5(”» m ‘\)aﬁ(”v ™ )‘)) (26)

“4(“ +v,¢, A)
dg(",ﬂ,*)

, +as(u +v,€,A)ae(v,m, ),

as(u,f1 7)) = 4&(0,7), f\)ds(‘u + v, A) - G’(u +v,§, A)“S(vy LN ’\); (2'7)

2683 962001 - ag(o,m, oo, 7, )

_ﬁ;—(%u a4 3,6 (4 06 1)

ay(u,,m) = (1 - as(v,n, Nag(v,n,A))

i aﬁ(uv {v 7’) =



By comparing the expressions of as(u,£,n) and ag(y, £, n) in (2.6) and (2.7), we have

al(u + "rf) ’\)as(u + ”Ifl A)(1 - al("x T )‘)a‘l(vt A A) - “5(”: 7, A)"'6(": un A))
= ul(”) T )\)as(u, 72»)\)(1 - 01(14 +v¢§, A)“((u +v,§, ’\)
. —as(u+v,§, Aas(u +v,£, 1)),
“4("‘ + vv‘) A)“(“ +v, 6» A)(l - al(vz T A)a"(") i/ )‘) - 0.5(11, M A)aﬁ("n N )‘))
= a{(”,ﬂ. )‘)“6("1"1 A)(]' - al(u +v,¢§, A)al(u +v¢, A)
"as(u +v¢, A)‘zﬁ("" + ”r‘f»k)))

i.e.

(1 (0 9,6, s+ 9,6,) = anlu+ 9,6 Naolu +0,63) _ 9
a‘(“+”l£lx)as(“+"!f|k) TR

(1 - a‘(u'*' ”IE'A)‘“(“ + "sf: A)" al(u+ ”:ka)as(u + v )‘))
aq(u +v,§, Mag(u + v,£,})

where Cy()), Ca()) are functions of A. Therefore, from the combination of (2.6), (2.7)
and (2.8), the expressions of a;(u,£,7) (i = 1,4,5,6) by a;(u + v,£,2),a(v,7,X) (i =
1,4,5,6) are as follows

al(urfr 7]) = al(“ + ”16» A) (‘7'4(”177) ’\) + CI(A)G-’D(”» m ‘\))
‘*‘“5(”: 7, A)“G(u +v, Ei )‘)v

“i(uafv 7') = d‘(u + ”)f:k) (al(”l ™ A) + Ca(x)ﬂa(”, T A))
+as(u + 9,6, a(v,m, 3), (29)

a.’:(“zf: 7’) = a!("lﬂv ’\)GS(“‘ + v:f: )‘) - 44(" +v, £v ’\)aS(”x L' A)l
aﬁ(“l ED 77) = al(”: ™ )()ﬂs(u + v, Ea A) - al(u + v, fr A)aé(": 7, )‘)1

From the expression of as{u,£,7) and ag(u, f,n) in (2.6) and (2.7), it is easy to
show that

(2.8)

= C3(A),

d&(“: f: 77) = "aﬁ(""'l 7 6)) aﬂ(“rf: ”) = ““B('un"he)' (210)

Letting u = 0, f = £ in (2.5) and then solving the equation with respect to

{al(o)fﬁf)' a‘(oy f: 6):“5(0) E: E). 45(015: e)} we obtain

al(orfv£)=a4(o;frf)=;1| 45(01£t£)=aﬁ(0:6af):0- (2-11) ‘

(2.11) can be regarded as initial condition of Y-B equation (1.2). ,
In following context, the differential equations of a;(u, £, 7} is developed and we will

use the following notations for simplicity:

X = ay(u, 6, X'= ———8°‘(;‘;f’)‘), X" = 3———3““(9:;5' A),

W = aq(u,€,2), W' = ——‘9“‘(;‘1"5"‘), W = -~————a’“‘g“‘;5"‘),

Y = as(u,§,2), Y' = 9—“—’—%@, Y" = &gg:‘_;f_,;\_)' (2.12)
7 = ag(u,6,3), 7= el g Palnid)

() = 2“‘(—;—;5"\—) onee” i=1,4,5,6.

If we differentiate the system of equations (2.5) with respect to the variable u and
then letting u = 0, n = £. We can obtain following group of differential equations with
appropriate arrangement of the arguments

X' = Xey(€) - Yes(£), Y'=~Ye(€) + Xes(§),
W' = Weu(E) - Zes(€), 2" = —ZBea(£) + WealE), (2.13)
cs(€) = ~(X'2)+ X2,  cos(§)=-W'Y + WY

Differentiating once more (2.13) with respett to the spectral variable u, we have four
differential equations in the same form,

X" = (ex(€)® ~ es(E)ea(§))X, Y = (ea(€)? — es(€)es(€))Y, (2.14)
W = (ca(€)? ~ es(€)es(€))W, 2" = (ca(£)” ~ es(€)eel€)) 2. ’
With the similar process, doing the differential with respect to the variable v, we
can also have
X' = Xcl()«) - ZC5(}$), Z' = —ch()«) + XCe(/\),
W' = Wey(X) — Yeg(A), Y = ~Yey(A) + Wes(N), (2.15)
es(A) = —(X'Y)+ XY, (A= -W'Z+WZ'.
and

X" = (ey(A)? - es(A)es(N)X, Y = (ea(A)? = es(M)ee(2))Y,

W = (W) - es(Nes AW, 2" = (es(A)? - es(A)ee(A))2. (2.18)

From the equations (2.15), we can obtain a system of compatibility relations for the
Y-B equation (1.4) as follows:

XY(a(A) +ea(N) = Cs('\’)(—l +WX +Y2),

(2.17)
WZ(ci(A) + ea(A)) = cs(A)(~1+ WX + Y 2).
Comparing (2.17) with (2.8), we have
_ A +e(d) = a(A) +eH)
CI(A) = Cs(A) ’ C?(A) = CG(A) (218)


http:ae(u.e.1J
http:a5(-u.11
http:o.e(U.e.11
http:A)a6(v.11
http:o.e(u.e.1J
http:C2(A)as(v.11
http:a,,(U,e.11
http:as(u,~.11

Hence by compz’xringi(2.14) with (2.16) we see
ea€)? = es(€)es(€) = e1(A)! ~ es(A)es(R)

is a constant independent of colored parameters £ and A and

ar(€)’ = eal€)’. (2.19)
So What we only need to do is to solve the differential equations of degree 2 .
Uﬂ(ul &)= kzv(“: &), (2.20)

where k? = (¢1(£)? — cs(€)ce(€)). If k # 0, by solution transformation E to the spectral
parameter u, we can assume k = 1. Therefore the general solutions of the equation are

ai(,€,1) = A€,n) cosh(u) + Bi(¢, ) sinh(u), (2:21a)
for the case k # 0 and
ai(u, &, n)= Ai(&,7) + Bi(€,n)u, (i=1,2,5,6) (2.21b)

for the case k = 0, where

d“t(u £, 7’)

A6}y =0ai(0,€,m),  Bi(€in)= , (i=1,2,5,6)  (2.21c)

§3 The solutions of the Y-B equation only with colored parameters

In this section, we consider the Yang-Baxter equation only with colored parameters
as follows.

Rl?(El U)Rzz(f. ’\)RIQ(”': A) = Ru(‘!), A)Rlz(\f; A)RH(E» 7’)' (3.1)

This equation can be reduced from the Yang- Baxter equation of colored parameters -

(1.2) if we take the spectral parameter u = v = 0. Clearly, if R(x, £,7) is solution of
(1.2), then R(0,£,7) is a solution of (3.1). So in roughly speaking, a solution of (3.1)
gives the initial values of a solutions of (1.2). This implies A;(£,7),(i = 1,2,5,6) in
(2.21a) and (2.21b) must be 2 solution of the Y-B equation only with colored param-
eters. For the Y-B equation only with colored parameter definition of non-degenerate
and degenerate six-vertex type solutions are similar to that of (1.2). Generally, five
solution transformations and the formulas given in the first section are also true for
the six-vertex solutions of Y-B equation (3.1) except for the spectral parameters being
replaced by 0.

We first consider the non-degenerate solutions. Similarly, by considering with so-
lution transformation B and D, we can assume a3(£,%) = a3(€,7) = 1 in the following

7

discussion of non-degenerate solutions without losing generality. Therefore 13 equations
in (1.4) for spectral parameters « = v = 0 are equivalent to following six equations up
to solution transformations B and D:

a1(€,m)as(n, A) ~ a1(€, A) — as(€,m)as(n, A) =0
41(& ’7)45(6: ’\) - %(5? ﬂ)al(fi ’\) - 55(7’! A) =0 (3'23’) X
al(ﬂl ’*)ﬂc(f, A) - aﬁ(‘?n A)“l(éi )‘) - ﬂs(f,’)) =0
N(Ey 7’)“4(7'1 ‘\) - “4(69 A) - GS(Ei q)aﬁ(ﬂv A) =0

.a4(€,mae(€, A) — as(€,maa(§,A) — ag(n,A) = 0 (3.2b)
aq(n, N)as(€, A) — as(n, A)as(é;2) — as(§,n) =0

Similar to the discussion in section 2, from equations (3.2) we have the expressions
of a;(€,1) (i=1,2,---,8) in forms of ai(£,)) and ai(n, A) (i = 1,2,---,6) as follows

au(6m) = 23001 an(n, aen, 1) + ot (i),
aultm) = 2621 aaio aom ) + (e Neln ), (1)

Ga(f- 7’) = a((ﬂv ’\)as(ft A) - 04({, A)‘“(ﬂ! A)’
as(€,m) = a1(n, A)ae(€, A) - a1(£, A)as(m, A).
And we also have the algebraic relations

(1 - al(f! ’\)QC(G)A) ds(f.)*)ae(fﬂ\)) C (A)
(L= ax(E, oty b At )
— 81(5,A)a4 S, — as\§, Ajasl G,
aa(& Naolf, ) = Gid),

where Cy,C; are functions of A\. Now we fix A to a value and take 0 as the fixed
value without losing gerality. If we denote fi(¢) = ai(£,7) (i = 1,4,5,6), then fi(£)

(3.4)

- (i =1,4,5,6) satisfy

1= (E)F(8) - Fo(&)fal8) = CLAE)f(8),
1~ fu@)fl£) ~ F5(E)fol8) = Cafu(E)fo(),

where Cy, C3 are constants. Therefore, from the combination of (3.3) and (3.5), we can
write ai(€,7) (i = 1,4,5,6) by fi(€), fi(n) (= 1,4,5,6) as

ai(€,1) = L(E) faln) + Cufs(n)) + fs(n)fe(§),

ay(€,m) = f(€)(fi(n) + Cafe(n)) + fs(£)fe(n),
- as(€,m) = fa(n)fs(€) ~ f(€)fs(n),

ag(€,7) = filn)fe(€) = f1(€)fe(n).

(3.5)

(36)


http:ofnon-degenera.te

Since we consider non-degenerate solutions, there are only two cases for Cy and Cj,
one is Cy = C; = 0, the other is Cy # 0 and Cg # 0. And by solution transformation
C, we can assume C; = C3 = ~2cos(C).

1. The case C; =C; =0
For this case, we have

1 - A(€)A(€) - fs(f)fs(f)
Equwalently, fi(€) (i = 1,4,5,6) can be parameterized as

A(€) = (F(€) + 1)G(8),

+ Jul8) = (= F(§) + 1)/G(6), 3.7)
fs(€) = F(O)H(), '
fa(€) = F(§)/ B (£),

" where F,G, H are arb’rary functions of one variable. And corresponding expressions
of ai(¢,7n) (i=1,2,--+,6) are

au(€,m) = (F(E) + 1(-F(n) + 1)355; + FE)F(n )gg))
ax(€,n) = ﬂa(f, 7)=1,

aulym) = () + D(=F(©) + DED 4 pie)pn) ), (3.)

3 H(n)'
as(€, ) = F(€)(~F( )+1)IG¥((5; F(n)(-F(6) + 1)5&')), .

aa(6,) = FIENF() + D Fel - FOMF(E) + ) e,

This solution is called Free-Fermion type solution because it satisfies the Free-Fermion
condition (1.3).

2. The case C, #0 and C; # 0
For this case, by solution transformation C, we can assume Cy = C3 = ~2cos(C) #
0,

1= AlE)f«(€) ~ fs(€)fo(§) = —2¢c0s(C) A(8)fs(€) = —2cos(C) (£)fs(£)-  (3.9)

Since —2cos(C) # 0,
FHEs(€) = fu(6) fe(£)- (3.10)
By (17), fi(€) (i = 1,4,5,6) can expressed as follows

(€)= BQ/CE),  F(O) = HEG(E), (3.11)

f(6) = FE)GE),  fo(€) = F(£)/G(E)-

Then we can rewrite (3.9) as

HY &) - 2cos(CYH(E)F(E) + FX(¢) -1 =0. (3.12)

9

Considering (3.12) as a second order equation of H({), we have the solutions as

H(£) = cos(C)F(£) £ /1 - sin®(C) F3(§). (3.13)

So we have following two sub-cases.
Subcase 1. If cos(C) = 1, then sin(C) =

H(E)=+F(€) £ 1.

After considering fi(§) (i = 1,4,5,6) and H(£), F(£) with the influence of solution
transformations B,C,E and other equivalent conditions, we find that we need only
assume

cos(C‘) =1, . H(¢) = F(¢) + 1.
Thus

()= (E© +1/GEO),  f(0) = FEG(E), (319)
1) = (FO) +10GE),  fel€) = FO/C(E),

The solution of (3.1) is

aa(6m) = (P~ F(n) + 1V GuD,

a?(ft 7’) = a3(€|ﬂ) =1,
atn) = (FO) - Fn) + DG, (3.15)
as(,m) = (F(E) = F)GE)G(n),
1
as(é,m) = (F(§) - F(fl))m-

subcase 2. If cos(C) # %1, then sin(C) # 0. Up to solution transformation E, we
can replace F(£) by sin(F(£))/ sin(C). Thus

H(¢) = %—Z:E!g)m + cos(£) = sin(F(¢) £ C)/ sin(C).

After considering the influence of solution transformations B,C,E and other equivalent
conditions, we find that we need only assume

H(€) = sin(F(§) + C)/ sin(C)-

Therefore

sin(F(£§) + C) _ sin(F(£))G(€)
A= G Ko = 2O
sin(F(€) + C)G(¢ _ sin
Mo=—=me O = oy

10



The solution of (3.1) for this case is

_ sin(F(€) ~ F(n) +C) G(n)
ay(é,n) = sin(C) G(¢y'
aa(€,m) = aslém) = 1,
F(&Y-F +C)G(¢
ay(§n) = sin( (63111(0()1’) )Eéﬂ—;' (341
aslbm) = WG(()G(U).
’ _sin(F(§)-F(n)) .1
fe(f M= (@) GECw)

where C is arbitrary constant.

Therefore, uirto solution transformations A,B,C,D,E, any non-degenerate six-vertex
type solution of YBE (3.1) with color parameters is equivalent to one of the three sets
of basic solutions: (3.8), (3.15) and (3.17).

Remark 1. If we take F(£) = ¢, G(£) = H(€) = 1 in (3.8), solution (3.8) becomes

al(f:q) = E -n+ 1,

a?(fl 7’) = a3(£! 71) = 11 ‘
a(fn)=n-¢+1, (3.18)
0‘5(6: ﬂ) = ’f -1

ae(ﬁ: ’7) ={ 1.

If we take F(€) = sin(£)/ sin(C), G(£) = sin(£+C}/(sin(z1)+sin(C)) and H(€) = 1
in (3.8), solution (3.8) becomes

_sin(§-n+0C)
a(é,7) = -Tn(C‘_T——’

32(5, 7)) = 03(51 7’) = 1|~ )

_sin(n—§+C).
“En=""5we (3.19)
_sin(§-1n) :
45(5» "7) = _sin""‘_(c) e
_ sin(§~1)
as(fr ’7) - sin(C) M

If we take F({) £, G(£) = 1 in (3.15), solution (3.15) becomes

a(§,m)=€-n+1,
as(é,n) = as(é,7) =1,

aq(ém) =€-n+1, (3.20) -

as(§,n)=§€ -1,
aB(fv") = f -

11

" K we take F(€) = ¢, G(f) = L in (3.17), solution (3.17) becomes

sin(é -+ C)

a6 = sin(C) '’
az(é,m) = aa(f,n) =1,
a(éyn)= %ﬂ (3:21)
sin(§ — 1) 17)
as(fm) = Tsin(C)
sm(E r})

as(,m) = “an(C)

. In (3.18), (3.19), (3.20) and (3.21), &;(£,7) (i = 1,2,-,6) are in forms of functions

of two variables, but they can also be regarded as one-variable functions of § — 7.
Therefore from three basic solutions (3.8), (3.15) and (3.17) of (3.1), we obtain the four
basic solutions of (1.1). In fact, (3.20) is the solution giveg by Yang{l], (3.21) is just
the trigonometric one for ice model [2], (3.21) and (3.19) a&uat the type-T and type-II
six-vertex solutions given by Sogo et al{12], (3.18) can be obtained by takmg fimit in
(3.19).

Now that we have discussed the non-degenerate solution, we come to the degenerate
six-vertex type solutions of Y-B equation (3.1),

Case 1. If a5(¢,7) = a3(é,n) = 0, then ay(¢,7),ad(£,n), as(€,7), ae(€,7) can be
arbitrary functions.

Case 2. If a;(£,7) = 0 or a3(£,n) = 0, then up to solution transformation A, we
assume a3(€,7) 0, a3(¢,7) = 0 without losing genetahty, equation (2) is equivalent to
following six equations:

61(6) ")al(ﬂ! A) - “1(&) A) - a6(£| ﬂ)as(m A) = 0’

01(5: 7’)35(57 A) - a'i(E: 7))“1(5, A) = 0)

al('h A)“G(Ev A) -~ a&(ﬂr A)“l(f; )‘} =0, (3 22)
a4(£,7)84(n, A) — a4(€, A) - as(€,n)as(n, A) = 0, ’
“#(f. ﬂ)a6(£n A) - aﬁ(ty 77)"'4(61 A) =0,

ay(n, A)as(§, A} - as(7, Xay(é,2) = 0.

Subcase 2.1 If we have as(¢,7) = ag(£,7) = 0 additionally, then up to solution
transformations, the basic solutions for this case are

a1(§,1) = e1f1(€)/ fi(n),

as(€,7) = 1,
aq(€, 1) = eafa(€)/ fo(n), (3.23)

aa(f, 17) = 05(& 17) = aﬁ(f! '7) =0,

where fi, f4 are arbitrary functions, ¢1,£4 are 1 or 0.
Subcase 2.2 If we have as(€,7) = 0 or ag(¢, ) = 0 additionally, then up to solu-

_ tion transformation A, we assume as(£,7) #0, ag(¢,7) = 0 without losing generality,

12



therefore for this case there are four sets of basic solutions up to the solution transfor-
mations: .
. i) al(,f: "I) = d.3(f,ﬂ) = a‘(f-ﬂ) = aﬁ(flﬂ) = 01 az(f; 7})1"'5(6: ')) are arbitrary func-
tions, :

u) al(f: )= “3(£ 7’) = aﬁ(f:ﬂ = 0 a{(ft 7’) = fl(f)/i‘(q)' “2({» ”) = 1 “5(6:
f4(£ f.’) 7' »

iii) as(£,m) = a«(e’.n) as(,m) = 0, ay(€,m) = Fu(€)/ Filn), aalé,m) = 1, as(€,m) =
fs(6)/ fi(n),

iv) a3(£,7) = as(é, fr) 0, a1(£,n) = (€} fi(n), aalé,m) = fu(€)/ Fu(m),.
az(€,m) = 1, as(€, ) = fa(£)/ fi(n),

where f1, f4, f5 are arbitrary functions. .

Subcase 2.3. If we have as(¢,7) #0 and ag(€,n) 0 additionally, up to solution
transformations, the basic solutions for this case are

_ Jalé)
ﬂl(f.ﬂ) !( )

a?(Ev ’7) = 1
43(6) 7’) = 0

wem_ Fe0)
(€)= s (ﬂ)( 9(€, 1) +1/2),

as(6ym) = Fosid(o6n) + 1/2),

as(E, ) = fc—fsff%)(-y(&ﬂ) +1/2),

=596 m+1/2),

(3.24)

wd | CiC fu(€)
_ 1Lq " Je
albm) = 1+ C,Cy fa(n)'

az(f.’l) =1,

aa(f.ﬂ) = 0’

| o 1o (3.25)
ay(é, ) = 1 +IC“C'4 f:("),

3 ___(,’.__ 5(6)
as(€,7) = 1+ C\Cy fo(n)'
as(f;’?) =

Ci fsl§)
1+ CCy fs(n)'
where fi, f4, fs are arbitrary one-variable functions, g is arbitrary two-variable function,
C1, C, are non-zero constaats. And solution (31) satisfies Free-Fermion condition (1.3).
Case 3. If a3(£,7) #0 and a3(£, ) #0, we also have following cases,
Subcase 3.1 If we have as(€,7) = as(£,7) = 0 additionally, then up to solution
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transformations, the basic solution for this case is

ﬂlgu ﬂ; = fxg)/?(f[),

a&n)=all,m= 1,

asle.n) = FE/ ), (3.26)
a!(fyﬂ) = ﬂs(f,r’) =

where fy, f4 are arbitrary functions.

Subcase 3.2 If we have as(£,1) =0 or ag(f n) = 0 additionally, then up to solu-
tion transformation A, we assume as(£,7) %0, ag(£,7) = 0 without losing generality,
equation (2) is equivalent to following six equations:

ai(f:ﬂ)al(ﬂt ’\) - al(fr’\) = 0:
al(f! ﬂ)as(f, A) - as(flq)al(f: ’\) - ai(fh ’\) ks 0)
ay(€,m)aq(m A) = aq(€,2) = 0,
ay(n, A)as(£, A) — as(n, A)ay(§, A) — as(£,7) = 0.

Then up to solution transformations, the basic solutions for this case are

h(§)
al(£ n) = fi (ﬂ) .
ﬂz(f,ﬂ) - a3(€» 7’) - 11 )
. _ Ay 3.27
O ”
_ I Jsin)
ellm) = o)
ag(é, 1) =
and £(6)
ALY
al(f:n)“ fl(n)l
a?(f: ’7) = a3(£1 ") = 11
J alé, n)— f‘(E) (3.28)
as(€,m) = fa('i)(l A1) f(€)) ) - fl("l)h('m '
= CHE) Chin)
L as(é,7) =0,

where fi, f4, fs are arbitrary functions, C is non-zero constant. And solution (3.27)
satisfied Free-Fermion condition (1.3).

Subcase 3.3 If we have as(£,7) 5/ 0 and ae(€,n) 5/ 0 additionally, there is no
degenerate solution for this case. Otherwise, let a4 = 0 for example, then from equations
(1.4c) one can see at least one of ag(£,n),aa(£, 1), as(£,n), as(€,n) must be zero, that
gives the contradiction, i.e. there are only non-degenerate solutions for this case.

14



In fact, from above discussion, we give all the six-vertex type degenerate solution
only with color parameters up to solution transformations A,B,C,D,E.

Remark 2. In both references [8,9], a solution of equations (2) is mentioned and
can be expressed in the notations of this paper as:

pE) 0 0 0

P -1
Pe ;& .| (3.29)
#n) 1 |
0 0 0 -m
Ifwg let )
_ P+l 1 S . () I
=g -1 HO=mg-1 0= g1

in the degenerate basic solution (3.24) discussed in this paper, the above solution (3.29)
is obtained.

§4. Solutions of colored Yang-Baxter equation

Based on the results of first three sections, we are going to give all non-degenerate
six-vertex type solutions of colored Yang-Baxter equation(1.2). In section 2, we have
already obtained the general form of solutions for the Yang-Baxter equation (1.2) in
(2.21a) and (2.21b), ax(u, £,7) = a3(u, £, 7) = 1. And in section 3, we present A;(£,7)in
(2.21a) and (2.21b) as solutions of Y-B equation only with colored parameters (3.1). So
in order to construct a non-degenerate six-vertex type solutions of colored Yang-Baxter
equation, what we remain to do is to find B;(z,y)(i = 1,4,5,6).

Based on the discussion in section 2, from (2.9) and (2 18), we have the expressions .

of a;(u,&,n) (i=1,2,.--,6) as

a‘(uifl 7’) = u;(u +v,€, A) (84(1}, ™ A) + c‘_(Acls%)‘c)_‘(&as(v' ?),A))
+ﬂs(”|ﬂ1A)¢é(u +v,6,4), ‘
a((ulfl fl) = ag(ﬁ +v!A£$A) (01(‘0,‘:'), A)+ Wdﬁ(v,ﬂ'k)) (4‘1}

+a5(u +v,§, :\)125(1), 1 A)»
as(u,€,1) = aq(v,n, N)as(v + v,£,2) — ag(u + v, Nas(v, 1, A),
aﬁ(u) £, ﬂ) = al(": ﬂ:A)aﬁ(u + "»f; A) - al(u + v»{;)‘)aﬁ(vx 7, )‘)1

Since Ai(£,7) = @i(0,¢,1) (i = 1,4,5,6), from the initial values of a;(u,§,7), we

have
A6 6) = A6, 6)=1,  As(£,6)=4e({,€)=0.

Of all the solutions, only solutions (3.8), (3.15), (3.17), (3.26), (3.27) and (3.28) satisfy
these conditions. And A;i(£,7) should also satisfy (4.1) with u = v = 0 and 4;(0,¢,7)
replaced by A;(¢,7) (i = 1,4,5,6). Therefore, only four basic solutions (3.8), (3.15),
(3.17) and (3.27) are suitable to be chose as 4;(¢,7) (i = 1,4,5,6).

Next, we are going to give B;(£,1) (i = 1,4, 5,6). Firstly, from the differential equa-
tions (2.15) and the general form of solutions (2.21a), (2.21b), B;(¢,7) (i = 1,4,5,6)
can be expressed as ' :

B!(E) ’7) = CI(V)AX(& ") - Cs(’))Ag(f, ’7)!

B«(f;’?) = C«(’i)“h(f. 7?) - “(W)As(‘fv ’7)’ (42)
BS({)’?) = -CQ(H)AS(& 7’) + CS(")A4(£» ’7)»

Bg(€,1) = —c1(n) As(£,7) + ca(n)Ai(€, 7).

Secondly, by letting v = 0 in (4.1) and from the general form of solutions, we have

a(}) + e

Bu(erm) = Bu(e, ) (A ) + 2O 3, 3)) + Bote, ) 4500, ),
a(A) + e

Bu(em) = Bu(e, ) (a(n, ) + SCLE g ) 4 Bule N Atn (49
Bu(E,m) = B(£, ) Aa(n, 2) = B,V As(n, ),
Bg(£,m) = Bs(§,2)Ar(n, 2) - Ba(§, A)Ae(m, A),

We will first use (4 2) to obtain B;(£,0) from A;(§,0), then use (4.3) to obtain
Bi(€,1) from A;(£,0) and B;(£,0) (i = 1,4,5,6). For simplicity, we denote ¢; for ¢;(0)
(i = 1,4,5,6). All the solutions can be classified into two type. Solutions satisfying
Free-Fermion condition (1.3) are called the Free-Fermion type solutions, and others are
called the Baxter type solutions.

Free-Fermion type solutions

. From (3.8) and (3.27), we can obtain four basic solutions satisfying (1.3). Since
Ai(€,7) of (3.8) and (3.27) satisfy the Free-Fermion condition, ¢; = —¢4. By solution
transformation C, we can assume cs = cg. If the solutions are in the form as (2.21a),
ie.

32(“:6:’1) = a!l(“;f: 7]) =1, . (4‘4)
a\'(ua ¢ ?)) = Ai(f! ") oosh(‘"') + Bi(f! ’?) sinh(u), i=1,4,5,86,
2

¢} - ¢ = 1, we denote
¢ = cosh(C), ¢4 = ~cosh(C), es = ¢g =sinh(C). - (4.5)
If the solutions are in the form as (2.21b), i.e. k

ai(utfs n)= aa(u,f, 7]) =1, ai(u:‘f’ ’7) = At’(f' ’7) + Bi(fr q)u»i =1,4,5,6, '(4‘6)
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¢? — ¢} = 0, by solution transformations we can assume
ag=e=cg=1, cg=~1. (4.7)
For solution (3.8),

A(60)=(FEO+1CE),  Aue0) = (F(&) + 1/G(6),

and

As(£,0) = FOE(E), A(£,0) = FE)/H(E) “8
Ay(€,m) = (F(€) + 1)(=F(n) + 1)ggf;+ F(E)F(n)igg,
G(n) ()
Ad&,n) = (F() + 1)(~F(€) + 1) G(E)+F(£)F(n)g(,n (45)
4.9
As(£,m) = F(€)(- F(q)+1)g((£;_i'(n)( F(€)+1)g&')).
Aa(6.n) = FEXFEn)+ 1 G0 - F)(F(E) + D oo

From (4.8) and (4.9), we have two basic solutions up to solution transformations. One
is in the form (4.4) with A(£,n) (i = 1,4,5,6) expressed by (4.9) and B;(§,7) (i =
1,4,5,6) by

6= ((+FENO- F(n))G“’w(f)F(n)”(”’) cosh(C)

) 10)
+ (=0 - PO oy + (14 FEDFIGEN () sinh(C),
Bem = (- FONL+ F) S + FOFm ED) conn(c)

+ (PO + PG + (1~ FEDF grgy) Smh(C),

Bs(em) = (PE)1 - F(m) 2D “)-F(n)( 1- F(e) 2D conn(c)
&) )

+ (0 - R - P gy + FOFME©H())sinh(C),

Ba(Em) = (PO + Fml g - Fa)(1-+ F(E) g ) cosh(C)

F(€)F(n) @) H(n)
An
+ ( HOHm T (1+ FE)1 + F(q))G(f)G(n)) sinh(C).

(4.10)
The other is in the form (4.6) with 4;(¢,9) (i = 1,4,5,6) expressed by (4.9) and
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Bi(€,1) (i = 1,4,5,6) by
Bi(em)= (14 FO)1 - nn»ggfg + FOPZD
= PO = ) iy + (1 FODFIGO A ()
BEm) = -1 - FOXL+ P ol + FOF() o
+ = FEXL+ FCE(E) + (1 - FE)Fin) s

Bs(§,m)= F(£)(1-F(n) G((f; - F(n)(1- F(£)) g( (E’;

(1= F(€))1 - F(n)) G(f)IG( )+ F(E)F(n)H(E)H(n),
Be(€)= ~F(€)1+ F(n)) H((g (1+ F(£))F(n) g((i))
v FORL L (14 RO+ FaNGEOG)

SEE )

where F(£), G(¢) and H(§) are arbitrary functions with F(0) = 0,G(0) = 1.
For solution (3.27)

Ai(£,0) = F(§), Adl£,0)= As(£,0)=G(£), Ae(£,0)=0,  (4.12)

F(f )’

Ai(,m) =

A((f! ’7) bl Fm (4‘13)
G(§) G(n)

As(€m) = T~ F@)

Aﬂ(fl 7’) = 0:

From (4.12) and (4.13), we have two basic solutions up to solution transformations.
One is in the form (4.4) with 4;(¢,1) (i = 1,4,5,6) expressed by (4.13) and B;(£,7)
(i=1,4,5,6) by

Bu(6,7) = ik cosh(C) + FE)G(n)sink(C),
Bu(6,m) = - 2 coah(C) ~ F(m)G(¢) sink(C),

F(£)
G , G(n)

1 .
55m) = (7033 + () <O+ (gymsy + G5 sinh(C),
Be(t,m) = F(&)Fl) sinh(C).

(4.14)
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The other is in the form (4.6) with Ai(¢,7) (i = 1,4,5,6) expressed by (4.13) and
B"(E, ’7) (1 =1, 40516) by

Bu(6) = Fib + F(EG(),

Bu(6m) = =50 - Fn)G(6) (4.15)
G, Sy, 1 |
Bi(en) = g+ H 1 i+ G0,

Bs(£,n) = F(E)F(n).

where F(¢) and G(£) are arbitrary functions with AF(O) =1,G(0)=0.
The above four basic solutions satisfy the Free-Fermion condition (1.3).

Baxter type solutions

From (3.15) and (3.17), we can obtain two basic sulutmns Smce Ai(€,m)of (3.15)
and (3.17) do not satisfy the Free-Fermion condition and ¢? = c2, ¢ 4 ¢4 # 0 and
therefore ¢; = ¢4. By solution transformation C, we ca.n usume ¢s = Cg.

For solution (3.15), {1+ ¢4)/cs = 2cos(C) = 2, ¢ — ¢} = 0, therefore the six-vertex
type solution corresponding to (3.15) must be in the form of (4.4). And

aeor=TEEL 0= (e +1ete)

j (4.16
© As(€,0) = F(£)G(¥), Ag(£,0) = g%’ )

and
Ag(,m) = (F(6) - F(n) + 1)GE€§ -

As(€,m) = (F(€) - F(m)G(E)G(n),
As(€m) = (F(€) - F(n))a(—f)lém.

From (4.16) and (4.17), we have one basic solutions up to solution transformations as

ay(u,€,m) = (L +u+ F(£) - F(n)) g&};
a”‘(":f)") = aa(‘u f,q) =1,

el bm) = (L4t F(O) - ) g,

as(u,€,1) = (u + F(f) F(ﬂ))G(f)G(n),
ag(u,&,m) = (x + F(€) - F(0)) e

(4.18)

G(f)G'( )
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where F(£) and G(¢) are arbitrary functions with F(0) = 0,G(0) = 1.
For solution (3.17), (c1 + ¢4)/es = 2¢cos(C) # £2, ¢} - ¢§ # 0, therefore the six-
vertex type solution corresponding to (3.17) must be in the form of (4.6). And

sin( F(£) + C) sin(F(€) + C) G(S)

A‘L(f:o) = sin(C)G(f) [l si H(C)

A4(Er 0) -

. (4.19)
_ sin{F(£))G(¢) = Sin(F(6)
460 =—3rey 0 A0 = srmay
and
_ sin(F(§) - F(n) + C) G(n)
= S8(F(§) - F(n) + €) G(£)
A, m) (F«;m(g() ) G(n)’ (4.20)
sinl n
4 (fy =gy Cem)
_ sin(F(§) - F(n)) 1
As(f )= sin(C)  GE)G()’

where C satisfy (c1 + cq)/es = 2co8(C) # +2.
From (4.19) and (4.20), we have one basic solutions up to solution transformations
| _ sin(u+ F(§) = F(n) + C) G(n)
al(usfn ") = ain(C) 'ém:
a;(u, f: 71) = a3(ulEIﬂ) =1,
sin(u + F(§) ~ F(n) + C) G(£)

as

as(u,€,7) = ‘ 11(C) G’ (4.21)
aa(w ) = 2 F D sy6),

sin(u 4 F(§) - F(n)) 1
ag(u,é,n) = sin(C) G(£)G(n)

where F({) G(€) are arbitrary functions with F(0) = 0,G(0) = 1.

Ifwelet F(§)=¢ G(€)=1,v=§{~nin (4.18) and (4.21), (4.18) and (4.21) become
the solutions with two spectral parameters 4 and v. These solutions are essentially same
as the solution in ice model. They are called Baxter type solutions. :

Therefore, up to solution transformations A,B,C,D,E, any non-degenerate six-vertex
type solution of colored YBE (1.2) is equivalent to one of the six sets of basic solutions:
four free-fermion type solutions by (4.4), (4.6), (4.9), (4.10), (4.11), (4.13), (4.14) and
(4.15) and two Baxter type solutions by (4.18) and (4.21).

Remark 3. In [8], a solution of colored Yang-Baxter equation is mentioned and




can be written in the notation of this paper as
a1(u,€,7m) = cosh(£ ~ n) cos( =) + sinh(€ + n) sin(5 ),
a?(uv C: 77) = 43(1‘1 Er ’)) = 1|
aa(u,£,7) = cosh(€ — ) cos(72) - sinh(¢ + n)sin(5 ), (4.22)
as(u, £,1) = sinh(§ — 5) cos(-;—;) + cosh(£ + 1) sin(%),
ag(u, £,7) = —sinh(€ - 7) cos(;;%) + cosh(§ + ) sin{ -;—;% ,

By taking solution transformation E to the coefficient of spectral parameter u and
changing cos, sin to cosh, sinh, (4.22) is equivalent to

ax(, €,7) = cosh(£ — ) cosh(u) — i sinh(¢ + n) sinh(u),

aau,€,7) = as(w, 1) = 1,
) = cosh(€ ~ 1) cosh(x) + i sinh(£ + 1) sinh(u), (4.23)
) = sinh(§ — 1) cosh(u) — i cosh(£ + ) sink(u),

a!(u)fr”
05(“; {r n

ag(u,€,1) = —sinh(€ - 7) cos(% — icosh(§ + 7) sinh(u),

By letting

FlE) = dsah(6),  G(6)= e = o)

cosh(C) =0, sinh(C) = ~i,

H({) = -i:

we can derive (4.23) from (4.4), (4.9) and (4.10).

Remark 4. In [11} Yang-Baxterization of colored R-matrix was discussed and
some six-vertex type solutions were presented as examples. One of the solution can be
expressed as follows in the notations of this paper with some correction to the misprints:

ay(u,&,m) = f(€,7)0q ~ ¢ 'ev),

aa(u,€,1) = f(£,n)e*wg " (€)g(n)a(£)a" (),

aa(w,€,7) = f(£,n)wg(£)g™"(n), (4.24)
aq(x,€,1) = fl€,n)a(f)a " (n)}g— g7 'e"), '
Gs(u, 6: 7’) = f(f; T,’)(I(E)(l - eu)l

ag(w,&,n) = fl&,m)a(n)(1 - e*),

.

where w = ¢ — ¢~}. By taking solution transformation D with p = —1/2 and f(§) =
g(€)a~'/?(¢) , solution transformation B with

flu,6m) = f7UE nw e eV (£)a (),
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and solution transfomration E with g = ~2, f(§) = £, solution (4.24) is equivalent to

L]

_sinh(u+ C) [a(n)

awbm = =256y V ae)
a?(ul E! 7?) = a3(ut f) 7?) = 1!

sinh(u + C) fa(f)

a4(u.£,v)=w o)’ (4.25)
as(un€,7) = S falEat)

sinh(u) 1

a(w.6,7) = TR CY at@aln)”

where g = €€, By letting

F(&) =1, G(§)=y/a(b),

we can derive (4.25) from (4.21). Similarly, other six-vertex type solutions in [11} can
also be derived from six basic solutions.

[
(%)
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