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Abstract 

We explicitly construct a two dimensional cyclic representation 
of U q(3ll ) and its intertwiner. The representation is not evaluation 
representation. The intertwiner turns out to be R-matrix for eight 
vertex Ising model1 ! I . ! 

Much attentions is being' paid to the search for a quantum group like 
structure whose intertwiner R-matrix for different irreducible representations 
corresponds to the elliptic a-vertex solutions of the Yang-Baxter equation[l]. 
Recently such a quantum group interpretation has been found for the free 
fermion 8-vertex model in magnetic. field, introduced in[2J. Its Boltzmann 
weights matrix[3, 4] acts as an intertwiner for the affinization of a quantum 
Hopf.deformation of the Clifford algebra in 2 dimensions, CH,(2) {5]. 

In this paper, we will be concerned with the 2-dimensional cyclic repre­
sentations of Uq ii;, i.e., the representations when q = i. We show that the 
intertwiner turns out to be the R-matrix for 8-vertex Ising model. 

-This work is supported in part by Chinese Natural Science Foundation and 

1 The Algebra U q(Sl2) 

First let's agree upon the notations. The Cartan matrix for a.ffin.e Uq(iI2) is 

I [2 -2]
(ajj) = -2 ~ , 

which is generated by {ei' fit Kr, zr} " with the algebraic relations 

[Zi,.] = 0, v. € Uq(il l ) 

KiK;1 = K;IK, = 1, 

K tIK'(' Kt2Kti Vi I . ± V··
i ; = ii' 11 l = , E,] 
Kjej =qG;jejKj , 
Kef; = q-fSjj /;I<i , 

K· - K:-llei , fi] =Ojj' t~ 
q - q-

L~( - )" [3] ej " ,3-"ejej 0 
__0 .,

rJ:"')" [
'v 

~] fl"-~/;fi 

= 

=0 .' . 
v=O q 

. .(.. , 
where the central elements ziis due to quantwn double construction. The 
co-multiplication as a Hopf structure map is defined as follows 

~(ei) = ej ® 1 +ziK, ® e, , 
~(fi) = fi ® K.-1+ z;1 ® fi , 

(1)~(Kr) = Kr ® [(r , ~{ 
~(zr) =zr ® zr . 

The above definitioI;l gives a family of algebras with different value of q. 

., 1.1 Algebra U q(;t2) at q = i 

In the rest of this paper, we will be concerned with a special member of 
this family, i.e., the one with q = i. For convenience we make an isomorphic 
transformation of generator fit and we introduce new central elements Co and 
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Cljust for the convenience of intertwiner construction, so that the algebraic 
relations read 

(Zi,.] (Ci,.] =0, v. E Uq(iI2 ), 

!
K,K.-1 = Kj-

1K, = 1 , 
Ktt KJ2 = K12 Kft , Vlh l 2 =± , V i,j 
{K. , Ej } = 0, Vi,j 
{Ki , Fj} = 0, Vi,i 
{Ei,Fj} = 6iiCi(/(1 1), Vi,i 

with Serre relations changed into 

[~l, {Ei,Ej }] =[Fj~' {Fi,Fj }] = 0, (i f;: j) (2) 
, 

It can be seen that E1 and Ej (i f;: j) do not commute, nor do Fl' and Fj 
(i f;: j). The relations in (2) imply 

[E?m-l E.] - (_)m-lE!"-1 [E· E·1 E!,,-1 Vi f;: i and m ~ 1,
I , J - ." J I , 

[Elm, Ej1 = (-)m-1mEi-1 [El, Ej ] E;"-1 , Vi f;: i and m ~ I, 

[F?m-l p.] - (_)m-l F!,,-l [F.- p.1 F!,,-l{ , I J - ..., J I , Vif;:j lI:Dd m ~ I, 
[F~m F·1 - (_)m-lm F.rn-1 [P.2 p.1 #-1 Vi f;: i and m ~ 1.• I J - ,.' J I , 

1.2 The Quotient Algebra Uq 

However in the followi~g we will take a quotient such that 

[El, .] = [Fl,.] 0, V. E Uq• 

This gives us a new algebra Uq with central subalgebra 

Z = ge~{l, :Zj, ct,El,Fl', K1, i = O,I} 

It can be seen that at bialgebra level, Z remains to be central subalgebra. 

2 Uq and Its Cyclic Representations 

To construct the 2-dimensional cyclic representation, we introduce the Weyl 
algebra generated by two operators X and Z, with the following relations 
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X 2 = Z2 = 1, ZX = -XZ _ 

The matrix representation we are to apply is 

Z = [~ ~1]' X = [~ ~] 
The Weyl realization of the algebra after the change of the parameters is 

. given as follows 

Fl = i(-XZyo + XpIpOXI)/(2aoalpII"oXIYl1:1), 

Fo i(XYl - ZXpIpoxo)/(2aOal:&lYI1:o), 

El ik1(XYl - ZXplpoxo)/2, 

Eo i1:o( -XZyo + XpIpOXI)/(2plpO), 

/(1 ia1Z/ao, 

/(0 -iaoZ/a., 

Zl (aoalYl)/(xoi) -I, 

Zo (xoi)/(aOalY.) ·1, 

Co = al (X1Yi +xoYo) [2aOXIYl (a~ +a~)rl , 
Cl = ao(xlYl +xoYo) [2alXlYl (a~ +a~)rl , 

where 

~ =J Yo : ". = t°I'I!'O,
XlpIpO Yl . 


We stress that this representation is evaluation representation in that KoKl = 

1, and . 


1:0) F: F - Eo.E. =(k11:oa laox lYl 0, 1 - .alaoxlYlkl 

3 Coproducts • 
. The coproduct map on each generator is defined as follows 

!
~(E.) E.01 +ziKi0E.. 

~(F.) Fj 0 1+z;-lK. 0 Fi, 

~(K.) = Ki0 Ki, 

~(Zj) = 	 z:0z., I 

c;Kl0 1- c; 0 1 + Kl 0 Klct - K1 0 c;
~(ct) = 

K10Kl-101 
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Coproducts of generators are given explicitly in the following, where we 
negleC?t global coefficients that are not concerned with our construction of 
intertwiner, 

l 

t1Et XlYn + Z l X 21'1l1'10Y21 - ZlXll'lll'lO%lO - Z l Z2 X 21'211'201'1l1'10%20 
t1Eo Xl 1'21 1'201'111'10%11 +Z l X 21'21I'2O%2l +Zl X l l'21I'2OYlO +Zt Z2X 2Y2O 
t1Fo = X 2Y2lYllYI0 - X l hI'211'20%21%20Yll - Z2X 21'2ll'2O%20YllYlO 

+Zl X1Z21'21I'201'111'10%2l %20%10 

1t1Fl -X21'211'201'1l1'10%2l%11%10 + X 1Z21'1l1'10%l1Y21Y20 
-Z2X 21'1l1'1o%n%10Y2o +Zl X I Z2Y21Y20YI0 

where Zl = Z ® I, Z2 = 1 ® Z and similar for Xl and X 2. 

4 Intertwiner 

• The curve C10 is described by %10, YIO,1'10, 

• The curve Cu is described by %ll,YU,l'llJ 

• The curve C20 is described by %20, Y20, 1'20, , 

• The curve C21 is described by %21, Y:n, 1'21' 

A coproduct rep~esentation is on product curve V = Vio,n x V20,21 where 
Vio.ll = CIO X Cu and 1120.21 =C20 X Cn Therefore V =(ClO x Cn ) x (C20 x 
C2d. 1 

1. Curve conditions 

2 %ij2 - k k'2 _'I. ___________ ,Y"=---,
'J k%ij2 - 1 I'ij - 1 - k%.;2 

where k'2 = 1 k2 and k , k' are conjugate elliptic norms. 

2. Local inte~twiner (I): 1,0 <=> 2,1 

1'2,1%2,1 + 1'1,0%1,0 
S10,21 = 1 +SlX I X2, Sl = , 

1'2,lYl,O - I'l,OY2,l 
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3. Local inter twiner (II): 1,0 <=> 2,0 

t _ Y2.0 +Yl.O
T10,20 = 1 +hh, 

2 - 1'1,01'2,0(%1,0 - %2,0)' 

4. Local intertwiner (III): 1,1 <=> 2,1 

IT' W- +t Z - °t Y2.1 +JIl.l 
.l.U.21 = 11.21,0 1 11 1 = ( )'

1'1,11'2.1 %1.1 - %2.1 

5. Localintertwiner (IV): 1,1 <=> 2,0 

-1'2.0%2.0 -1'1,1%1,1
S11.2O = 1 +S2XIX2, S2 = . (3) 

-1'2,OYl,1 +1'1.lY2,O 

• 
Global intertwiner rea.ds 

R(I,2) = Sl1,20T10,20Tu,21SI0,2~' 

We list the effect of the. actions of eac~ local intertwiner S10,21, TU,21, 
TIO,20, and Sn.~o consecutively !s follows 

Coproduct of El is mapped consecutively from t1El to t1EI, t1EfI t1EfII 
and finally I.lElv : 

1 
t1El = XIYll + ZsX21'1l1'10Y21 - Z I X 1I'n,ulO%lO - .ZI Z 2X 21'211'201'1l1'10%20, 


t1E[ =,X1Yll - Z l X 2Plll'21YlO +Z I X l I'1l1'21%21 - ZlZ2X21'101'201'1l1'21%20, 

t1E[1 = X1Yll - Zl X 21'11I'21Y20 +Z l X 11'111'21%21 - Z l Z2 X 21'101'201'1l1'21%10, 


t1EIII =X1Y21 - Z l X 21'1l1'2lY20 +ZIXll'nl'21%n ....;. ZlZ2X21'101'20I'UI'21%10, 

t1EfV = XlYn +Z l X 21'201'21YU - ZlXll'2Ol'n%2O - ZlZ2X21'10I'201'1l1'21%10. 


Coproduct of Eo is' mapped into: 

1 

t1Eo = X 11'211'201'1l1'10%n +Z l X 21'21I'2O%21 +Zl X l l'211'20YlO +Zl Z2X 2Y2O, 

t1EJ X 11'101'201'1l1'21%U - Zl X 21'101'2O%10 - Zl X 11'10l'2OY21 + ZlZ2X2Y20, 


t1EJI = X 11'101'201'U1'21%11 - Zl X 21'101'2O%2O - Zl X 11'101'20Y:n +ZlZ2X2YIO, 

t1EJII = X l l'lOI'20l'lll'21%21 - Zl X 21l101'20%20 - Zl X 11'10l'2OYll +ZlZ2X2YIO, 

t1EJV = X11'101'201'1l1'21%21 +Z l X 21'101'n%1l :t Z l X l l'101'1lY20 +Zl Z2X 2YlO. 
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// 

Coproduct of Fo is mapped into: 

.6.Fo =X2Y21J/nJ/10 - X 1Z 2J.'21J.'20Z 2I Z 20Yll - Z2 X 2J.'21J.'20Z 20YllYI0 


+ZIX I Z 2J.'21J.'20J.'11J.'IOZ21Z 2OZ IO, 


.6.FJ = X2Y21!1n!ll0 + Xl Z2J.'10J.'20 Z 10Z 20Yll + Z2 X 2J.'10#20Z 2O!lllJ/21 


+ZlXIZ2J.'21J.'2OJ.'1lJ.'10ZnZ20Z10, 


.6.FJI = X 2Y21YllY20 + XIZ2J.'10J.'20Z10Z20Yll + Z2X2J.'10J.'2OZ10YllY21 


+ZlXIZ2J.'21J.'20J.'11J.'10Z21Z20Z10, 

.6.FJIl X 2Y21YllY20 + Xl~J.'10J.'20ZIOZ20Y21 + Z2X2J.'10J.'20Z10YllY21 


. +ZIX1Z2J.'21J.'20J.'1lJ.'10ZllZ2OZ10, 

.6.FJV = X 2Y21YllY20 - X I Z 2J.'10J.'llZloZllY21 - Z2X2J.'~0J.'llZIOY2OY21 


+ZI X I Z 2J.'21J.'20J.'1lJ.'IOZIIZ20Z 10' 


Coproduct of F1: 

.6.Fl = -X2J.'21J.'20J.'nJ.'loZ21ZllZ10 + X I Z 2J.'1lJ.'10Zl1Y21Y20 . 

-Z2X 2J.'11J.'10 Z 11 Z 10Y2O + ZI X I Z 2Y21Y20Ylo, 

.6.FI = -X2J.'21J.'20J.'1lJ.'IOZ21Z11Z10 - X I Z 2J.'1lJ.'21 Z 11YI0Y20 

+Z2X 2J.'1lJ.'21 Z 11 Z 21Y20 +ZlX I Z 2Y21Y20YIO, 

.6.FII = -X2J.'21J.'20J.'1lJ.'10Z21Z11Z2O - XIZ2J.'1lJ.'21Z11YIOY20 
+Z2X 2J.'11J.'21 Z 11 Z 21YIO + Z l X I Z 2Y21!l20YI0, 

.6.FllI = -X2J.'21J.'20J.'UJ.'IOZ21Z11Z20 - Xl Z2J.'1lJ.'21 Z21YIOY20 
+~X2J.'1lJ.'nZllZnYlO + Z I X 1Z 2YllY20YlO, 

.6.FfY =-X2J.'21J.'20J.'1lJ.'10Z21Z11Z2O + Xl Z2J.'20J.'21 Z21YIOYll 
- Z 2X 2J.'20J.'21 Z 20Z 21YIO + Zl X l Z2YllY20Y10' 

Free fermion condition is satisfied 

RllR.. + R23R32 = RHR.I + R22 RJ3 . (4) 

This condition is satisfied because of the form of the intertwiner in equation 
(3). 

The explicit expression for the non-zero elements of the R-matrix reads 
RI,I = +tl t2S2S1 + tlt2 - t l S2S1 + tl'- t 2S2S 1 + t2 + S2S1 + 1 

R1,. = t l t2 s 2 + t1t281 - t l82 + t181 - t 2S2 + t281 + 82 + SI 

R2,2 = -tl t28281 - tlt2 - tl S2S1 + tl + t2S281 t2 + 82S1 + 1 
R2•3 -tl t2 82 - t l t2s 1 - t 1S2 + t l S I + t282 - t 2S1 + S2 + 81 
R3,2 -tlt2S2 - t l t 2S1 + t18~ - t l S I - '282 + t281 + 82 + 81 
RJ.3 -tl t 2S2S1 - tlt2 + t l 82S1 - h - t2S281 + t2 + S;SI + 1 
R.,l +t1t2 S2 + tl t 281 + t 182 - t l S I + t 2s 2 - t2S1 + S2 + SI 

R... +t1'2 S2S1 + tlt2 + t 1S2S1 - tl +t2S2S1 - h + S2S1 +1 
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5 8-Vertex Ising Model 

To parameterize the intertwiner into elliptic functions, we set 

Z(UIO) = (sn(ulo) v'k)-1 Z(U2O) (sn(U20)..fk) -1 , 

Y(Ul0) VF1dC(UI0) Y(U2O) y'FfdC(U2O), 

J.'(UIO) iJPSc(Ul0) J.'(U2O) = -iv'P8c(U2O), 

Z(Ull) = -:- v'k sn(Ull") z(un) = - v'ksn(U21), 
y(un) v'kcd(un) Y(U21) v'kcd(U21), 

J.'(Ull) ..;p (dn(uu))-l J.'(U21)' = & (dn(u21»-1 , 

where we applied short notations such as sc(z) = ~. Please note that Uij 

(i = 1,2 and j = 0, 1) are independent parameters. As a special case, we 
further set 

UI0 = -Un - U, U20 = -U21 + 2iK', Un =U21 - 2iK' + u, 

we get the intertwiner as 
• • f 0" 

. I".:' 

R(u) = 1+ ~(u) [1 +(ksn(u) - idn(unX ® XI (1 + dn(~S~(~(u) z) 
k'Sn(u») • 

® ( 1 - dn(u) + en(u) Z [1 + (k8n(u) + Idn(u»X ® Xl, 

which is nothing but the R-matrix fOE 8-vertex Ising model 

cd(u) o o kSn(ut(u) ]... ·0 1 sn(u)g
R(u)::;: 0 8n(u)g-1 1[ 

ksn(u)cd(u) o o cd(u) 

where 9 is a gauge parameter 

9 =-k - ik'. 

8 



6 Acknowledgements 

We would like to thank H. Y. Guo for helpful discussions. One of the authors 
(H. Y.) would like to thank M. Kashiwara, T. Miwa, M. Jimbo of Kyoto Uni­
versity for dra.wing his attention to this interesting topic, and their numerous 
discussions and stimulating suggestions. This work was started during his 
visit at RlMS of Kyoto University as a postdoctor under the financial sup· 
port from Japan Society for the Promotion of.Science (JSPS) which is also 
gratefully acknowledged. . 

References 

[lJ 	R. J. Baxter. Exactly solved models in statistical mechanics. Academic 
Press., 1982. 

[2} 	 C. Fan and F. Y. Wu. Phys. Rev. B,2(1970}723. 

[3} 	 B. ~. Felderhof. Physica, 66{1973}279. 

(4) 	 V. V. Bazhanov and Yu. q.. Strognov. Ther. Mat. Fiz., 62(1985)~37: 

[5) E. Lopez R. Cuerno, C. Goniez and G. Sierra. The hidden quantum 
. group of the 8·vertex free fermion model: q;clifford' algbraa.· preprint, 

IMAFF-92-2,1993. . I 

9 




