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Abstract

We explicitly construct a two dimensional cyclic representation
of Uy(sly) and its intertwiner. The representation is not evalvation
representation. The intertwiner turns out to be R-matrix for eight
vertex Ising models! e o

Much attentions is being paid to the search for a quantum group like
structure whose intertwiner R-matrix for different irreducible representations
corresponds to the elliptic 8-vertex solutions of the Yang-Baxter equation[1].
Recently such a quantum group interpretation has been found for the free
fermion 8-vertex model in magpetic field, introduced in{2]. Its Boltzmann
weights matrix|3, 4] acts as an intertwiner for the affinization of a quantum
Hopf .deformation of the Clifford algebra in 2 dimensions, C H,(2) [5].

In this paper, we will be concerned with the 2-dimensional cyclic repre-
sentations of U, sly, i.e., the representations when ¢ = i. We show that the
intertwiner turns out to be the R-matrix for 8-vertex Ising model.

“This work is supported in part by Chinese Natural Science Foundation and

1 The Algebra U,(sly)

First let’s agree upon the notations. The Cartan matrix for affine Uy(sl;) is

(al’,’)= [ _22 -;2] '

which is generated by {e;, f,-,Kf,z‘*},_‘with the algebraic relations
(20,0 =0, Vo€ Uy(ls)
K;KFI=K"_1K¢=1,
KPKP = KBKD , Vh,L=%,Vi,j
Kie; = ¢%ie;K; , : :
Kifi=q " f;K; , .
K- K
o B =

za:(_)v 3 3w, v __ 0
s V qci €i¢; =V,
> : {.3 3-;' v »
Z(—)”[,,] R =0,
v=0 q

)

: hee ' !
where the central elements z;is due to quantum double construction. The
co-multiplication as a Hopf structure map is defined as follows

Ale)=ei®1+ 2K Qe
A(ﬁ):_ﬂ-@]{f‘-{-z‘-“@f}, (1)
AKE)=KF@KE ‘
AGE)=zt@zt. '

The above definition gives a family of algebras with different value of q.

1.1 Algebra U,(sly) at g =1

In the rest of this paper, we will be concerned with a special member of
this family, i.e., the one with ¢ = ¢. For convenience we make an isomorphic
transformation of generator f;, and we introduce new central elements cg and



cyjust for the convenience of intertwiner construction, so that the algebraic
relations read :

[2,', .} = [Ci».] =0, Veg Uq(;lﬁ)n
KK1'=K'Ki=1,

KhKP = KPKP , Y4h,lh=%,V 4]
{Ki, E;}=0, Vi,j .
{K:, F;}=0, V¥i,j

{Ei, Fj} = 8ici (K2 - 1), Vi,j

with Serre relations changed into
(B2 B, E)] = [FA(F.F)] =0, (i#7) @)

It can be seen that E? and E; (i # j) do not commute, nor do F? and F;
(# # 7). The relations in (2) imply

[Em=, B = (B E, BIEPT,  Vidj aadm2l,
(B B) = (-y-mEr (B, EEP™, Vidj aadm2],
[Fim=t, B| = (-)™Fr R, BIFPY,  Vifj adm> 1,
[P, F] =(-)

mImFPUFR, F)FPY, Yig) andm2l
1.2 The Quotient Algebra U, ‘
However in the following we will take a quotient such that
(B2, o] =[F?, o] =0, VeeU,.
This gives us a new algebra U, with central subalgebra
Z= gex'l{l, vz, &, B F? K? | i= 0,1} .

It can be seen that at bialgebra level, Z remains to be central subalgebra.

2 U, and Its Cyclic Representations

To construct the 2-dimensional cyclic representation, we introduce the Weyl
algebra generated by two operators X and Z, with the following relations
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X*=2=1, 2X=-XZ.

The matrix representation we are to apply is

23 5] x=[0 1]

" The Weyl ‘realiza.tion of the algebra after the change of the parameters is

’ given as follows

B = i(~XZyo+ Xpipot1)/ (28081 pozit1 k1),
Fo = z(Xy1 - ZXplpozo)/(hoalz;ylko),
E, = ik;(Xy, - ZX[.ll[lo:Co)/2, .
Eo = iko(—X2Zyo+ Xpnoz1)/(2m po),
K = iaiZ/ao,
KO = —iGoZ/al,
z = (a0a1y1)/(zof)- 1,
20 = (zof)/(a0011n) "1,
e = a1 (z1yi + Toyo) [2a0111 (6] + a?,)]'l '
| a = ao(ziy1 + Zoyo) {2a12131 (a} + ag)l" )

where v

Yo Zol po
Q= | ——, ay =/ ——.
T1pHo v

We stress that this representation is evaluation representation in that KoK =

1, and ko
Ey = (kikoayaozimn) Fo, Fi = raomh

3 Coproducts

" The coproduct map on each generator is defined as follows

A(E) = Ei®@l+zK.®FE,

A(F) = F;®1+:'K; @ F,

A(K) = Ki®K,,

Alz) = z® z,
GK?Q®@1-c®1+K?®@Klei— K?®«¢;

Ala) = . .

K}QK}-1Q1
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Coproducts of generators are given explicitly in the following, where we
neglect global coefficients that are not concerned with our construction of
intertwiner,

AE, = Xiyn+ ZiXapupreyn — Z1 X phro%io — 21 22 Xapia1 o1 10T 20
AEy, = Xipapaopnpotn + 21 Xapnpezn + 21X pa ptaoyie + 2122 X2y
AR, = Xaynynyio — X1Zapnp20Tnz0yu — Z2 Xa2p2fpz0T0511Y10

+ 21 X1 Za g 30411 B10Z21 $20T 10
AR = =XopnpaoknproTnEnTio + X1anlhoxnynyzo

—Z: Xapn proEnTio¥ae + 21 X1 Zaynyaoyio
where 2, =2 Q®1, 22 =1 ® Z and similar for X; and Xj.

4 Intertwiner
e The curve Cyy is described by 210, ¥10, #10,
o The curve Cy; is described by z11, y11, 11,
e The curve Cy is Ae'scribea by .i:go, Y20, 30, |

o The curve Cy, is described by z21,yn, pn-

A coproduct representation is 6n product curve V = Vio11 X Vag where
Vlo'u = Cm X Cu and Vgo_n = Czn X Cn‘ Therefore V = (Clo X Cu) X (qu X
Cg]). ’ !

1. Curve conditions

. el R WL A
9 k.’t,‘,’z bt 1’ Y 1- k::,'_,'z,

-

where k'2 =1 — k? and k , k' are oonju'ga;‘.e elliptic norms.
2. Local intertwiner (I): 1,0 <= 2,1

_ H21%21 + p10210

S =14+a1X1X3, s ,
H2,191,0 — B10Y21

3. Local intertwiner (II): 1,0 & 2,0

o0+
Tiozo=1+taZs, ty=—220790
pro#20(Z1,06 — Z20)

4. Local intertwiner (ITI): 1,1 &= 2,1

3 - A+,
Tun=Wunettd, Hh= M‘l——y
#1.1#2.1(31,1 - 323)

5. Local intertwiner (IV): 1,1 &= 2,0

—i20T20 — z
Su.zo =148XXa, s2= £2.0%2,0 — 411 11 (3)
—H#2,0%11 + #1a¥20

Global intertwiner reads
R(I: 2) = 511.20T10.20T11.21310,z}-

We list the effect of the actions of each local intertwiner Sio21, 11,21,

T10.20, and Sy1,20 consecutively 4s follows

Coproduct of E; is mapped consecutively from AE, to AE!, AEIT AEI!

and finally AE(Y: :

.

AE, = Xiyn + 2:Xpupoyn — SiXapnjineTio — 21 22 Xapa paoia1 f10% 20,
AE{ = X\yn — Z1 Xapupnyio + Z1 Xapnpnzn — Z; ZaXapmopaopis fn 10,
AE!! = Xiyu — ZiXapnpnye + 21 Xapupnzn — 2122 Xapopaoki knZro,
AEM = Xyyn — ZiXapupnyae + 21 X0pnsnzn = 21 Z: Xamopaokn £n T 1o,
AEl = Xy + Z1 Xapaosnyn — Z1 X1 k20621320 — Z1 22 Xapropa0i11 60 Z1o.

Coproduct of Ey is mapped into:

AEy = Xipn paopn ot + Z1 Xapnpzozar + 21 Xy paotho + 21 22 X390,
AE;{ = Xypopaopn i 2n — Z1 Xapopaozio — Z1 X1popzoyn + 21 23 X3y10,
AE{! = Xymopaopnpnzu — Z1Xapok20T30 — Z1. X1 prokiaoyn + Z1 ZaXayro,
AEM = Xy mopsopnpnTa — Z1 Xaprob20%20 — Z1 Xa ropaoyn + 21 ZaXayro,
AEJ" = Xy propaopnpnza + 21 Xapropnn 21 + Zi X1 oz + 21 22 Xayno.



Coproduct of Fy is mapped into:

AFy = Xaynynyio — X1 Zapai pr0T 21 Tr0Yn1 — szzﬁnﬂzot:oynym
+21. X1 Zapn paok1 1001 T202 10,

AFo = Xaynyubo + X1 Zapropa0z10T20¥11 + Z2 Xap10420T 20511901
+ 21 X1 Z2p paopia 10T n T30%10,

. . AF = Xaynynuyao + Xa Zapropaoziozaoyn + ZaXapiopTroynyn
N -+ X1 Zapn packn 10T 21220810,
AFo’ T Xaynynayo + Xa Zz#lo#zolxozzoyn + Z3 Xapop20Z10Y11yn
+21 X1 Z3 pa paopnr 10211230210,

AFLY = Xaynynyn — X1 Z:Pm#nxxozuyn — Z3Xapop11 T10Y20¥ 11
+2, X1 Zypia1 2011 S10%11T20T 10-

Coproduct of Fi:

( AR = -X:lln[-tzo#n#loznxuzlo+ szz#ullmznynym ‘
= Z3 Xapn oz T10¥20 + 21 X1 ZaynYaoyio,

AF] = =Xapnpaopupoezazizio — X1 ZapupnZuyiol¥o
+Z2 X pnzuzayae + Z1.X1 Zaynyaobio,

AFIH = —Xapnpaopnpr0En 1T — Xi Zapn 21 21 Y1090
+Z: Xapnpnzuzayie + Z1.X1 Zaynyzeyie,

F“I = = Xapn paop11 10T T11 T30 — szz#nlinznymyzo
+Z2 Xapnpnznzayie + 21 X1 Zaynyaoyio,

AFIY = — Xypnpaopuiphroznznsae + X1 Zapaopn Tnyroyn
—Za Xapaopn T20%21v10 + Z1.X1 Zayniyaohio-

\

Free fermion condition is satisfied '
BnRu + RpaRay = By Ra + RRas . - (4)

This condition is satisfied because of the form of the intertwiner in equation

(3).
The explicit expression for the non-zero elemeats of the R-matrix reads
Rin = +hitysasy + tity — tysysy + 6y — {35281 + 8 + 528, + 1
Rl.q = tytasy + hiles), — sa + 45y —sa + 1y + 32+ 5

Bag = —tifys38) ~ bty —tisas1 +ty + 3581 — b2 + 5381 + 1
Ry = —tigsg—tifasi —tisa+hisi +thasa—bsi +s2+ 5
Ryy = —tisa—tiasi thsy—tisi—tsat+ s+ 92+
Bsa = —titasys) — it + 418381 — ) — 3839+t + 525 +1
Ry = +litasy +titasy + 483 —hisy + tasa — tasy + 52 + 51
R = +hitases + ity + 11825 — by + 12528 — 3+ s351 + 1
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5 8-Vertex Ising Model

To parameterize the intertwiner into elliptic functions, we set

z(up) = (sn(um)\/_) z(uy) = (3n(ugo)m—l,

y(ue) = VETdc(uy) y(“m) = ‘/F'Tdc(“m),,
plug) = ¢ k"sc('flm) y #lun) = —ivVF sc(uz),
z(uu) = =vksn(un) , z(un) = ~VEsn(un),
y(un) = \/ECd(uu) , y(un) = \/Ecd(un )
pun) = V¥ (dn(un))™ | plun) = VF (dn(un))™,

where we applied short notations such as sc(z) = E‘;%;% Please note that u;;

(t=1,2 and j = 0,1) are independent parameters. As a special case, we
further set

Up = ~Uz1 — 4, uzo = —upn + 2K, up=uy—2K +u,

we get the intertwiner as

.l‘:'. !

R(v) = L%d(_“) {1+ (ksn(d) — idn(u)) X @ X] (1 + é‘j;_)s_:(__:’)}(_“) Z)
k'sn(u) '

® (1 - WZ) il + (ksn(u) +idn(u)) X ® X],

which is nothing but the R-matrix for 8-vertex Ising model

cd(u) 0 0 ksn(u)cd(u)
LY -0 1 sn(u)g 0
R(v) = 0 - sa(u)gt 1 0
ksn(u)cd(u) 0 0 cd(u)
where g is a gauge parameter
= —k ik’
.
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