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Abstract 

The Post-Newtonian approximation method in precession of Mercury perihelion is used to 
investigate the generalized Brans-Dicke theory with a coupling constant {J. The experiments 
give the limit of the coupling constant of {J2 S 0.0015. 

In Brans-Dicke gravity, the gravitational constant Gell = r/J-2, evolves as the Brans­
Dicke field r/J evolves. Because of this, the Universe expands according to a power law during 
the inflation epoch, which can solve the "graceful exit" problem. It was soon found that 
the bubbles can lead to unacceptable distortions of the microwave background{1O,U). Then 
Daile La (9) considered extended in.flation{7-9) in (Weyle-scaled) minimal theories of gravity 
in which Pauli metric was used to resolve cosmological puzzles because Brans-Dicke theory 
exhibits conformal(scale) invariance. Furthermore, the new interest in the Brans-Dicke(BD) 
theory has been stimulated. It was shown by Cho(4) that only the Pauli metric can represent 
the massless spin-two graviton and thus identified as physical. This theory is referred as 
generaliz~d BD(GBD) theory. The GBD theory is i reinterpretation of BD theory and hence 
the coupling constant of its should be a new parameter to be determined by observations. In 
the GBD theory, the motion of a test particle deviateS from geodesic, But the results of GBD 
theory are the same as those of EiiJ.stein's theory of relativity in weak field approximation and 
Newtonian limit, when we identified the gravitational constant as Gell = (1 :I: {J2/2)G(not 
G) in GBD theory[31. In other words, the deviation from geodesic does not violate the weak 
equivalent principl~ to the first order of M/r. Tests of general relativity fall into two cases: (1) 
the null tests, such as the EOtvOs experiment. (2) the non-null tests, such as the relativistic 
rotation of Mercury perihelion. In this paper, we apply the experiment of Mercury's perihelion 
to give the limit of the coupling constant of GBD theory. 

N N N N' 
Firstly, we introduce our nomenclature g,...,"" vN , r:,\"" fiNIr, R,...,"" vN 1r'2, T''''"" MvN Ir3. 

the meaning of the above symbol is as the following: t" denotes g",,, of oder vN with ,,2 "" 11; 
and so on. 

Then we consider the generalized Brans-Dicke Lagrangian' 

-R g"'''o uo U
£ = .;::g(- =F "" J- e-IIO'£ (1)

2~ 2 m 

Where 1f.2 = 8'l1"G, the coupling constant (J =f31f., {J is an arbitrary constant which is determined 
in this paper, £", =Afo""'o"t/!o"t/!- eC- uO')Y(t/!)J/2 is the Lagrangian of the matter field t/! 
which is chosen to be a scalar field for simplicity. 

We can get the following motion equati()ns from the Lagrangian (1): 

R",II - ';, R = -1f.2(:l:TCO')"," + eC-IIO')TCrn)",,] (2) 

ae(-IIO')T(ni)
Ou = :I:-----J.;.-~ (3)

2

Ot/! = agl'''o"t/!o"t/! + eC-IIO')Y'(t/!) (4) 

where 

TCO')"'II = o"uo"u _ g""gO:(Joo:uo(Ju (5)
2 

TCrn)"" = o"t/!o"t/!- g""gtJl80o2 t/!0(Jt/! - g,...,eC-IIO')Y(t/!) (6) 
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TCm) = g""TCm)"" = -g""OISt/JOIlt/J - 4eC--)y(t/J) (7) 

andD == oe~OIl, yl(t/J) = dV(t/J)/dt/J.
-g 

As we all know, in Post-Newtonian approximation, the components of glS" have the follow­
ing expressions: 

goo =-l+g~ + g~ + ... 
9U =6i;+ g~; + g~; +... (8) 
giO =g~O +g~O +... 

In this paper t we choose the harmonic coordinate because it is always possible to define 
~he %IS so that they obey the harmonic coordinate condi~ions 

rr~~ =0 (9) 

Now it follows from expansions of the motion of dilation field Eq. (3) that: 

2 1 0 
V2O'==F-a~ (10)

2 

2 22" 0 20' 2 020' 1 2 2 0 1 2 2.. 2 0 
V 0' --- gi; -.-. =±-a UTOO ±-a(- ~ +Tn +goo~) (11)

ot2 0%'0%' 2 2 

Where ~ denotes 0' of order uN. The motion of metric fields ~q. (2) are: . 

2 2 2 0
V goo= -It ~ (12) 

o 
V2 g~;= _,,2 ~ 6;; {13} 

3 1 
V2 gOi= 2,,2 ~ (14) 

" 02 k 2 02 k 
V2 goo= '8f'2+ gil o%io%i - (V goo)2 

2 
-

2 
,,2(~ 

2..+Tit ­
2 0 

a OTOO ­
2 0 

2 'gOO~) (lS) 

From(12), we have 
2 

goo= -24> (16) 
o 

where 4> is Newton potential which is determined by Poisson equationV24> = ,,2 Too /2. 
Because goo v&nishes at infinity, then 4> is: 

o _ 

"(- ) = _ ,,2'f J.1.:i~ (%1, t) 
." %t t 8 a-. ,_ -, (17)

'If' % -%' 

Substituting(17) into (10) and(13), we have 

2 a 

O'=T"24> (18)


" 
3 

2 (19)gi;= -26i;4> 

From Eq. (14), we get 
g~O= ei (20) 

where ei is a new potential which is zero at infini~y 

2 ~O i
f(z t) = _~ftf~T (% !ot) (21) 
., 211' Ii - %/1 

Sub~ti~uting(16).{19) into (lS), we have 

g~= _24>2 -: 2t/J (22) 

where t/J is the second potential 

J''' 2 i 2 2 2· 2 
t/J(i,t) =_..!..j ~[o 4>~~, t) +~{~ (~, t)+ Til (~,t}) ± a24>{~, t)V24>1 (23) 

411' Ii - %/' t 2 " 

Combining Eqs. (18), (19) with Eq. (U) , we get 

" a0'= =F-t/J =F a6.
,,2 

wliere 2,. _ 

j Tn (x' t) _
6. == ' _ ~%' 

411'Ii-:'1 

because 6. is a small tenn relative to t/J, so we omit it. Then 

" a (24)0'= =F"2" 
" 

The coordinate condition Eq. (9) imposes on 4> and ethe further relation 


84> - ­4Ft +V·e =0 (25) 

Now we consider the motion of a freely falling material particle or photon in the gravita.­
tional fields glSlI and 0': . 

tiJ%1S d%). h" a8"0' a d%" dO' (26)-+f" --=--+--­dp2 .\11 dp dp 2 2 dp dp 


By definition, to order 11\ 

dT - ,


{dt)2 =1 +24> 112 + 2(4)' + t/J - e. fj + 4>11 1 
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Combining the Post-Newtonian metric we have obtained with the geodesic Eq. (26) gives the 
equation of motion: 

~ = -(1 ± 'f)V(,; + tb) - V(2,;2) - ~+ vx (V x f) + (3 ~ n;.)v~ (21) 
+4v(v· V)'; - (1 =F 'f)v2V,; ~ 2f:J2,;V,; 

Let us calculate the gravitational field far away from an arbitrary finite distribution of energy 
and momentum.. Let TIUI vanishes for r > R, where r:: Iii. We expand the denominators of 
Eqs. (11), (23) in terms of the inverse powers of r/R. 

_ -1-1 1 i·;'1% -'%' -+ - + +... 
r 

Then we have 
o ~ 

G M Gi· D 1 
,; -+ --:;:-: - +0(r3) (28) 

2 !. 
GM Gi·D 1 

¢ -+ --- +0(-) (29)
r r3 


where 

Of'" f0 ,,2 .. 0 

M= 811"G TX'tf%, 87rG% TX' tf% 

2 1 2 '.. a2 2f ,,'
M= 4G7r ["2(TX' +Ttl) ± ,,2';V ,;]tf:c 

2 1 ' 2 2 2 f)2.J..
DE - f i[~(TX' +Tii) ± ~,;V2,; +_'f']tf%

4G1I" 2 ,,2 8t' 
The field ¢ has physical effects only through its presence in the expression of goo , Evidently, 

we can take account of;P by simply replacing ~ everywhere with ¢ +';. That is, within the 
accuracy of the Post-Newtonian approximation we may write 

goo = -1 - 2('; +tb) - 2('; + tbr' + ... (30) 

the physical significant field 

" GM Gi· jj 1 
,;+ tP -+ --r- - +o(;:i) (31) 

o , _ ~ !. 

where M =M + M, D =D +D. 


( 
We should note that the quantity Ddoes not represent an effect of physical importance, but 

rather just a displacement of the whole fields. Now we consider the precession of planetary 
orbits in the actual solar system, taking into account other planets, solar rotation, solar 
oblateness, and so on. The potential ,; + tb that determines goo is overwhelmingly dominated 
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by the spherically symmetric part -Gil1.0 /r of the sun's contribution, so it is convenient to 
write 

,;+tb - GM<:j +E(i,t) (32) 
r 

With E including not only the Newtonian potential of the other planets but also any quadrupole 
or higher terms in the sun's contribution to ,; + tb. The equation of motion (21) now reads 

dv GeIlM0i+q+o(v6) (33)=- r3 

with 

q=-V[(l ± 'f)E + 2';2] - M' + vx (V x f) + (3 ~ 'f)vqJ (34) 
+4v(v· V)'; - (1 ~ 'f)v'V,; ~ 2fJ',;V,; 

a small perturbation. where Gell = (1 ± ifJ2)G. 
By far the most convenient technique for calculating precession of perihelion is to compute 

the rate of change of the Runge-Lenz vector 

.. i .. 
A = -M®Gell- + vx h (35)

r ­

Here vE dildt, and h is the orbital angular momentum. per unit mass: 

h::ixv- (36) 

IT the perturbation '1 in Eq. (33) were absent, then the orbit would be an ellipse. The hwould 
be a constant vector normal to the orbit, with magnitude 

(37)= VLM®Gell 

and Xwould be a constant vector pointing toward perihelia, with magnitude 

=eM®Gell (38) 

Where e the eccentricity, L the semilatus rectum. 
Thus, the rate of precession of perihelion dr;oldt caused by any perturbation is just the 

component of the change dAldt in the unit vector AE ~ along a direction perpendicular 

to both Xand h, which is 

dr;o = (h x X). d~/~t (39)
dt IhlA2 

A straightforward calculation gives for the rate of change of Xproduced by the perturbation 
ij in Eq. (33) the value 

dX _ .. x h+ vx (i x q) (40)Tt-11 
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Note that dA/dt and hence dt/Jo/dt is linear in 7]. So dt/Jo/dt is conveniently calculated by 
adding up the precessions produced by each small term in ii. 

The largest term in ii is the part of -(1 ± p'J /2)Ve arising from the Newtonian potentials 
of the other planets. We shall make no attempt to compute this term. The next largest term 
is obtained from the relativistic corrections in Eq. (34), Setting ~ and ( equal the values they 
would have for a spherical nonrotating sun: 

~e =_GMe (e =0 	 (41) 
r 	 ' 

Combining with Eqs. (34)-(41), we get the precession 

dt/Jo 8GMe JLMeGel/ . 'J (j. j.)[ (j..J.. )]'JCIf = L3 sm Y' - Y'O 1 +e cos Y' - Y'O 

2 402M'J
-(1±~) 'J7 (0) cos(,p-,po)[l+ecos(,p-t/Jo)]3 (42) 

eL vLMeGelJ 
~--

~ GMevLMeGelJ . 'J 2 (')]
+(I=F 'J).,3 cos(,p-,po)[I+ecos(,p-,po)] [1+e +2ecos ,p-,po 

Since t/Jo changes slowly, the change in t/Jo in one revolution can be determined by integrating 
dt/Jo/ dt over one period, keeping ,po fixed in the integrand. This gives for the precession per 
revolution 

'JW' dt/Jo dt 
6~0 = --d,p =6,pE +6,pL° dt d,p 	 (43) _ 61f'MGeu 81f'p2Geu M 
- . L =F L(2 ± p:l) 

Where 6,pE = 61("MGel/ / L is the result of Einstein theory of relativity. 
It has been shown by Zhang[31 that the value of Gel/ (not G ) represent the measurement 

value of Newton gravitational constant. After the perturbing effects of the other planets have 
been accounted for, the excess shift is now known as 6,p = 42".98 per century with accuracy 
of 0.1%. Then, we can get the value of P2[2]: 

p2 ~ 0.0015 	 (44) 

It is shown[3] that GBO theory gives the same results as the Einstein's theory of gravity 
in weak field approximation and Newtonian limit. Although the motion of a test particle 
deviates from geodesic motion because of existence of an additional force exerted by the 
dilation field. However, there is no way to distinguish the new force from that exerted by the 
metric field to first order M/r. So the effects of strong field should be considered to give a 
limit on the coupling constant P in GBO theory. One of us[l] gives the limit p2 < 0.3 for 
the coupling constant using inflation model in GBO theory. But the limit is not satisfied, our 
result applying the post-Newtonian approximation gives smaller upper limit on the coupling 
constant. However, let us note the relation p'J = 2/(?J...J + 3)[11 and w ~ 500[5] which give the 
value p'J ~ 0.002. So our result is more reliable and consistent with the usual BO parameter. 
In this paper, we consider the deterinination of the Sun's gravitational quadrupole moment to 
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be most reliably determined at present from helioseismology, implying a negligible value. IT we 
apply the value of the Sun's gravitational quadrupole moment given by Dicke et. al. [6] which 
contributed about 4 second per century to Mercury perihelion shift, thus it would put general 
relativity in serious disagreement with the observations, while on the other hand supporting 
the GBO theory with a value p2 ~ 0.1. Furthermore, Our results give some constraints on 
the scalar-tensor theories. 
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