
1 , 

DEC 29 155'3 

ASITP 

INSTITUTE OF THEORETICAL PHYSICS ACADEl\1IA SINICA 

AS-ITP-93-4'T 
September 1993~ 

J I 

GENERAL SOLUTION OF REFLECTION 


EQUATION FOR EIGHT VERTEX MODEL 


.Bo-Yu HOU 

Rui-Hong YUE 

P.D.Box 2135, Beijing 100080, The People's Republic of China 

Telefax: (86)-1-2562587 Telephone: 2568348 

Telex: 22040 BAOAS CN Cable: 6158 



., 

CCAST-93-18 

ASITP-93-47 

General solution of reflection equation 

for eight vertex model 1 


Bo-Yu Hou t Rui-Hong Vue *t 

·CCAST (World Laboratory) 

P. O. Box 8730, Beijing 100080, China 

qnstitute of Theoretical Physics. Academia Sinica 

P. O. Box 2735. Beijing 100080, China2 

ttnstitute of Modern Physics, Northwest University 

P. O. Box 105. Xian, Shaanxi Province 710069. China 

Abstract 

We discuss the general solutions of reflection equations for eight 
vertex model. And the hamiltonian with four free parameters are given. 
This model is integrable and some properties is discussed. 
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It is well-known that integrability is a consequence of Yang-Baxter equation 

(YBE) [1;2\ in two dimensional statistical models and conformal field theory [2,3\. 

The YBE takes the form 

R12( u - v )R13( u )R23 ( v) = R23 ( v )R13 ( u )R12( u - v) (1) 

where R matrix can be considered as the factorized S matrix in two timespace 

dimensions by 

S:J(u) = Jq:(u). (2) 

It can also be thought as the statistical boltzmann weight for a vertex model in 

two dimensional statistics and the Lax-Pair of a one-dimensional quantum spin 

chain system. In order to diagonalize such system, one has usually to impose the 

periodic condition on it [1,2,41. With Y~E and periodic condition, Baxter has 

set up the relation between eight vertex and H:r:1J z model [21. One between six 

vertex and Huz model can be obtained from· the former by taking trigonometrical 

limit. Although the periodic condition has not explicitly given in most of close 

systems, it almost appears in all systems solved by using Bethe Ansatz Method 

and Quantum Inverse Scattering Method. 

Recently, much more attention has been paid on the integrable systems with 

nontrivial boundary condition, which was initiated by Cherednik and ;Sklyanin 

to study finite size systems. In this case, YBE is not sufficient condition of 

integrability of open model. The reflection equations have played an important 

role, which was first pr?posed by Cherednik and Sklyanin. They take the forms 

1 2 2 I 
R12(u - v) K _ (u)R21(u + v) K _ (v) =K- (v)R12(u + v) K _ (u)R21(u - v) (3) 

and 

I ". 2 11 2 11 I 1 I 
R 12 ( -u+v) K + (u)R21 (-u-V-271) K + (v) =K+ (V)R 12 ( -u-v-27}) K + (U)R21( -u+v) 

(4) 

where R matrix must have PT and crossing symmetries {6\. For other kinds 

of R matrices, the generalized reflection equations appear in references [7J and 
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[8}. In two dimensional field theory, K+ and K_ describe the scattering of the 

particles by the left and right walls respectively. For statistical model, these two K 

matrices determine the boundary condition and contribute nontrivial terms to the 

hamiltonian. Mathematically, YBE can related to some algebras such as quantum 

group and Sklyanin algebra, while the reflection equations are an effective tool 

to show that open systems with proper boundary term enjoy quantum symmetry 

[9,10,11}. 

In this note we present the general solution of reflection equations for eight 

vertex modeL And the nontrivial boundary terms competable with integrability 

was obtained, which has four free parameters. Under some special choices of the 

parameters, it degenerates to known results in references [6,12,13J. 

model: The boltzmann weight of 8-vertex model was first found by Baxter 

He has also set up the relation between 8-vertex and Hxv:I modeL In the notation 

of Faddeev and Takhatajan [4}, the R-matrix can be written as 

(a(u) 0 d(U»)0 
R ( ) = 0 b(u) c(u) 0 (5)

12 u 0 c(u ) b( u ) 0 
d(u ) 0 0 a(u ) . 

here 

a(u) sn(u + 21J), b(u) = sn(u) 


c(u) = sn(271), d(u) ksn(u + 271)sn(u)sn(271) (6) 


This R matrix defined by equation 5 satisfies the assumption of Sklyanin (6), i.e. 

PuRIl( U )P12 RI2(U), (7) 

R~~(u) R~~(u), (8) 

RI2(U)R12(-u} = g(u)id, (9) 

R~~(u )R~~(u 21J) = g(u)id, (10) 

and has the property 

R(O) = sn(21J)P12 (11) 
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where P12 is a permutation operator, g(u) and g(u) are two scale functions. We 

do not need their explicit form here. For eight vertex model, the L(u) operator is 
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Lj(u) L Wi(U)q~q~ (12) 
i=O 

where 

Wo(u) +W3(U) = a(u), Wo(u) - W3(U) = b(u) 


Wl(U) + W2(U) = c(u), Wl(U) W2(U) = d(u) (13) 


which satisfies the Yang-Baxter relation 

1 2 2 1 
R12(U - tI) Lj (u) Lj (v) =Lj (v) Lj (U)RI2(U - v) (14) 

In order to set up the relation between eight vertex and H:;vu one can define 

monodromy matrix as 

r(u) = trLN(u)LN-l(U)'" Ll(U) (15) 

It is easy to show that it consists a commutative family. Differentiating logr(u) 

respect u at u = 0, one can get hamiltonian Hxv~ [2). 

Before solving the reflection equations, we review some useful formulas about 

Jacobi elliptic function. 

sn 2(u) + cn2(u) I, dn2(u) + k~sn2(u) = 1 (16) 

sn(u)cn(v )dn( v) +sn( v )cn(u)dn(u) sn(u +v) = ---:~--=-...:..--!...!.-.-~---:.-:...---=--:.. (11)
1- k2sn2(u)sn2(v) 

cn(u)cn(v) - sn(u )sn(v )dn(u)dn( u)
en(u + 11 ) = ---'~.-!......:..-.-~'--~--'~..-.:...-:.. (18)

1- k2sn2(u)sn2(v} 

dn(u)dn(v) - sn(u)cn(u)sn(v)cn(v)
dn (u + 11 ) = ---:~---!.~-~~...!.-..:;-:-.:.....-.:......:. (19)

1 - k2sn2(u)sn2(v) 

here k is the modulus of Jacobi elliptic function, sn(u) is odd function, while en(u) 

and dn(u) are even functions. 
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general $olution: Now, we seek the general solution of reflection equation 3. 

Let the general form be 

K_(u) = (a(u) fJ(u») (20)
leu) 6(u) 

Substituting this K matrix into equation 3, we get sixteen equations about four 

arbitrary functions. But the number of independent equations is ten. The simplest 

two equations are 

a(u +v)d(u-v )[a( u)a(v) - 6(u)6( v)] a(u - v)d( u +v)[a(u)6( v)- a(v)6(u)] (21) 

and 

a(u -v)c(u+v)[fJ(u);(v) -fJ(v);(u)] = d(u -v)b(u +v)[;(u);(v) - fJ(u)fJ(v)] (22) 

Taking use of formula 17, one can find from equation 21 

a(u) = feu, ~)sn(~ +u), = f(u)~)sn(~ - u) . (23) 

where f( u,~) is a arbitrary function and ~ is arbitrary complex variable. Equa

tion 22 gives the ratio of two function 

fJ(u} _ -ksn2(u) (24),(u) 

It is clear that there is only one arbitrary function due to the constrain 24, while 

there exist eight equations to be satisfied. Generally, such question has not so

lution. Fortunately, in our case, these equations are coincident each other. In 

the following, we explicitly give a equation which corresponds to the first row and 

second column element of reflection equation 3. 

a(u v)a(u + v)a(u)fJ(v) +b(u + v)d(u - v);(u)6(v} 
+ a(u - v)e(u +v)fJ(u)6(v) + d(u +v)d(u v)6(u)fJ(v) = 

(25)
a(u + v)e(u - v )a( v }fJ(u) + b( u +v)b( u - v)fJ(V )a(u) 
+e( u +v)c(u - v)fJ(v)6(u } + d( u +v}b( u v }a( v );(u) 

From the above equation, we can find 

a(v)fJ(u) _ sn(v + ~)[1 - Psn2(v).m2(~) sn(2u)sn 2(u) 
(26)

a(u)fJ(v) - sn(u + ~)[1 - k2sn2(u)sn2(~) sn(2v}sn2(v) 

Comparing equation 26 with equation 23, one get 

k2
f(u,~) sn2(u )sn2(~)] 

fJ(u) IJsn(2u )sn2(u) (27) 

here IJ, II are arbitrary constants. So we obtain the general form of K(u) 

a(u) 11(1 k2sn2(u)sn2(~)]sn(~ +u), fJ(u) = J.'sn(2u)sn2(u) 

6( u) 11[1 k2sn2(u)sn2(~)lsn(~ u), ,(u) = -J.'k- l sn(2u) (28) 

When the constant J.' is zero, one can find that the K matrix is diagonal, which 

appears in references (5,6,13]. Because of the scale invariance of K matrix, we can 

normalize it such that II = 1. 

Next, we study the trigonometrical limit of our result. The trigonometrical 

limit means that the variable r in theta function approaches into ioo. In this 

limit, the jacobi elliptic functions and modulu change into 

.m(u) sin(u) 

en(u) ---t con(U } (29) 


dn(u) -- 1, k 0 


It is easy to find 

a(u) = sn({ +u), 6(u) = sn({ u}. (30) 

But one must be careful to deal with fJ and, due to k = O. In fact the simple 

limit only gives a special solution. In order to get general one, we return to study 

equation 22. It is not difficult to find 

fJ( v) _ eonst. (31)= lev) 

substituting this into equation 4, we get 

K_(u) = ( sin~e +u) J.'sin(2U») (32)
vsm(2u) sinCe - u) 
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This is the result of de Vega et al [121. In the similar way, one can find the solution 

of equation 4. However, there exists an automorphism which maps K_ into K+ 

if>: K_(u) t-+ K+(u) K:( -u -1]) (33) 

The proof is direct calculation. One can take the transport of equation 3 and make 

substitution u -+ -u - 7] and v -+ -v -7]. Therefore, we get 


K u - ( p(u)sn«( - u 7]) -.U-1sn(-2u 21]») 

(34)+()- p.m(-2u-21])sn2(-u 1]) p(u)sn«(+u+1]) 

here (,..x, p are arbitrary complex variables and p(u) = [1- k2sn2(-u 1])sn2«()J. 

Besides, the K matrix has the property 

lC{O) =vsn({) (35) 

and 

K (0) - ( p(O)sn«( -7]) -..xk-1sn( -21]) ) 
+ - psn(-21])sn2(-1]) p(O)sn«(+1]) 

hamiltonian: We now consider the hamiltonian of open chain system. With the 

help of Yang-Baxter relation and reflection equations, T{u) satisfies the reflection 

equation 

1 2 
R12(u - v) T (u)R21 (u +v) T =T 

2 
(V)R12(U +11) T 

1 
(U)R12(U 11) (37) 

here T(u) is defined by 

T LN(u)··· L2(U)L.(u)K_(u)Ll1(u)L;1(u) ... LN1{U) 

Ljl(U) a'Lj(-u - 21])0'2 (38) 

From this reflection equation and YBE, one can show that 

t{u) = tr[(+(u)T(u) (39) 

consists a commutative family. The proof is similar with one given by Sklyanin 

Differentiating t(u) with respect to u at u 0, one can find the Hamiltionian 
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of the open chain 

N-l 0 
H = L H· '+1 +! K.' +Tro K,+ (O)HON (40)

;==1 M 2 - o·
Tro K,+ (0) 

where 

Hi,i+1 = Pi;+1 Rji+1 (u)!u=o (41) 

is the bulk term of eight vertex model. For the convenience, we take ~he v in 

K_(u) be sn-1
({). Substituting K_,K+ and R matrix into equation 40, we get 

H = Lf=ll JtoJoJ+1 + J2o}0']+1 + J30']0']+1 (42)
+atO': +a20': +a30't +btO'h + ~O'l.r +~O'h 

where 

at 
-I' 

J1 1 + k2sn2(21])
2ksn({)' 

a2 J2 = 1 k2sn2(21]) 

en({)dn({) J - ()d ( ) a3 2sn(<>' 3 - en 1] n 1] 

J1sn(41])[,u-t psn2(21])J
b1 2sn«()cn(21])dn(21]) 

iJ2sn(41])[,U- 1+psn2(21])J
b2 

2sn«()cn(21])dn(21]) 
-sn(21] )cn( ()dn( ()

b3 (43)
sn«() 

concl"""ion: We have solved the general solution of reflection equations for 

vertex model, and obtained the hamiltonian with four parameters which describe 

the boundary conditions. This is different from one of six vertex model. This new 

model is integrable due to the existence of commutative family t(u). However, how 

to diagonalize this model is still an open question. This is very complicated. One 

way may be generalized QISM proposed by Sklyanin. All commutative relation 

defined by equation 38 will be useful. 
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