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Massless N-component free complex Klein-Gordon and Dirac field equations
possess global affine symmetry. Localizing this symmetry leads to gauge mod-

. els with nonlinear connections. In a special gauge in which the original fields
disappear, these models contain only connection fields. Generally new gauge
fields can be decomposed into several massive fields with different spins and
masses. The translation gauge fixed theories look like the usual SU{N) gauge
models with several matter fields.

Local gauge invariance as a guiding principle to find possible interaction theories,
suggested by Yang and Mills 1] | has been successfully applied to the electroweak unified
theory  and quantum chromodynamics of strong interaction B! It is well known that
the mathematical structure of above gauge field theories is the principal fibre bundle
theory with linear connections. In this paper, starting from the global affine invariance
of equations of motion of free massless fields and following Yang and Mills’s idea, we
try to establish the local affine invariant interaction theories, i.e. the nonlinear gauge
theories with local affine symmetry, examine their mathematical structure and physical
implications.

Let us look at the equation of motion of the massless N-component complex free
scalar field first: ,

8#0,¢4'(z) =0, i=1,2,..,N. . (1)

Obviously this equation is invariant under the global affine transformations which are
defined to be

¢"(z) = Uj(a)#(z) + o (2)

where Uj(a) is the SU(N) group element with parameter a™ (m = 1,2,...7), and o*
* is the “affine translation” parameter. Our aim is to construct an interaction theory
which is invariant under the local affine transformations

¢"(z') = Uj(e(2))¢' (z) + 0'(2). @)
Since the transformations (2) and (3) are not linear with respect to ¢', we can not
use ordinary linear connection to construct the gauge theory. In fact, the set {4} here
does not form a linear space, it is only a differential manifold. So instead of usual
vector and principle bundle theory which is frequently used in the physics literature,
we need to use a more general differential bundle theory. That is, it is necessary to
use the nonlinear affine connections U1l which will be briefly reviewed in the following.

The formulation used here comes mainly from ref.[5}, since we think, the coordinate
description there is more convenient for the physicists.
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The nonlinear connection fields B:(z, $) are vector fields which transform as

B'i(2,4) = Ui(z)Bi(3, ) - 8,U}(2)¢(z) — 0,0'(2) (4)
under (3). These B(z, $) can be expressed in term of group generators as follows
Bi(z,¢) = gA*u(2)(To);#'(z) + im0}, (z) (5)

where (T,)'s are anti-Hermitian representation matrices of SU(N ) generators. A%(z)'s
are usual SU(N) gauge fields and ©'(z)'s are affine translation connection. Under
transformation (3), A3(z) and ©}(z) transform as
As) = UAEU™ - KB ©
O'uz) = UBL()+ £0u0(2) + SU(gANU = (BU)U o (2).
The covariant derivative of fields ¢*(z) is ’deﬁned as
V) =08@) 4B T,
= 0,¢'(z) + gA, ¢ (2) +imO) () = (Dud(2)) +imO,(z)

which transforms as

Ii

V'8 (2) = Uj(z)Vud'(2) 8)

under (3). The curvature tensor has the following form

Riw = R(l)g,{,tﬁj + RU):'": ‘
R(l)iw = (F,,,,);- = (F:vTﬂ);' = (a,.A.,. - 0,A, +glAu Av]); 9
R®, = im(8,0) - 3,05 + gAi;0] — gA,;0l).
They transform as - .
B, =Ui@)R, , RV, = URVL U™, (10)

R, = Uj(2)[R, — RV, (U)o

In general nonlinear connection theory one needs to introduce a new connection to
define the covariant derivative of V,¢, but for affine case it is enough to define second
covariant derivative by use of linear connection A,(z):

(Vb = V) HgANS)
8,0,4' + 90 AL;H +9(An);0.8 +9(A.);0u¢ (11)
+07(AL)(ALg* + im(0vO), + g(A.);01)-
Also the second curvature tensor is nothing but R(”;u,,. Their transformations under
(3) are

il

(v’uﬁbn(z))llu = U;(I)(Vu¢J{x))ltu (12)
and (10) respectively.
Above mathematical formulas have been obtained by mathematicians. What we do
is to write them for particular case of our affine gauge group.
Now we are in a position to construct the physical model invariant under the lo-
cal affine transformation. With the requirement of no higher derivative of fields and
renormaliziability of the final action, we can write down a Lagrangian

L=Ci+ L+ L3+ L4+ L5
2



Ly = “%F:VF“W’ Ly = QZ(RLu)‘R(‘wm
Ly = g3(Vue') (Ve Ly = gu(Vud)(VEG W, (13)

it

Ls 95(V,u ")l (V).
This Lagrangian looks quite complicated, moreover L4 and L5 look nonrenormalizable.
But since this gauge system is a highly constrained one, we can use the transformation
(3) to eliminate some nonphysical degree of freedom. As the first step of the gauge
fixing, we can use the local affine translation transformation to eliminate ¢* fields:
¢"(z) = ¢'(z) + o'(z) = 0. (14)
Thus we have ‘
Ly+ L3 52(D,0% — D,@)) (D*e" — DY O™*) + 5"]392"@“‘
Lo+ Ls = §a(D,6,)(D*0%) + §s(D,O") (D*O™).
Here §x = gim?, k = 2,3,4,5, and the definition of D, see eq.(7). We can find that
L4 and L5 become renormalizable in the gauge (14). The situation is similar to the
supergauge field theory of superfields, where the Lagrangian becomes renormalizable
in the Wess-Zumino gauge ¥l. Notice that now L5 in (15) can be expressed as a linear

combination of £; and £, so we simply omit it in the following. In order to make clear
the physical contents let us write (15) as

L=Li+Lo+Lo-a (16)

(15)

where

Lo = 202(0,0))" (80" — 9°0%) + 5:050% + 43,0, (20%) (17
is the quadratic part of ©, field. The variation of (17) with respect to © produces
the free equation of motion of 6:‘ :

—2§:0,(0#0" — 8" O™) + 50" — §,0,(8#0") = 0. (18)
Taking derivative d, of (18) we get
§40,0"(0,0") — §3(0,8") = 0. (19)
It shows that (8,0") is a scalar field with mass m? = —g"‘. Furthermore we define that
94
6, =67 - L0,(0,0" 20
s =My T E? u( v ) ( )
Substituting it into (18) and using (19) we obtain that
8,0/(07) - —L£_eT =0, 21
0(01) - 7o e

It shows that ©7 is a vector particle with mass m? = — ¥ We would like to

comment that we have not found any basic principle to ﬁxgtzhe g;lues of m, and my.
Some special choice of parameters, e.g., §; = —2§2, seems possible so that my becomes
infinite and spin 1 particle becomes ineffective. But it seems for us the natural way is
both of scalar and vector particles are active.

The same consideration can be applied to the fermion case. The Dirac equation of
N-internal component free massless fermion field is

0 (2) =0, i=1,2,.,N (22)
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which is invariant under the following affine transformations

bp(z) = Uj(@)ph(z) + xp (23)
where 8 = (1,2,3,4) is the spinor component index and X5 is the spinor parameter.
The local affine transformation is defined as ‘

¥5(z) = Uj(a(2)j(z) + xp(z)- (24)
~ The nonlinear spinor-vector connection can be written as
Bis(z) = g(ALT.)j¥5(z) +imOiy(2), (25)
which transforms under (24) as
B',p(3) = Uj(2)Big(z) ~ BuU}(2)$h(2) = Buxs(=)- (26)
The first and the second covariant derivatives of ¥j(z) are
V() = (Dudala)l +imig(a) |
= 3u¥j(z) + g(ALT?)j¥p(3) +imOL (), (27)
(Vﬂb{,(z))", = [(8, + gA,,)V,,ll)p(I)]',
The total curvature tensor is
e = RUOL yh(z) + R®, . (28)

where RM_ is the same as in eq.(9) and
RO, =im(D,0,5 — D,0,5)". (29)

The second curvature tensor is the same with R juy- Under the transformation (24)
they transform respectively as

V' y(z) = Ujfx)vu*/),’}(z), (V52 = Ui () (Vb ()
Ry, = Uj(2) R, RO, = UiROL, (U™
Now we construct the model invariant under transformation (24). We also require
the Lorentz and C.P.T invariance. Since ©); is a fermion field, we also omit terms

with the second and higher order derivative of Gf‘p. The general form satisfying above
requirements is

(30)

L=Ly+ L+ L3+ Le+Ls+ Lg

[:l = _._%F:VFMMI’ [:2 = énxmvull))
L3 = BV, V.0, Lo= iV (Vg +hey  (31)

Ls =iV, 97 (V) + hc, Lo=iAV,prR™ +he.
Again we can choose the gauge
¥'p(z) = ¥h(z) + xj(z) = 0. (32)
The free ©},; part of the Lagrangian is
Lo = XAmB,0" + AsmB,1*7,0" +i)0,7,0*0"
—iX 050 7,0, + 1250,7,0°0% — i):0v0"1,0,
where Ay = X, + A§ and As = X — X;. So the motion equation of free 0}, field is

AamO¥ 4 Aamyty, 0% + i00%(1,0%) + iM7*(0,0%) 4 210:00* =0.  (34)

4

(33)



In order to clear the physical property of @up fields, we define two spin § fields

i [ S _ 104
T .

where m, is a parameter determined later. After tedious calculation we obtain that

BV -MU=0, M= My My . (36)
MZl M22
where
/\2 + 4)3 4(A4 + A5)
My=22""p M= My =218
1 ,\4_2/\5’" 12 21 = )\4_2)\5 »
41/\ A ! ot4ds
My = Aot )":;)‘: (/\di‘”;i‘ ’\a)m
Ay + 22 — AA—QX; ’

_ (A2 + 40g)(A52ER2 — Xg) :
° 4( A + As)(Ag + 225 — M-’hﬁﬂ) "

A—2As
Diagonalizing M matrix we get
my = {(Mu + M) £ \/(Myy — M)? + 4M? AN (37)
They correspond followmg two states respectively:
Mgz -
Fo=5- , Fo=Q-—F—S. 38
| + M” ——tQ Q I (38)
Decomposing ©, into three parts:
b
0, = O7 + (@17, + —28,)Fy + (b1, r 2 2 5,)F- (39)
+
where
ay = m_+:m-(4m,§N:::—m—) - 1”12) y G = m+-m (Mu ~m_ - 'I:—E-A’fn) (40)
bl = m+-—m (M\z Te «’V::‘;:m_)) 3 b‘l = m+~m'(4—m‘“M12 - IWU +m_),
we can prove that
0T =0, o0T=0, (b- *2’")9? =0. (41)

These equations show that T is a spin Ranta—Schwmger field with mass | = “—\1— .
So far by using nonlinear connections we have established the local affine lnva.rlant
interaction theories for both scalar and spinor cases. In the gauge choices (14) and
(32), the theories appear to be renormalizable. The matter fields have been absorbed
into the connection fields. Thus, generaly speaking, except ordinary gauge fields, one
masswe scalar and one massive vector fields appear in the bosonic theory and two spin
5 and one spin 5 massive fields in fermionic theory. We have not found any basic
principle to restrict their mass values. It seems possxble that some particular choices of
parameters make some particles.{e.g. spin 1 and spin particles) become infinite heavy
and disappear in the effective theories. We think the quantization in the interaction

&

picture can be carried out in terms of the methods for Stueckelberg field " and Rarita-
Schwinger field ©!, based on the complete sets of solutions of equations of free motion.
We are trying to work out it. As a final comment the formalism used here can be used
in SU(3) and SU(2)xU(1) theories. Thus the standard model would be generalized to
include some new particles. We think it is interesting to search for these new particles
experimentally while seach for heavy particles in other theories (such as SUSY etc.).

In summary, we have constructed several local affine gauge models by using nonlinear
connections. After special gauge fixing of local translations both of matter and gauge
fields in usual gauge theory become components of nonlinear connection fields. We
predict the existence of some new particles if nature choose above mentioned local
affine invariance. We think that further study of these local affine symmetries and
their consequence for field theory behavior is interesting.

We are indebted very much to prof. Q.K.Lu for explaining us the nonlinear connec-
tion theory. This work is supported by the NSF of China and the Grant LWTZ-1298
of Chinese Academia of Science.
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