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Abstract 

The q-analog of the Bogliubov transformation for two q-fermions is 
found. And the Clebsh-Gordon coefficients related to this transformation 
is constructed in term of a q-polynomials. 
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Bogliubov transformation (BT) which is the linear isomorphism of the alge

bra of fermian and bosonian operators has played an important role in quantum 

mechanics, statistics and solid state physics. The generator of BT can be writ

ten as a unitary operator. Recently, much more attenti~n have been paid in the 

deformation of boson, fermion and paraparticle which can be used to realize the de

formation of lie-algebra and super-lie-algebra [1-6]. One obvious question is how 

to construct the the BT for q-boson, q-fermion and q-paraparticles. Zhedanov 

has solved this problem for q-boson [31. The generalized BT and the quantum 

Clebsh-Gordon coefficients of q-boson have been given. The operator of the trans

formation is unitary. The purpose of this paper is to discuss the generalized BT 

and the Clebsh-Gordon coefficients for q-fermions. 

Let us consider two q-fermions which obey the following commutating relations 

...LA+ +ql/2A+A_ 	 q-Ao/2 [Ao,A±] ±A± 

q-Eio/2iLB+ +ql/2B+B_ [Bo, B±I = ±B± 

A_A+ (Ao + l)q A+A_ (Ao)q 

B_B+ = (Bo + l)q B+B_ = (Eo)q 

(1 ) 

[Ao, Bt ] = [Bo, Ad 	 [Ao,Bol {A.,B j } 0, (i,j =±) (2) 

where 
ql/2(q-x/2 _ (-1 YC qz/2) 

(x)q = 1 +q 

For the convenience, we introduce a transformation 

A± =q(AoH1/4 A± Ao Ao 

B± = q(BoHI/4 E± Bo = Eo 

(3) 

and rewrite the algebra as 

A_A+ +qA+A_ ql/2' [Aa, A±J = ±A± 

A_A+ [Ao + 1] A+A_ = (Aol (4) 
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where 
ql/2(1 _ (_q)2:) 

[xl = 1 +q 

and algebra Bi has similar relation as Ai. As in the q-boson case, one can choose 

the canonical bases of q-fermion 

AoinA >= nAlnA > A+lna >= v[nA + Il1nA+l > A_Ina >= ~lnA-l > 

(5) 

This bases can be realized in term of operator A+ acting on the vacuum state 10 > 

InA> = ~(A+)nAIO > A_IO> = 0 (6) 
v[nA1! 

where (n1! = [n1{n - 1]··· [2][1], [0] = 0, (OJ! = 1.( For q-fermion B, there are same 

canonical bases InB >.) One can show that the state InA> satisfies orthogonal 

condition 

< n~lnA >= 0 

In the proof of it, a useful formula A_(A+)" - (-I)"(A+Y'A_ = In] is taken. 

The BT of q-fermions is an automorphism which preserves the algebra equa

tion 4. Under the transformation, two q-fermions A and B change into two new 

q-fermions C and D. For C q-fermion, we introduce a transformation 

C_ VI - sin'l8( _q)Ao A_ +sin8qAO B_ 

c+ A+Vl - sin'l8( _q)Ao +B+sin8qAo (7) 

It is easy to show that C_ and C+ satisfy 

C_C+ +qC+C_ = ql/'l 

by taking care of the relation 

F(Ao)A:!: = A:!:F(Ao ± 1) (8) 

The operator Co can be defined through 

Co = C+C_ 
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With the help of the above relations, one can show 

C_C+ = [Co + IJ [Co,C:!:J = ±C:!: 

From equation and equation we can express Co as 

(_q)CO (sin'l8 _ q)( _q)AO-l _ (1 _ q)sin'( _q)'lAo-l + sin8 ( _q)'lAo+Bo 

+ VI - sin'l8( _q)Ao sin8qAo (ql/'l + q-I/'l)A_B+ 


- VI - sin'l8( _q)Ao-l'lsin8qAo-l(q + l)ql/2)A+B_ (9) 


Generally, the inverse of (_q)CO is not simple as (_q)Ao. This is due to the appear

ance of As, Bi , (i = ±) in (_q)Co. Hence, it must contain (A_B+)" and (A+B_)" 

for arbitrary n. Now, we return to consider the unity of the transformation. If q 

be real, then (C_)t =C+. The the transformation can be written as 

C:!: =U.,(8)A:!:UJ(8) (10) 

. This unitary matrix U.,(8) is unique existent as the transformation keeps the al

gebra structure. But, it is very difficult to find the explicit expression. We do not 

discuss it here. Next, we consider the limit of C:!: under q approaches into unit. It 

is obvious that 

C:!: =cos(8)A:!: + sine8)B:!: (11) 

In taking limit, we have used the following formula 

F(Ao)A_ = A_F(O) F(Ao)A+ = A+F(I) . (12) 

The above formula can be get from the property of fermion. The limit of Uq(8) is 

coincident with one U(8) in fermian case which is known as exp{a'lai - ala~}. 

In q-fermian case, Ao + Bo is a invariant which commutes with Ao and Co. 

Thus, under the BT, Ao + Bo - Co + Do is still a invariant, i.e. 

Co + Do = Uq(8)(Ao + Bo)UJ(8) = Ao + Bo (13) 
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This can be considered as the definition of Do which is a polynomial about 

Ao,Bo,A_B+ and A+B_. On the other hand, D,z must satisfy the same alge

bra relation as equation 4 and 

D,z = Uq(O)B,zUJ(O) 

hence, D,z is not simple as C,z but a complicated function of Ai and B j • There

fore, we get a nonsymmetric generalized BT for q-fermions which does like the 

symmetric one for fermions. Fortunately, although we have only half part of BT, 

it is enough to consider the Clebsh-Gordon (C-G) coefficients of q-fermions. 

Indeed, the formula 7 is a addition rule for two independent q-fermions yielding 

third one. From equation 13, we know the transformation does not violate the 

invariant Ao + Bo. Let it be 2} for a given representation, one can get a 2j + 1 

dimensional space on which the mutua.lly commutating operators ~ and Co act. 

The overlap function W...m is defined 

Wnm C < m;j/n;j >A = A < m;jIUq(O)ln;} >A (14) 

On the other hand, these overlop functions are the C-G coefficients which map a 

vector of space rt,A onto vectors of space 1fc 

In;} >A= L
2; 

JtV...mlmjj >c 	 (15) 
m=O 

The operator (-qfO acting on the vector In;} >c gives 

(-qfOln;j >= 13nln;j >c -a...+1ln + I;} >c +a... ln;} >c (16) 

where 

a... (1 +sin20« _q)2i +(-I/q»( -qt - sin20(1 - l/q)( _q)2n 

a! = (1 - sin20( -qt-t)(_q)2...-2(1 _ (-q)")(1 _ (_q)2i+t-... ) (17) 

Substituting equation 9 into equation 16, one can get the recurrent relation of 

Wnm which involves three terms 

a,,_t W...- 1m - an+1 W,,+1m + 13" Wnm =(_q)mWnm (18) 
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and 

- at Wtm + 130WQm = (_q)mJtV...m (19) 

Let 

W...m = WQmP...(m) (20) 

we get 

a ... P..._1(m) - a ...+1 Pn+t(m) +13... W... (m) = (_q)m P,,(m) (21) 

and 
Pt(m) = Po _ (_q)mPo(m) = 1 	 (22) 

al 

The polynomial p... , governed by the above equations, is unique. The orthogonal 

property of P... (m) is 

2j 
22: w... P... (m)Pn,(m) =0......, w" = IWo... 1 (23) 

m=O 

In the above equation, the quantity wo... is undetermined. We must point that Wo... 

depends upon j, but we have omitted it. In order to find w", we calculate 

c < mIC-IO;j > 	 J[m + IjWom+t(i) 

c < ml{ Jl - (-q)Aosin 20A_ + sinOqA-O B_110;j >(24) 

So, we have a recurrent relation 

J[m + I}WOm+1(i) =sinOJ[2jjWom(i - ~) (0 :5 m :5 2j) (25) 

From this relation, ~e find 

m 
.j[2ji!sin e Woo(i _ ~) (26)

Wom(i) = J[m}![2} - mJ! 

Now, our question changes into finding Woo(l) , which equals to determine the 

vacuum of algebra C. We assume that 

00 

10 >c= 2: fm,,,lm >A 01n >8 	 (27) 
m,"'=O 
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Operator C_ acts on the vacuwn, giving 

Im.n/[;"+ if(i.--= ;~28(_q)m-l) = -qm-l sin8/(n + Illm-l.n+1 (28) 

It is not difficult to find 

( _1)nqm(m-l) 
Im.ft = --;::-========:::::::::~~====:::--

v[m]![nJ! n~(1- sin2 8( -q)')sinn 8 

and 

(29) 

(_1)21 

c < 010; 1>= 1021 = rr:;m (30) 


. sin218cos8y [21}! 

Substituting this expression into equation 26, we find the results 

J[2iii __ _ (31)
WOm(j) = cos8sin2(j-m)8[2j - mJ!M 
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