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Abstract The half-lives for 2v33 decay for all potential 33-emitters with A> 70 are
calculated by the operator expansion method. Compared with the directly measured half-
lives of "®Ge, 32Se. 1%%)\o and 2*2U the theoretical values are in excellent agreement with

experimental ones.

Recently, more than half a century after Goeppert-Mayer first discussed 38 decay under
Wigner’s suggestion in 1935[1], direct counter experiments reported the observation of 2v33
decay for the nuclei "*Ge [2.3], #2Se (4], 1°®Mo [5,6] and Z**U [7]. These measurements now
supplement the earlier geochemical experiments for the 33 candidates 32Se, '**Te and !3°Te
(8-11].

For the more interesting Ov 38 decay mode, however, no evidence has been found so far.
and only lower limits for the half-lives have been quoted in the literature {2-7]. At present
new experiments like that of the Heidelberg-Moscow collaboration have been started{12,13],
in a new attempt to.look for 0v343 decay with increased sensitivity.

The amount of information which can be extracted from such experiments depends

in a decisive way on the reliability of the theoretical estimates for the Ov38 decay matrix
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elements. The calculation of 2038 decay is a valuable test for the accuracy which can be
expected for the Ovff transition matrix elements, since both calculations involve essentially
the same nuclear physics. Here, we would like to report the calculation of 2v3f} decay half-
lives for all potential 3f8-emitters with 4 > 70, within a new model, the operator expansion
method.[14-15]

The calculation of the S8 nuclear transition matrix elements between the initial even-
even parent nucleus (A, Z) and the final state in the daughter nucleus (A4,Z + 2) includes
a sum of - in principle - infinite number of intermediate states in the adjacent odd-odd
nucleus (4, Z + 1). The determination of these intermediate states is a difficult task and
their treatment in shell model calculations{16,17] as well as calculations within the usual
quasiparticle random-phase approximation (QRPA)[18-20] shows some weakness. As is well
known, in shell model calculations the energies of the intermediate states are replaced by
an average value (closure approximation) which has been shown to be doubtable for 2vdp-
decay. In QRPA the matrix elements for 2v8 decay are very sensitive to the particle-particle-

interaction parameter g,, when g, is near its physical value of gy, = 1. Therefore, recently

‘an alternative method - the Operator Expansion Method (OEM), which can treat the sum

over the infinite intermediate states in a more elegant way, has been proposed by Ching and
Ho and applied to the calculation of **Ca, " Ge, 32Se, %Mo and !3%Te with rather promising

results[14-15]. Encouraged by these successes.and as a further application of OEM, we have

calculated the 2v38-decays half-lives for all possible #5-emitters with A> 70.

If one assumes that the sum of the energies for each pair of emitted electron and neutrino
can be replaced by the average value of A = (E; — Ep)/2 = %Qgp 4+ m,, (for a discussion
see for example ref.{21]) then, as is well-known, the half-life for 0+ — 0% 2034 decay can be

expressed in a factorized form as
- 2
(Ti) ™ = F*|Mer]| 1)

where F?¥ is a lepton phase-space integral. The matrix element is given by

(OF|4=18) (15[ 4°|07)

¥gid = .
M Zv: By ) (2)
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M% of eq.(2) is a special case for 0t — 0t transition. The basic idea of OEM now is to
transfer the energy denominator to the numerator by the following mathematical procedure.
We take instead of MZ% the following matrix element -

, 1 [ (PN (F| 2NN A%
Mer(2) = 5;{ At(En—EDZ ~ At Er-EmZ [’ (3)

where |I}, | V) and |F) denote the wave functions of the initial, intermediate and final nuclear
-states, respectively and E;, Ey, and EFr are the corresponding energies and Z is a complex
variable. Mathematically Mgr(Z) is a single-valued, regular function of Z in an open, con-
nected region containing the origin and Z = 1, except some possible poles along the real axis.

For small Z Mg1(Z) can be expanded using the binomial theorem:

v _1f  Z(Ex—-E;)  ZEn-E;)?
'-\+(EN“EI)Z‘L\{1 A + A "} (4

Then, after introducing the nuclear Hamiltonian Hg the following Mgr(Z) is obtained
72

+ _2[.4.‘-, [, [HS,A"]” -} r), (5)

where the summation over the intermediate states has been carried out. It is important to

1
Mgt = A <F

{w, A% - —i- [4°.[Hs, 4%

note that eq.(5) is an exactly equivalent formulation of the matrix element of eq.(3). On the
other hand, mathematically eq.(5) is a divergent series for 2v38 with Z = 1 and thus one has
to sum up all terms up to infinity for the calculation of the matrix element (see for example
G.M. Hardy, in: Divergent Series {22])

For the summation of the infinite series, however, we have to assume a specific form of

the nuclear Hamiltonian, and we take
Hs = (Ho) + Vs (6)

where

1
Vs =5 Z{vo(m) + ve(rij)ri T
~ g
+(rij)oi - O + Varlrij)oi - TiTi - -‘,‘} (M

3

which is the most general central static force. vo(rij), v#(rij), v-(ri;j) and vyr(rij) denote the
radial parts of the corresponding interactions, respectively, and r;; = |r; — r;| stands for the
relative coordinates of the nucleons.

The assumption that the unperturbed nuclear Hamiltonian can be replaced by its av-
erage value (Hp), which is constant and thus does not contribute to the commutator series
(5), is the main approximation of the present OEM. The accuracy of this approximation has
still to be checked. However, one can argue {23] that for the case of a small model space Hp
is nearly degenerate, i.e. (Hy) — Hy is small compared with Vs and thus the approximation
should be reasonable.

Adopting this approximation, and after a fair amount of algebraic operations, one can

sum up the infinite series (3) and simplify the 0% — 0% transition matrix element (2) into
Mgt = <OZ'»IZM.',* + Z Mije + lo;'), (8)
i#) i#jEk
where there are totally (A — 1) operators from 2-body operator .M;; to A-body operator.

Finally for the two-body operator OEM gives the matrix element Mgr as the analytical

continuation Mgr = Mgr(Z)|z=1,

12(va{r) — v, (r)) 2 .. 4Z(20a0(r) = v (r) — v,(r) ..
Mij(2) = ( o) ) 5 Qo(i)+— : ) 7 (1))
A? ~ 16Z2(vq(r) — ve(r)) A? ~ 1622 (204r(r) — va(r) — vr(r))
. (9)
where we have introduced the spin singlet and spin triplet operators
.. 3+0i-0; . l—oi 0
(i) = =12 Qlif) = =5 (10)

The mathematical procedure just outlined is the so-called Euler's method of summa-
tion. We note that Simkovic and Gmitro [24] starting from the time-ordered product of two
operators rederived the OEM result for the two-body operator (9). They obtained exactly
the same expression for Mi;.

In principle, all A —1 terms can be given a compact form, but due to ihe technical diffi-
culty to calculate the matrix elements of the many-body operators. only the two-body terms

are taken into account. This is our second approximation. We expect this approximation to
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be reasonable, since for 38 decay the transition operator is of two-body character. However,
we plan to investigate the influence of the three-body terms in a future publication.

We note that if v, = v, = v,, in the effective interaction (7), the Hamiltonian (7) would
be of [0] irreducible tensor form of Wigner’s SU(4) multiplet, and the two-body operator .M;;
in eq (9) is exactly zero. The nonzero contributions come from differences of the interaction
strengths v,, v, and v,,. We note that in ref.[25], a H' = V(r;-1; —0;-0;) SU(4) symmetry-
breaking Hamiltonian was taken into account and the Mgr given there by use of the SU(4)
algebra perhaps corresponds to the contribution of the 29(i7) term (the first term) in equation
(9). But the Hamiltonian used in the present work is more realistic than those used in the
SU(4) algebra techniques and thus more effects of SU(4) symmetry-breaking are picked up
here. ‘

To calculate the 2v 33 matrix element (8) we only need to know the effective interactions
for evaluating .\M;; and the ground state wave functions of the initial and final states. This
is an delighting advantage of the present approach.

The operator .M;; can be determined by the effective interaction, for which we take
the Paris-potential {26]. In principle, one should take the eigenfunctions of Hg with the
correct eigenvalues Et and Ef, respectively. However, since most of the potential 38-emitters
are located far away from closed shells, it is impossible at present to use shell model wave
functions for the initial and final states. Thus. for the determination of |07} and |0}) QRPA
wave functions are used in the present work. For a description of the QRPA we refer to the
original literature for brevity{18-20], for the combination of OEM and QRPA wavefunctions
to [15].

We describe the initial [0}) and final state [0f) by the QRPA vacuum based on BCS
states. Then we insert two sets of complete and orthogonal mathematical functions |a) and |b)
into eq.(9). We construct these two sets of mathematical functions by the phonon operators
acting on the QRPA vacuum, these phonons consisting of the quasiparticle proton-neutron-
pair. Then we can directl§ use the QRPA techniques to calculate the transition matrix
element Mgt

The main advantage of the present approach lies in the fact that the calculated matrix

element Mgr is only weakly sensitive to the choice of the particle-particle interaction parame-

)

eter gp,. This was demonstrated in fig.1 for the example of ref.[15] for !%Mo. The similar
behaviour of the matrix element holds also for 238U, The OEM leads to matrix elements
which are always smaller than the QRPA calculation for g,, = 0, but do not exhibit a strong
dependence on gpp.

It is a natural feature of the present approach that Mgr is insensitive to gp,. Recall
that the two-body operator M;; in eq.(9) is not explicitly dependent on the intermediate
energy spectrum and that the wave functions of the intermediate states are only used as a
complete and orthogonal set of mathematical functions. The numerical results of Mg should
only care of whether these two sets of functions are complete and orthogonal, and thus M3
should be constant no matter how g,, changes. On the other hand, our present calculation
uses the QRPA vacuum for the description of the initial |0}) and final state [0}) and these
depend on g,,. However, the QRPA ground state is

{QRPA) = |BCS)+YX™!|BCS) +---. (1)

Clearly, the |BCS) state does not depend on gp, and since in QRPA the coefficient nec-
essarily fulfills the condition Y.X~! << 1, in the first order, the QRPA vacuum and thus
our calculated Mgy should only weakly depend on g,,. On the other hand, in usual QRPA
calculations the wave functions of the intermediate states should be the real wave functions
of the odd-odd nucleus. The energy eigenvalues of these intermediate states depend on g,,,
and consequently in usual QRPA the results are more sensitive to gp,. k

We think that the strong dependence of the 2v38 decay half-lives on gpp is a major
disadvantage of QRPA calculations, as we would like to discuss for the special case of *3*U.
As can be seen from fig.1 ti}e 2v38 matrix element crosses zero for a certain value of g,
translating into an infinite half-life. For the parameter choice of [20] one obtains Tih =
1.5 102y, which is a factor of 100 larger than the experimental result of {7} but could easily
be adapted to the experimental value by a small change of gpp. On the other hand, the OEM
result of Tf/"2 = 0.9 - 102"y is relatively stable against variations on gpp» and also in good
agreement with the experimental data.

Since the results of the present approach are not sensitive to a specific choice of the

parameters gy and gp, we can use the physical values gpp = gp3 = 1 directly. However, in
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some cases {as indicated in table 1) the QRPA equation collapses for values below g,, = 1.
For these isotopes the g,, value before the collapse points are used. The calculated matrix
elements Mg and corresponding half-lives for all potential 83-emitters are given in table 1.
The half-lives given are for g4/gv = —1.254 and the phase-space factors of ref [21] Note,
however, that for the heaviest isotopes the phase space factor of [21] differs from the one used
in the QRPA calculation of [20] by a factor of ~ 3. On the other hand, for medium heavy
isotopes, such as "®Ge, the phase factors of [21] and [20] are essentially equal.

For a comparison we listed also the experimental data available to us. For all nuclides
which have been measured by direct counter experiménts ("8Ge, #2Se, %Mo and **V), the
theoretical half-lives an;, in quite well agreement with the experimental ones. However for the
Te isotopes our calculation gives a larger déca.y rate than the geochemical experiments.

To summarize, we have calculated 2v38 decay half-lives for all potential 38 emitters
with 4 2 70. Our results are not sensitive to a specific choice for the particle-particle
interaction parameter gpp. The present approach thus overcomes problems of earlier QRPA

calculations.

Acknowledgement

We thank Dr. K. Muto for many helpful discussions and for his QRPA code.*
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First, they criticized the "power series expansion beyond the radius of convergence”; second is the neglect of
kinetic energy operator T in the commutators; and third, the neglect of many-body scattering terms. Since
the improvement of the OEM calculation is still under way, and a detailed analysis on the questions raised
by these authors will be given elsewhere. Here we only brief our main arguments by pointing out 1/ the first
criticism is groundless, and this question is also explained in the prsent paper; 2/, the neglect of operator
T in the commutators certainly brings error in the matrix element, but it is tolerable for a realistic nuclear
force according to the s}andard of nuclear physics, inoreover, the claim that this approximation always leads
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Table Caption

Tablé 1 The calculated Gamow-Teller matrix elements and the corresponding half-lives of all
potential BG-emitters with 4 > 70. The experimental half-lives for some nuclei are
included. For all isotopes, except those marked by f, gpp = 1 is taken. For isotopes
marked by { the QRPA equation collapses for g,, = 1, and thus g,, before the collapse
point is used. *) ref [2],% ref [3),%) ref [4], ¥ ref [9],9) ref [5],” ref [6],9) ref [10], *) ref
[11),7 ref [27),7) ref [28],¥) ref 20} and ! ref (7).
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Table 1

Nuclei Mot Half life (yrs) Experimental half life {years)
070 0.00184 1.44 x 10%
Ge 0.3351 2.61 x 102 (1.1409) x 102! ), (9.2¥07) x 1020 )
805e 0.3424 2.68 x 10%°
828 0.1019 0.848 x 10% (1.173%) x 102 9, (1.30 £ 0.05) x 10°° 9
SKr 0.0580 3.42 x 10%
M7r 0.0117¢ 1.68 x 10%
9Zr 0.0314% 2.02 x 10%°
287\ o 0.0800 6.16 x 10%°
190316 0.1065t 3.58 x 10'° (1.15%03) x 10%° 9, (1.16%034) x 10'* /)
104Ry 0.1162} 3.09 x 1022
10pq 0.0879t 1.24 x 10%
14y 0.16424 9.84 x 102
1sCd 0.0171t 1.57 x 107
122Gy 0.1712 1.25 x 1028
1245y 0.0391 1.49 x 102!
1287 0.1462 2.11 x 10% >5x 108 9 (1.84+0.7) x 102 M
130T 0.1006 0.787 x 10%0 (1.5 — 2.8} x 1021 9 (7.5 +0.3) x 1020 »
134X 0.1286 2.69 x 1023
136X 0.0280 1.01 x 10% >84 %1019, > 16x10%2° )
142Ce 0.0400 3.30 x 10?2
16Ny 0.32851 7.31 x 10%°
18N d 0.0548t 1.19 x 10!
150Ng 0.0441 1.66 x 10'° >1.8x%10'9 %
154Sm 0.0793 1.49 x 10%?
180Gd 0.0454 2.81 x 10!
10, 0.1685 2.46 x 108
176 0.1503% 4.92 x 10%!
186y 0.1506% 1.30 x 1024
192()g 0.1777 2.40 x 10+
198py 1.0741 1.14 x 102
04y 0.0510 1.81 x 1028
32ThH 0.1263 4.03 x 102!
38y 0.0785 0.914 x 102! (2.0 £0.6) x 10%1 !




