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Abstract 

Deformation 01 of the usual (classical) de Rltam complex n has been 

considered .iuitiated by Wess-Zumino assumption. The two posible vari

ants of the skew products also had discussed follows tite recent Manin 

formulation. 
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Introduction. 

In small scale. mat.ter rew~als itself as quantum and no longer as a contin

uum. 

Does geometry express her figure.in the small scale, no longer as a commu

tative but as a non-commutative one'? 

It seems that the most fundamental blocks, vector space and linear groups 

tran5form on them, probably must be replaced by the deformed or quantum ones. 

This is the recently de\'eloped quautllm planes and quantum ~roups approach. 

After ;t lot of rion('~r work 011 this aspect, \Vess-Zumino!I,:l! and their cola 1>

orators, developed many important, "pplications in particle physics. Our notes 

are principally mot.imted by Wess-Zumino's work and \[auin's explanation and 

extension. Therefore, we would like to follow the Wcss-Zumino's notation as 

whenever possible. 

2 Vector space V, without product. 

We consider n-dimensional vector space, mainly n =2. We use the obvious nota

tions like 

V ~ (u.v), 

V· ~ l(u,v),linear functions. 

C( V ) ~ f(u,v),continuous functions, with natural product. 

3 Vector: space V, with product = plane. 

Further algebraic structure is needed to describe the physical systems. For 

(x1, ... Xi, .. ,xfl 
) E l/~ this set generates an associative algebra with the axioms 

of products. In the foilowing, wp consider mainly the n=:'? case, and usc (x.y) 

instead of (xl, ...,X"). 

3.l.Plane .4.21°. 
With the commutative product, for (x.y) E V, 

xy - yx = O. 

Then we can write monomial ; x,yrn, and polynomial; P., (x, y) E f{ < :C. y > . 

3.2.Quantum plane .-l!IO. 

With the deformed commuiative product, fOl' (X7' Y'l) E V, for simplicity we 

omit the index q, 

xy qyx =0, 

then we can write monomial; x'yftl, and polynomial; P.,(x,y} E [( < x,y >. 
Polynomial function ring 

F[.tl!I01= k < x,y > /(xy - qyx). 

Its tram~formation is 

F{..t;IOJ = F{GL,,(2)lF[A~I01, 

with quantum group GL'1(2). 
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3.3.Super-plane A012. 

With the anti-commutative product, for ( ~,,., ) E V, 

~,.,+,.,e =0. 

50 we meet Grassma.nn algebra. 

3.4.Quantum (super-) plane A:12. 
With the defonned anti-commutative product, for (e" 'I,) E V, for simplicity 

we omit the index q, 

e,., +q-l,.,e = O. 

Polynomial function ring 

1F[.4~12] =k < e.,.,> /(fl. FJ . ~FJ + q-l'1~)' 

Its transformation 

F[A~I2] = FIGL'l(2)]F[A.~121. 

with quantum ~rollp GL'l(2). 
Generally,the quantum oefonnation or t.he super-plane ..ton depends on quan

t.ization parameter [1 E C, which is irrelated with the aforementioned quantiza

tion parameter q. So we mf!et the quantum super-plane "l~2 .In this case, 

~FJ +p-lqe O. 

And the polynomial function ring becomes 

F[A~2] = k < e, q > /(e, q:l,~,., + p-lrl~)' 

3.5.R-symmetry algebra. 

On a. given linear (vector) space V, we can define product '.' with suitable 

axioms: to make it an algebra .\. Besides the above-ment-ioned Cour exampies,the 

:;implest instances are Lie al,gebras.\vilh bie pt·oducts. BIll in the follows we 

would like to consider an more geut"l'alized instance. the R~"rmmetry algebra 

Sn( Vl, i.e. Yang-Baxter or Zamolodchikov ;~lgebra: wit h R-symmetry product{ll. 

\Ve use Xl denote thf> element nf th~ first vector !:Ipace li, frJr t'xample xi, X Or "l:m . 

.\lld W(' use J'2 denote the element oC the :;ccond vector Spi~':C \;, Cor example 

3 

xi! x', xn. Using the standard B orR = P R matrix operators, this R-symmetry 

product can be expressed as 

i .J j' Bi; () I!' - I nA'j () k t j.
% ~ 	= qx x = (12)klq x x = q (12).1:[ q .E .r = q% X 

[ -I i....i' B ji (-I) I I! Bi' (-1)( I k)= q q x;,;-l =q (:lll'l.: q % X = (:lI)11! q qX.E, 

or more compactly as 

%I X 2 =B(I:.!)('1)X1X:l q-l R(12)({I).rI.ll' 

5imilarly,the expression 

i i -1 i....i Bji (-1)' J.:
X % =q x;,;- = (l1)'A: q X X , 

x'xl: = q-lxkx' = B:;l)Rm(q-l)xn.r'". 

can be exprest!d as 

J"2.l:, = j.C2·t'I' 

Hence, 

B(12)\q)B(lII(q-l) = I. 

This means the defining equation of the R-symmetry product 

(E(12) - B(2)(q»XIX2 =O. 

transforms to itself, under the permutation of XI with :r.:l and q wilh q-I. 

Here,E(12) is the unity matrix operator in tensor product spac(! 1/1 ® t,;. 
Similarly, for the case of ~, the defining equation of 

- r/ B(l2)(q))~le:l ;:;:; 0, 

transforms to ilselves, under the-permutation of ~I with ~:l and q with q-l . 

But, contrary to this situation.the screw product expression is not invariant 

under this pennutation, because the "intermediary" equation 

Xl~.l - B(l21(q)~,.E2 = O. 

is not im·ariant. hut transforms to 

X'2~l - q-:l B(';!)(I/)~l.r.1 = o . 

-\ 
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That means the screw product has two possible variants. 

On the other hand, this can be checked directly as 

B(12) (q)B(21) (q-l ) = 

q 0 0 0 1(q_l 0 0 0 1 ( 1 o 0 0 1_I 0 (q - q-l) 1 0 0 0 1 0 = 0 1 0 0 = I. 
q 0 1 0 0 0 (q-l - q) 0 q 0 010( 

o 0 0 q 0 0 0 q-l. 0 001 

In the following, we concentrated our consideration mainly on such R

symmetry algebra SR(V), which is combined with its two given sub-algebras 

SRI (\/t) and SR"(VU), here 

V'EBVtt =V. 

And we denote their coordinates respectively as x and ~ 

4 de Rahm complexes. 

4.1.(Clasical) de Rham complex O( \i). 

Let ... ,;rn be the linear coordinals on V" and ~' .... , C be the linear 

coordinates on V ... We denote 0.(\') = F[Pl ® F[vul. And we say it has a de 

Rham.structure if there exist an -exterior differential" d (mapping); 

V' 3 Xi ----+ ~i EVil, 

such thllt define V" to be the algebra. generated by dxi ~" with an anti

commutath'p prorluct 

fdx i )2 O. 

dXi dxi -dxi(/:/. i 1: j. 

For example. the (Clasical) de Rham complex Q[AZloJ in the book of Bott-Tn! 51, 

n 0[A210 J = F{A.:uolF[AOl2], 

4.2. QUllntum \Vess-Zumino-cle Rahm complex 

:-\ow. W~ cOllsidl'~ the combined space 

Q =(.rQ9!1H2)(eQ9t1). 

.3 

Manin["I, following Wess-Zumino, extended this de Rham complex to the 

quantum ones with the quantization parameter q, as follows 

0" = Q[A!101 = F[A!/O]F{A~12]. 

We call this quantum Wess-Zumino-de Rham complex. Of coursf'. some 

game on the permutation of alphabet, as quantum de Rham W-Z complex.is 

equally well. Because the classical de Rham complex is a well known fundamen

tal device in algebraic geometry and related topics, it is worthwhile to research 

how is its deformed ones. 

In this case, we replace x for x"' efor e" and d fortbe corresponding exterior 

differential d" such that, the image d,x" of XII equals e" which are assumed 
implicitly in Wess-Zumino[l,21 , and explicitly in Manin's paper [41. 

l.We consider the eigen-value problp.ms, in the tensor product space V ® v. 
For the case n=2.we specified to V=Q, = fl[A~/o],with its two subspaces \.'1 = 
A~/O and V"" = A~12. That is the tensor product space \/ ® \/ decomposed as 

A~lO ® ...l;/O, .4;'0 ®A~12 ) 


( A~12 ® A~IO, .4~'2 ® A~/2 ' 


and the corresponding product is 

.rx xy, .te Xl1 1 
yx YY ,lie Yl1 

( {x ey {{ el1 . 

TfX l1Y 'Ie ~11 

WL' shall prm'e that the operator Rhas two eigen\'aues q and ( -(e' ), in 

the tensor product algebra 

A'UO 10\ 4210 
'I '<Y'" . 

and 

Aon 10\10/2 
'1 '<Y J'1,'1 ' 

respectively. 

For the given matrix operator it the dgen,·; ..alne prohlf"m~. for ei~em'allle Q 
E C, is as follows 

(R - QE)t·®t~ = O. 

6 

http:problp.ms
http:complex.is


\- (.; 	 10.. 

here R is related to our familiar operators R and B as follows 

R=qB=PR, 

P is a permutation matrix operator and we denote the unity operator matrix as 

lor Ell' Now for the details. It is well known that 

[qO 00)k = 0 (q - q-1) 1 0 
o 0 0 ' 

o 0 0 9 

[qo 00)
R- 0 0 0 

- 0 (q - q-l) 1 0 ' 

o 0 0 q 

[1 0 o 0)
B = 0 (C 

1
(q q-l) q-l 0 . 

o q-I o 0 

o I) o 1 

Hence, the eigen-value problem becomes 

VI ® t'l) [q 0 o )l' PI ® V1 )Q VI ®tl'2 = 0 (q _q-l) 1 00 VI ®Vl 

III ®tll 0 1 o 0 U'2Q9111[ 
l'2 ®t!l 0 0 o q I'l ®l'2 

qtll ®t'l ) 

= (q - q-I )t'l ®11'2 + til ®VI . 
til ®V'l

[ 
Qt12®V'2 

The equation of the second row,in the above matrix equations, gives 

[Q - «(I - q-l)ll" ®t~2 = tr:l®tll. 

while the equation of the third row gives 

['I Q9 Vl = QI'lQ9lll = Q[Q -IJI - q-I)jlll Q9t'2' 

7 

so we get the following eigen value equation,an algebraically quadratic equation 

on Q 
QQ - Q(q - q-l) -1 =O. 

It is easy to get their t\\·o solutions 

Q =q 

and 
Q = _q-l. 

2.As for the cigen spaces,we consider its correspondingly in the following three 

cases. Case l.For Q=q, We consider the tensor product algebra .4.;'0 ® .'1.;10 I with 

the aditional requirement of some kind of the unknown deformed ( commutative) 

product, in this case we denote .r. i in place of vi. The above-mentioned eigen

value equation becomes 

.EX) [ qxx )Q 	 .FIJ = (q_q-lp:y+yx . 

yx xy[ 
yy qyy 

The first and fourth row are satisfied automaticaUY,without any additional re

quirment. We notice, in this Q=q case, the equation of the third row requires 

xy = qyx, 

that is just mean a deformed commutative product. 

Case 2.For Q= _q-t, 

We consider the tensor product algehra .-l~J'.l Q9 ...l~ll. with the aditional re

quirement on some kind of unknown deformed ( anti-commutative} product. In 

this case we denote ~ in place of v'. We notice. in this Q = _q-I case, the 

equation of the third row requires 

el1 = -q-1IJe. 

hence 

eei = o. 
In our case that is 

~~ = O. '1'1 = o. 

8 



, 4' 
~ 

The above-mentioned eigen-value equation becomes 

ee 1 ( 1q{{Q !; =. (q-q-;~e71+'7e , 

( 
'771 q7171 

The equation of the first row is now 

_q-l{{ = q{e. 

which requires 

{{ = o. 

While the equation of the fourth row is 

-q-t'7l1 = '1fJ7/. 

which requires 

'171=0. 

The equation of the third row requires 

{71 = _q-l,/{. 

To slim 1lp , it means we have defined a deformed anti-commutati\'e product 

with ~,lf \'aria hies. 

Case ;3, We consider the tensor product al~ebra .4;10 ® ,-l~12 E 07' 

As for the cross pl'Oducts, we ha.ve two solutions a~ follows. 

Fi!·st. 501ution 

.cie q'JB(12}(q)e'.r1, 

ci j -:8-1 ( ) 1.('
~:r = q (12) q X ... 

Second solution 

xiei = q-l B(;!)(q)~k.cl. 

(ti = q! Bt2Il(1j).l~i. 

\"e w1)ltld lik(· !o prow' the~(' cross-com,mutat.ion relaf:ons hy the require

ments "hoHt thief tmnsi'ol'mation invariunce.in contrast. ~o \Vess-Zumino·., 3ym

metry <,:oll~iderat iou. 

9 

The quantum planes ._1;10 trasforms as 

A211 3 ( x ) -+ ( x, ) = (a b) ( x ) = ( a:t +by ) e A211 
q Y y' c d y ex +dy 9 • 

The requirement or the invariance or the non-commutativity 

xy = qy:t, and :tly' =qy'x' , 

deduce that 

ac:tx +adxy + bcyx + bciyy =q(caxx +cbl'Y +dayx +dbyy), 

hence 

ae =qca, bd =qdb. 

and 

ad - da = qcb q-Ik, 


While the quantum super-plane AI;'2 transform:; as 


AOl2 3 (' ~ ) -+ ( e' ) = (. ,6 ~) ( ~ ) = ( ae + ~'7 )\ E .-1.012. 
'1 " '7' cd" c{ +471 'I 

The requirement of the invariance of the Don-commutativity 

o= ~{ = ~'e', 

deduce that 

ab<11 + ba71{ = {ab - qha)~11 =0 

hence 

ab = qba. 

Similarly, from 

0='771='7' ''' 

we deduce that 

cde71 + dClle = (cd qdc)e", 

hence \ve get 

cd = ,!(/c, 

And from 

e'rl = -I/-I,"~l. 

to 
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we get 

ac~~ + atIe71 + bcTJ~ + bd7171 = _q-l(ca~~ + Cb(71 + da,,~ + dlnl'71)' 

Hence we have 

ad - da = -q-1cb +qbe, 

and 

be =cb. 

To sum up, the quantum group 

M,(2) ;I (: ~), 
generated by even variables a,b,c,d with the following non-commutativity rela

tions 

ab =qbai ac = qca; ad = d(l + (q - q-l)cb: 

be = cbj bd = qlllJ: cd = IlltC. 

Now, we would like utilize the (exterior) ditferential d, and admitting adi

tional with dx = ~,dy = 'l.Here,we consider x and f. as independent variables 

as in some cotangent bundle, and the exterior differential d is defined on this 

cotaDl;ent bundle.not const.rained just on the base space, 

Firt of all, we difff'!rentiate the oqe relation we have know;i.e. (xy-qyx) =0, 

and get 

I) = tl(xy - qy:r) = f.g + .I:q 1f1lX - (/Yf. = (f.y - 'IY~) + (XII - qqx), 

Comparing (Iimension, we see that Wi' must find a system of four cross- commu

t.al.ion relations expresing .r~,XIJ,!Jf,.!lq linear via f,.r,ey, 'IX, 'lY as follows 

X71Xf.l [C:c~ Ci C~c: CJ 1 [ ~x 1= C; C1 ~y. 

[ yf. c~ c~ c~ C,~ I]X 

!lq c: ('~ c~ c: '1 !I 

And from the first differential relation ,we know 

ci = ci = 0 = c~ = c~ 

11 

and 

1 - q~ +~ =0, -qc~ +c~ - q =O. 

Secondly, we differentiate the above matrix equation 

x(l~ 1 [c: CJ CJ Cl 1 [ (d~).r 1 [ GJ{II + qq~ 1 
eq + xdl] = c~ c~ Ci c.! (d~)y _ Ci~11 +C!I1{ , 
I]~ + !ld~ C1 C'l C3 c~ (d'1)x C'l~I] +C3 11f.[ 

yd71 ct c~ c: C1 (dl1)Y C~~'l + C~'lf. 

hence \lie get 

0 1 [( q 1- qCi)f.'1
~71 .(C; - qCi)~" 
q~ = - (_q-lC~ + C~)71e ' [ 
o (C1- qc:)e71 

i.e. 

-c~ + qc~ =0, -c.~ +qC~ l.q- 1ct C~ = 1. -C1 + I/C; = 0, 

We choose c.~ =0. then we have CA =O.We choos~ C1 =0. then we ha\'e C~ 

=O.This can be explaneu in the forthcoming paper [6). If, we require the trans

formed c:oss products presen'c t.he same non- commutath'ity, then we get 

.rl~l 1 [ Cf ('1 CJ c: 1 [ ~trt 1.lhl' _ c: c~ Ci c.r f.'yl 
"'j I',' 

[ /':.! C"l c.~ lJ X 
Il~'1 - ""i 

~/~t Cil L ~ ('t 'Ill 

So , we get on one sic\p 

:r1f = aaxf,+abx71+bayf.+bbYl1 = aa(C:~x+C!q!l)+ab(C~~x+C~f.!!+C~'1X)+ 

ba(C:~:r + C;f.Y + C~qx + C!"y) +bb(ctf.:r + C:f.!I + C;f,y + C~I1X + C1'1Y), 

and on the other side, we have 

.,r!e C:[aaf.x + "b~y + bal1X + bb'lJJ] +0 + 0 + ('l(cc~x + cd£!) i dClJx",;- delll!!] , 

Hence'. we have 

ctbh = ('.:cc::;. ct = il = C:. 

12 
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abCi +baC~ = C:tlb + Cled =* qci + Ci = C:q, 

abC~ +baC~ = C:ba +CJdc =* qci +c~ - ct =0, 

aaC~ +bbCt = Clbb+ Cldd =* C: = ct. 
To sum up we have five unknown coefficients ct,c1,Ci, C:, cg, which satisfy 


four equations 


-Ci +qC~ = 1, q-1C; -C~ = 1, qCi +C~ = qC:, qC~ +C~ -C: =o. 


It is easy to get an one parameter r solution, 


c: = (q+q-l)r_l, C; =(q+q-t)r-I, Ci = rq-1, C~ = r = C;, C; = q-l r _l. 

Hence we get 


x{ = Cl\~ = (q +q-I)r -l}e.-c; :c" == C;ey +Ci'1X = (rq - IJey + "".-r.: 


ye = Ci~!J + Ci'1x ,.ey + (q-l r -l)'lx; y" == Ct'IY = [(q +q-l),. -Lj'lY' 


Using the associativity of (the product of) our algebra. 

x,,{ = .r(1JO = (x,,)e. 

WE" get the equations 

.r:(1Je) = -q[(q+Q-l)r-l}r(e"x),(X1J){ = [(rq-l)(q-1r-I)-,.[(q+q-t)r-l}q}(e'lx). 

Hence we got the quadrat.ic polynomial (~(Iuation on r 

r2 _ (q + + 1 = O. 

Their two solutions are r = q or r q-t. Corresponds to t.hese, the net result 

is First :,:olution 

'2xe = lex; X" =(l- 1)ey +Q1JX; ye = 'ley; Y"I =q "Iy. 

The "econd solution 

.r{ = q-l~;:: XTI == q-I "x: /I~ == ~!J + \fj-l - 1)I].t: y" = q-ll/Y. 

I:J 

4.3. Quantum Wess-Zumino-de Rahm complex U"". = O[A~~O, A~'2I. 
l.Of course the deformation or quantization parameter of the second space 

A0l2 need not be choose as the same of the first space A2IO 
, they may take an 

independent value p in place of q. And we generalize correspondingly the above 

tensor product space V ® V, from V = 0, to V= Or'.'l' = ° [.4~!0. A~121.with 
its two subspace V' = A~!O and V" = A;/u. We use q' here. just because 

the different notation convention in Wess-Zumino and :\Ianin~s paper("I. When 

if = q-l, P= q-1, our complex O",q' ,go back to 0" = O{.4~1°1 of paragraphyt.2. 

This is the tensor product space 

A;!O ®A;!O A;!O ® A~'2 ) 

( A~'2 ®A:!O A:2 ® .4~'2 ' 


and the corresponding product is 

x'I,xlJ' X,,'!!,,, x",{p .1:1",,,) 

Yq'x", Yq'Y,' y<;I~" !Jq"'r! • 

( ~pXq' {"Ull' ~t'~" {I"l" 

1Jpx .,. 'l"Y'l' IJp{p 'lp{p 

But for simplicity ,we omit the index p as well as q'. 

2.1n this case, the quantum planes and quantum groups have new pattern. 

For A~;o. 

:110 (.r) (x, ) _(a b ) ( X ) _ ( ax +by ) .l2/0A, 3! --+ - - E. .1 • 

I Y Y' c d y c;r +dy , 

The requirement of the invariance of the non-commut,ati\,jty, 

xy = q'-I yx and x'y' = 'll-l!/X', 

deduce that 

acxx + adxy + beyx + bdyy = q'-t(caxx + cbxy + dayx + dbyy), 

hence 

de = q 1-1 ca . bd = rl- 1,U" 

and 

ad - da = ql-1cb - q'bc. 

14 
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For AOIlp , 

A~ , ( ; ) -+ ( ;: ) = ( : ~) ( ; ) E A~n. 
The requirement of the invariance of the non-commutativity, 

0= ee = e'e' 

deduce that 

abe71 + ba."e =(ab - p-1ba)e71, 

hence 

ab = p-lba. 

Similarly, from 

o:::; 1171 = 'l'1]' 

we deduce that 

cd~11 + Jc,,~ =(cd - p-1ddf'l, 

hen('e we get 

cd =I)'-Ide. 

From 

~''1' :::; _p'l~', 

we get 

acee + adf'l + bC71e +bdll1J:::; -p(ca~~ + cb~lI + dat/~ + dbTJlI), 

hence 

ad -ila = -peb+ p-1bc. 

Due to 

ad - da = q'-1r..b - qtbc 

so 

be = pq,-lcb 

. To SlIlll up,the quantum group 

J11'.9,(2) :3 d 
( 

6) 1 

C d 

1.) 

,.. 


generated by even variables a,b,c,d with the following non-commutativity rela

tons. 

ab = p- 16a; ac =l-lea; ad =da +(q'-I - p)eb; 

be =pq'-1cb; bd =q'-'dh; cd = p-1dc. 

3.Now, we would like utilize the (exterior) differential d .and admitting adi

tional with dx =~, dy =.". 

First of all, we differential the one relation we have know, i.e. xy _q,-I.IIX = 
0, and get 

0= d(:cy - q'-I yX ) = ~y +x7] _q'-I."X - q'-ly~ = ({y - q'-ly~) +(Xll- q'-l7]x). 

4.Comparing dimension. we see that we must find a system of four cross

commutation reld-tions expresing ,r-e, .1'7]. y~, yTJ linearly via ~;:::, ey I 11 X , I1Y as ful

lows 

:r~ 1 (c: q Cl 1 ( ex 1:£11 ct c~ q('5 c: ey 


( y~ == ct Cl c~ c:. '/.£ . 


Y'l ct c~ C~ C: 'l!J 


From the above mentiolled equation cl(xy - ql-lyX) :::; O. we get 

C~ :::; C; C~ :::; C1 = o. 

5.Secondly, we differentiate the above matrix eq1lation.and get 

T.d~ 1 (('t CJ C} 1 ( (dt;.x 1 (Cl~1J -i- Cl1J~ 1''2 "2 CJ"''l " '" c . "2 ,e1J+,cd1J :::; (I C1 Cj (., (.tl,JY _ (';,,'l'(3'/'" , 

1]~ + yele c~ Ci c~ c: Id11)J' Ci~'1 + C~q~( 
ydl1 ct c: c~ (~1 (eJ,,)y Ci~', + CJ 11e 

So, we get 

0 1 ( -pCi +c~ 1-P'1e = _ -pc; +C1 
TIe -pcl + c~ ."e,

( 
o -pC1 + c.: 

i.e. 

-pCi + C; 0, -IIC; +Ci = p, -pct + c; -1. -l'c1 +c:: = o. 
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We choose C~ = 0, then we have eJ = O. We choose e~ 0, then we have 

e: = O. 

6.We require the transformed cross products preserve the same non.commutativity 

, then we get 

x'e' 1 (C: Cj CJ el 1 ( ex' 1X'1]' _ C: C~ ei Cl e'y' 

y'e' - c~ e~ ei c: 1]'x"( 
Y'1]1 ct c: c: ct 1]IY' 

SO, we get on one side 

:r'e' = aax{ +abxrr+ hay{ + bby1] = aa{C:{x +0 + C~l1Y) 

+ab(O + ciey + e~71X) +00(0 + C~{y + C~'1x) +bb(c:ex +0 +etIJY), 

and on the other side, we have 

x'e' = C;[aa{.r +abf,y + ~aIJx +bb'1yj +Cl[cc{x +cdey + dC'rlx +ddIJyj· 

Hence we get 

Ctbb = Clec => ct = 0 = C! 

abC; +bdc~ = Ctllb +C.! cd => p- 1ci +Ci = cip-t, 

abC; + .baC: = C~btl +C:dc:::. (p-tC; + C; - cU =o. 

aae! +bbC1 =Cthb +C~dd => C: C1. 
To slime up we have Sse unknown coefficients C:, C], C;, cg, Cj, whir-h 

satisfy lour equations. 

-pc~ +c; = p. -pCJ +C~ -1. 

p-1C: +C; = ,,-ICII,p-lC~ +C~ - Ci = o. 

It is easy to get an one parameter r solution. which is the same as get by Manin 

using some abst ra.ct method. 

= ~\P +q'-I)r - q, C1 = [(p T ,/-t)r - 1]. 

c~ = (I'r/-t 1), c l = r ·3 =,.. C; = (111' - 1).3 "''2 . 

j.Corresponill.~ to the case l,case ~ anti case :J of H' , now in our n:".".,we
I 

generalize it to the followinl~ case l', .:ase :1" and case J'. 

Ii 

Case 1'.We consider now the tensor product algebra A~!O ®A;!o. In this case 

x,y E A;!O, and we meet 

xy =q'yx. 

Case 2'.We consider now the tensor product algebra .1~12 0 A.~I2. In this 

case e, 'I E A~/2, and we meet 

{IJ = -p1]e· 

Case 3' ..We consider now the tensor product algebra A21O'l' 0 A~12. As for 

the cross pl'oducts, we have 

xe = [{p +q'-l)r - l}~x; Xl1 = (rq,-l - 1){y +pq,-1r1]x; 


ye = rev + (pr -1)1]x; y1] = [(p + q'-l)r -l]1]Y· 


Using the associativity of the prcrduct of our algebra, 


Xl1{ = x( '1{) = (X1])~, 

we get the equations 

X{11{) == _p-1 X{11 = _p-l[(p+ q'-l)r - Jle[1'q'-' l)ey +pq,-lr1/xj 

= -[(p+ q'-I)1' -1}q,-l,.({'1x ), 

(Xf/Je = [~1'q'-1 - l){y +14-1r'1x]{ = (rqt-I -l){y{ + IJq'-I"ll(X{) 

= [(1'1[/-1 - tHO +pr - l) 4- (I'q'-t lr + ,/-1 )1' - ll( _1,-1 ){~'1.rJ. 
" 

Hence,we have the quadra.tic polynomial equation on r 

(q'-I r -l)(pr - l) = O. 

i.e, 

r:l _ (p +ql-l)r +pq,-l =o. 

Their two solutions are r p-I and r = q'. Corresponding to these, the net 

result iSj 

First solution 

;r{ = (pqt)-lex: Xl1 = (p-lql-I -1 ){y+ql-t '1x; y{ = ,,-1(//: Y1] = (pql)-I'I'I. 
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Second solution 

x{ = (pq')eXj xq =prJXj y{ =q'ey + «pq') - l)qxj yq =(pq')qy. 

As for the transformation on the quantum complex 

O[A!/O] = F[GL,(2)]O{A!/O], 

is extended to 

O[A~O] = O[GL9.(2)]O[A!!O]. 

A lot of consistency conditions related to differential d and 8, for example 
i i8i x , 8ie, 8i 8it can be verified in the same way as in Wess-ZuminoI11 • 
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