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quantum enveloping algebra are investigated. 

'Supported in part by the National Natural Science Foundation of China and lWTZ-1298 of Chinese 
Academy of Sciences. 

2Mailing address 

1 

Recent years the qUA.ntum YA.ng-BA.xter equation (QYBE) [1] has attracted 

more attention of mathematicians and physicists [21[3] as the QYBE is tightly re­

lated to exactly solvable models and the corresponding algebraic structures. For a 

given non-trivial solution of QYBE one can generally find a neither commutative 

nor co-commutative Hopf algebra, which is in~eresting in mathematics. The stan­

dard method to construct a new algebra from a solution of QYBE was initiated 

by Faddeev et al [4J. With this method we have discussed the new algebra related 

to a non-standard R-matrix with one-parameter 

In this letter we investigate the algebra with some supersymmetric properties. 

It is from a non-stA.ndaro and one p~\mmetpr solution of QYBE obtained by using 

Wu-Elirnination 

The R-matrix we consider here is 

'100 0]
R 0 1 q 1 0 

(1)
o 0 q 0[ 
o 0 0 -1 

R satisfies the ql1antum Yang-Baxter equation [IJ 

R12R13R23 = R23 R13R'2 . (2) 

For a given solution of QYBE one can define a new R matrix 

R= fiR (3) 

which satisfies the gradeo Yang-Baxter equation 

R12RI3R23 = R23Rt3Rn , (4) 

where 
(8 )ilhj~ = (h)i'h

1'2 .. . ..
'1"'3 .. ', 

( RI3)~ljlJ3 (R)~,j3 8{2( -1 )P(j,}(P(j~H-P(i3}) • 
'\l2'~ '1'~ 2 

( R2:J)~I~~3 = (R)~~3 6fl (_ t )P{j, )(P(h)+P(M~P{i,)+P(;,» 
'1 '2'~ .,,~ I 
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and 

,., =2:(-l)P(i)P(;)eji ® ejj . 

iJ 

P(i) denotes the parity of the ith basic vector. In our case the matrix,., is simply 

1000 

o 0 1 0 

,.,= 0 0 0 
[ 1o 0 0 -1 

First we study the algebra related to the matrix R, which is generated by the 

Yang-Baxter eqt1ation 

RT:zTl =T1 T:zR, (5) 

where 

T = (I;;) = (: :) 

Tt = T ® I, I is the 2 x 2 identity and 

a b 1oo 00T:z = c d 
o 0 a -b 

[ 
o 0 -c d 

Equation (5) gives rise to the relations of the algebra elements a~ b! c and d 

b2 2ab = qba , [d, cJ = 0 , [a, c] = 0 I = c = 0 , 
(6) 

be = -q-tcb I bd = q-tdb I [a, d] = (1 - q)bc . 

This quantum matrix T can be considered as a linear transformation of plane 

A'I(1, 1) with coordinates (Xi) = (e,x) satisfying xe = 'leX and e = O. The 

proof is straightforward. Considering the coordinates (e', x') deduced from the T 

t.ransformation 

(::)=(: :)(:), 


one can easily find that z'e' = fie' x' and e" = 0 by using the following relations 

ti;XI: = (_l)P(ti,)P(rl<)Xl;t.; , 

where 

P(a) = P{d) =0 I P( b) P(c) = 1 I P{x) =0 , P{e) = 1 . 

The dnal space A;{1, 1) of A,,{1.1) with coordinnt..es ('1,y) sat.isfy 

Y'1 Q'1Y, '1' = 0 . 

Hence it is dear that the quantum plane h:; different from the one used in definition 

of GL'l(I, 1). And obviously the algebra here defined by (6) is also different to the 

usual algebra SU'I( I, 1). 

Let a-I and d- t be the inverses of the elements a and b respectively. The center 

element of the algebra T is then 

8 = od- t 'ld- t hd- 1C • (7) 

and the inverse of 8 is 

~-1 := da- t cn-11uz-1. (8) 

The element 8 is the analogue of the quantum determinant of T and has the 

following property 

~(TT') 

which can be prov~d oirectly by usin~ the commutative relations between elements 

of T and T', 

t .·t~. = (_1)P(li1)P(I;,)t:/t·." " .~ " . 
In t.erms of 6- 1 we have t.he inverse of T 

d-t _d-thd- 1 )
T- t 	 - h- t 

- ( _d-tcd-1 (ld-2 - (1 + 'l)d-1bd-1c . 
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And the complete Hopf algebra structure related to T are given by 

d(a) = o®o +b®c, d(d) = d®d+c® b, 

=o®b+b®d d(c) = d ®c +c ® a , 

S(o) = d-t 0-1 , S(b) = _d-1 bd-t 0-1 , (9) 

S(c) = _d- t cd- t 6-1 , Sed) = [ad-I d- t - (1 +q)d-1 bd- I cj6- t , 

f(a) = fed) = 1 , feb) = e(c) = 0 , 

where d is t.he coproduct, S the antipode and e the counit. The operators d and 

f df'fined by (9) are algebraic homomorphism and S is graded anti homomorphism, 

S( tij tlr') = (.:..1 t(t'j)P(t."S(fir, )S(fii) • 

They satisfy the axioms of Hopf algebra such as 

(6. ® id)6. = (id ® 6.)6. , 

(e®id)6. = (id®f)6. , 

m(S ® id)d = m(id ® S)6. . 

Hence the algebra given by (6) and (9) is a Hopf algebra. Moreover one can show 

tha.t 

6.(0) 000, S(o) =0-1 
, f(o)=I. 

Now we study the quantum enveloping algebra related to the R matrix It 

is determined by the following Yang-Baxter relations 

RLr L~ = L~Lr R , 
(11)

it Lt L; = L; Lt it , 

where Lf = L:I: ® I, 

L+ = (~ ~) , L- = (: :) , 

and 

° 00][kdo I 0]0 [m n 00 y 0 
L+ - L- ­

2 - 0 0 Ie -% ' 2 - 0 0 m 0 

From (1) and (11) we have the following algehrruc relations 

b: = qxk, ley = q-Iyk, Ix = qxk , 
(12)

Iy = q-lyl, %2 = y2 = 0, q%y + yx = (1 - q)(lm - nk) . 

Here we haVf'~ omitted all the commutative r~lAtionA. It is clear that the algebra 

element m and n are the centers. GeneralJy not all the elements are independent. 

We can a...'lsume that 

1= qH-f, 1= qH+f, n = q2K, m = q-K 

and 

x+ = 1 __ k- l /2x , v- _ 1 k-l /2
.\. - .. 1 Y • 

../(qi - q-~)(q - q-I) ../(q2 q-i)(q_q-l) 

Then the algebraic relations become 

[H, X:l:l == ±X:l:, [1(, -I 0, 

(13){x+, x-} = q2K - q-2K 

q - q-I 

The corresponding Hopf structures of can he defined by 

d(H)=H®I+I0H, 


~(1() = [( 0 I + I ® I( , 


~(X+) = q'l+'f ® X+ +X+ 0 q'l-Jf , 

(14) 

n(X-) = q-1f+!f @X- +X- 0 q-lf-1f , 


e(H) = e(K) e(X:I:) == 0, f(1) == 1 , 


S(H) = -H, S(lO -1(, S(X:I:) = -qt(qp:II:1:f X:I: . 


It is st.rai~ht£or\Vnrd to show that. nhov~ definition of Hopf operations satisfies the 

axioms of the Hopf algebrA. (10). 

So far we have prf'sented the whoh~ all?;rhrn. str1ld.ttres~ the algebra of quantum 

o 0 0 I o 0 -y n mntrix a.nd the qnantum f'nveloping 1llgphrn, relat.f'd t.o the l'lolut.ion (1) of QYBE. 
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'With neither commutative nor co-commutative Hop£ algebraic structures, this 

algebra is different to the usual q-deformed algebra GLq(l, 1). As the algebra (13) 

gives rise to GL(I,I) algebra at q approaches one, this algebra is another kind 

q-deformation of GL(I,I). In addition we would like to indicate that, different 

to the case of new q-deformation of GL(2) in [51, both the matrices (1) and (3) 

givP. rise to no Temperley-Lieb algebra representations. This can be understood 

as these R-matrices have two different non-zero eigenvalues satisfying a quadratic 

equation respectively. 
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