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Abstract

We show that there are two Temperley-Lieb algebraic structures
in spin-1 chain models. The related Hamiltonians are of SU(2) and
SU,(2) symmetries respectively. The corresponding solutions of Yang-
Baxter equation are also discussed.
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The exact solutions of the Heisenberg spin-} chain models have been thor-
oughly investigated in terms of both Bethe ansatz [1| and Temperly-Lieb (T-L)
algebraic structures of the models [2]. The Bethe ansatz method gives rise to the
general forms of the energy and eigenstates with a Bethe ansatz equation which
is difficult to solve. While in the T-L algebraic approach the Hamiltonian equa-
tion are reduced into a set of coupled linear algebraic equations and the problem
to solve the model becomes the usual eigenvalue problem of a matrix with finite

dimensions [2-3].

As is well known, for the case of spin-% chain, there are two integrable Heisen-

berg spin models with SU(2) and SU,(2) symmetries respectively. The isotropic

~one is the XXX model with SU(2) symmetry. Its related T-L algebra element

e; satisfies e} = 2¢;. The anisotropic one is the XXZ model. With a suitable
boundary term this XXZ model is of the q-deformed SU,(2) symmetry [4] and
its T-L algebra element satisfies e} = [2]¢;, where [z] = 9‘:—_’—;:’_;.'-. e; represents the
nearest interactions between spins at site i and i + 1. Both XXX and XXZ models
can be exactly solved according to the T-L algebraic properties and the symmetry
algebras SU(2) and SU(2). Especially for the isotropic case, we find that the
higher dimensional Heisenberg spin model with non-nearest interactions can also

be described by the T-L algebra and exactly solved [5].

For the case of spin-1, the Heisenberg model can no longer be simply manip-
ulated. This letter is dedicated to investigate the T-L algebraic structures of the
spin-1 chain models. We find that, similar to the case of spin-%, there are also two
T-L algebraic ‘structures. One is related to the isotropic model with SU(2) sym-
metry. And the q-deformed one is related to the anisotropic model with SU,(2)
symmetry. With respect to these T-L algebraic representations there are braid

group representations and solutions of the Yang-Baxter equation [6].

We consider a chain with N + 1 spins. The spin operators S and S, of every
spin constitute the SU(2) algebra
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where St = S] + 351 and

010 0 -1 0 10 0
51 = 101 3 Sq =1 1 0 -1 s Sa= 00 0
010 . 01 0 ‘ 00 —-1

The total spin operator for the spin chain is then
N+41
Ja=Y. 1Me1@g...@1l-Ng 50@1it) g...g 1N+
=1
where 117 is a 3 x 3 identity matrix at site i, ® denotes matrix tensor and a = +,3
or 1,2,3. J, satisfy the SU(2) algebraic relations

Vi Ji] = tendi, 1,5,k =1,2,3.
We find that the representation of T-L algebraic element with SU(2) symmetry
is given by
i=10g10g...@1lNgEg1itlg...@ 1M+ | @)
where |
E=($25+505+508)-191) 4§ s -181.

e; satisfies the T-L algebraic relations [7],
el =3¢, eemei=c¢,
3

eie; = ¢;¢; , if !t-]‘ 2 2

and commutes with SU(2) generators of the chain,

leiy Jal =0, a=4=+.3.

Therefore the Hamiltonian of spin-1 chain model will have SU(2) symmetry if
it is constituted of T-L algebraic element ¢;. Here is a spin-1 chain model with

Hamiltonian ~
H=1J Z e, 4)

=1

3

where J is a constant referring to the ferromagnetic or antiferromagnetic properties

of the chain. Obviously

H1]=0, a=4+,3.
It can be proven that this T-L algebraic representation (2) with SU(2) symmetry
is unique.

The solution of Yang-Baxter equation related to the T-L algebra (2) is

2@ “5ﬂ=2\/51®1=3*3i2\/5

191.

]Y?, satisfies the Yang-Baxter relation
vV V.V v v v
Ry Ra3 Ria=R23 R12 Rass

p v v v v
where R12=R ®1 and Rz3= 1Q R.
Now we consider the T-L algebraic structures with q-deformed symmetry. The
SU,(2) algebra is defined by [8]

(5,,5°] = (283, [Sh,S4] = £S5, . (5)

From the co-multiplication

AS, =% RS, +5,9¢%, AS,=18S5,+5,81,

one gets the total algebra operators of the spin chain

N1 . ,
Ji = Zq5§®...®q53@Sﬁ"@,l‘s;@...@q's;,
=1
N+1 e
Jh = Zl®...®1®53")®1®..,®1

i=1
satisfying
Vol =120, Uil =%J .
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The matrix representation of S, and S, satisfying (5) can be obtained from the
algebraic maps between SU(2) and SU,(2) [9-10]. After a similarity transformation

we have
g+q7!
2

Sy = Se, S,=35,.

We find that the T-L algebraic element with SU,(2) symmetry is given by
=117 g...g10- Vg E, @16+ g...g 1N+ | 6)
where .
B = 17 (51 @52 + 52 @52 +4S2@ 57
+25354+ ® S35 +2535_ ® 535, + 5_5, ® 5, 5.)
+He' - +1)5,5.05.5,
+2q(¢* = ¢+ 1)(S+53® S_S3+ S_53 ® 54.53)
+2¢%(q - 1)(5-S3® Sy ~ S_ ® 5:.53)
+2¢(q ~ 1)(S:53® S- ~ 5, ® S.5,)
+2(¢* - 1)(S§® Sz~ $3® S3)
+29(q - 1), @ S_ —2¢*(¢ - 1)S-® S,
+2A? - 1)X(S3®1+1951+1@ S -5 81)

~4¢' - +1)101)] .
The T-L algebraic element (6) gives rise to the T-L algebra
e =(@+1+q7)ei=[le;, eeme=c, @
7
ee; =eje;, if [i—jl>2.
It is straightforward to prove that

le;, J}=0, a=4+3.

Such a T-L algebraic structure is also unique for the case of spin-1 chain models. ‘

The Hamiltonian related to (6) is then

H =73 (®)

=1

H, is obviously of SU,(2) symmetry
(H,, J;.sl =0.
Corresponding to the q-deformed spin chain model, there is also a solution of

Yang-Baxter equation,

R=E,+C

satisfying
(1t ®1)(18 Ry}, ®1) = (18 Ro)(R, ®1)18 ) ,

where

~1
C=-2-—5(q'+q’+1:k\/q°+2q°-—q‘+‘2q’+l) .

When ¢ approaches one, the so called quantum algebra SU,(2) becomes algebra
SU(2). And it is direct to find that the T-L algebraic element ¢; and Hamiltonian
H, with SU,(2) symmetry reduce to ¢; and H with SU(2) symmetry when ¢ —
1. So does the related solution of Yang-Baxter equation. Here we would like
to indicate that the SU,(2) invariant Hamiltonian (8) for spin-1 chain model is
different to the usual one given in [11]. It is obvious that they are different when ¢

v v
approaches one. In addition, R and R, also give rise to braid group representations

‘and hence to some kinds of link polynomials.

We have investigated the T-L algebraic structures in the spin-1 chain models.
Similar to the case of spin-1, we also find two T-L algebraic constructions with
SU(2) and SU,(2) symmetry respectively. The integrability of the related spin
chain models, both for generic ¢ and q'being a root of unit, can be studied similarly
according to the T-L algebraic properties and SU(2) and SU,(2) symmetries. From
the solutions of Yang-Baxter equation in these models one may also try the Bethe

ansatz method on exact solutions of the models.
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