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ABSTRACT 

3ased upon th~ intrinsic relation ~etween tAl divergent lower point 
fu.nctions and the t;~nVlr,en' higher ?oint onu ;n the renorma.ii.;able 
'l'ua"1ltum fieid theories, we pr,'pOJ' '1 new m.ethod for reguiarization 
':Ina renQrmaii.::ation in QF'1'. As :In ~;a.m.pll!, Ice renor.naii;;: the 
,;/' theoT'fJ at the one loop Qrder by means of this method. 

PACS:02.20.+b 
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In the last decades, various rquJ.a.rization md r&normaliza~ion schemC$ ha.ve been 
developed in the qua.ntu;n field theory (lJ. Howe'\"er. the problem. is s;ill one of the 
most importa.nt issues under investiga.tion in the modern QFT. 

In this letter we propose & Dew method for regul.a.cisation and renorma.1izacion 
in QFT a.nd take the iii tidd theory a.t one loop order u a.D. example to .ihow the 
spirit of the method. 'The main idea i. bued upon some simple ob.ervations i.a. the 
renoanaliza.ble QFT. First, there aze always, to a deii.a..ite loop order, allmited number 
oflower point co~iion function. which 'are ,divergent while the higAer point functions 
aze convergent ad well defined if the number of points b bigger enough. Secondly, 
there exist certain intrinsic l'olauolll between the lower point functioD...l and the hiper 
point ona. Namely, the lower point functiou can be reachod as limitini$ cases of the 
number of the points, or the vertices, in the higher point convergent fuuction which 
are well defined. This is in fact the crucial property we want to use in our method. 

The main points of our ::J.ethod aze u followi. In order to regula.tUe a. one patiicle 
irreducible (IPI) 11. point divergent function, we first calcula.te the 11. -+ 2q point func
tiona r<Il+29)(Plt ••. , pn, ~"'. 0) where the momenta of 2q external lines an set to 

2q 

.aero. When q is I.a.rge enough, r<"+2cJ) is convergent md well defined. It e&n also be 
expressed in teImS of Pt, "', Pn and q. Then we introduce r(ni(Pt, "', pni 'Ii .u) :: 
,ulqr(n+Zq)(PIt "', pn, .!!! .•• I ~ where p. is " constant with the dimension of mass in 

1" 
order tha* r(Il)(PlJ "', Pni qi .u) ha.s the same dimensi04 a.a the IPI n. point function. 
After calculating r(II)(Plt ... I pnj 'I; .u), we ma.ke an a.nalytic condnua.til>n of q from 
the inte;er to the complex number and it is ca.lled in our schemo the regularized n. 
point function. The original IP! n.point function is recovered when 'I -. 0: 

r(n)(PLt ... , p",,,,} =~3 r(n)(Pl .... pni qj .u) (1)t 

We call this kind of regularization ill OUI: scheme the intrinsic ...ertex re~u1ari;ation. 
The renormaliz&tion of tho theOry in th.i. method is the sa.me as in ;he usual a.pptoa.ch.. 
~a.I:l.eiy, we subtract ~he dive~cnt put ot the vertices of the ;heory 30' ea.ch. loop 
Qrder by adding the releTlaIlt countertenns to the ori§inal action. The ne',v a.ction is 
the renormalized one. The renor.::nalized 11 point functioJls ate then caiculcued r:Qm 
~he ::enot:Ilalized a.ction. When q - 0, we get a. fu:Ut~ result for 3.U the ;:orre!a.t;oD 
functions. 

Let 'u now concentra.te OJl the diverge:J.t diagrams in ¢J" theory at the one iQop 
order. We first show that in the ¢J~ theor/ the divergent parts of such regularized 1'& 

point func-:ious at the one loop order bena.ves 3.S q-t a.nd the convergent parts ~e:ld to 
finite quantities when q - O. 

The a.ction of the theory is 

S[~J =I ~:J (~a,.<P8"<p + fn24>2 ~ ~q)4) (2) 
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where Ais the coup1in~ constant. The Feyuman rules fot the 11' theory a.re well known: 

Propagator: 	 =i(r - m 3)-1 

X 
p 

Verte.-c 	 =-iA 

The superficial d~ee of divergence for a proper vertex with n e.,-,:ternallines (1PI 
n-point correlation function) it 

5=4-n (3) 

Hence the superficially divergent proper vertices a.t ~he one loop order are depicted a.s 
the diagrams (II), (6), (e) a.nd (Il) in Fig. l. 

ID. the ::nome:ltum spa.ce, the amplitUde of these vertices are 

1 f 4*1 ),
()II :::::: i (2sr)'1. li_mi 

(b) - 1. J ...£L 	 (4)),2 
- Z \Zll"~ (,lI-mJ)«P1TP7.p,)2_",1) 

(e) = (b)(p" + P2 - 1'1 ,. P3), (4) = (b)(P1 + P2 - P1 + p.,) 

It is easy to see :rom (4) that (II) 15 qua.dra.tically diver!ent a.nd (b), (c) and (d) are 
logarithmically diver~ent" vVe can also see from (3) that the diagra.m.s ',with n > 4 
exlernallines a.t the one loop oIde: are supemcially convergent. 

Regularization and evaluation of Feynman integrals: 
In order:o make the integral '!xpresiions for (a), (b), (e) a.nd (d) to be meaningful. 

we have to reguia.rize them. The regularization ?focedure is as follows: 

First! ' . .,e aua.ch to the loop! say in the dia.g.(a), q vertices or Zq exh·a. external 
lines with the momentum ;,i each external line being letO in order that the dia~. (a) 
turns to :he diaSJ.(a!} ( Fig.;;) . Then ·.ve innoduce a dimensional constani I" \\;th the 
dimension of :nass in order that tho dimension "f (11.) equals to the dimension of J.'~?(II') 
and when 1. =0, 1"2"(a') = (a). 

The amplitude ).42Q'(a') can then be expressed as 

2" ~qll d"l '\9.,.1 
p. (a) 

I = Jl. 2 (2-:r)4 -.---	 (5) 

For q largo enou!jh, J';:q(.~,) is converge:l.t a.nd is 'R'p.il deiined. Furthermor~, ~he ampli
tude ,ul<r(af 

) can be easily integrated and expressed in terms of the Gr,lmma functions 
of q: 

i A,+l rCq-l)"q( ') lq _ 	 _) 	 (6)p.- a =p. 2(41r):lr(q":'1)(_m.l 9-1 
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This expression does also make sense when we take the continuation of 'I hom the 
integer to the complex number. And when q - 0, we have 

i Am' 1 }..I"'l
~~2q(a/) = 2" (41r)2[q + 1 +In{- m 2) +0(1)]. (7) 

where 0(1) represents thoso tet~ that are regular in q. 

Obviously, thiJ mel.Al thai ~2t{a/) can be dc:iined as the reg'.llarization of (II) and 
the procedure of the regulwation is completed. 

Similarly, we attach. to ono of the iAtem.allin~ of diag. (b) q verlices Of 2q e."Ctema.l 
lines with zeto mome.a.tum and the diag. (b) turns ~ the <lias. (6') ( Fig. 3). The 
dimension of ~2.t(b') is the sa.m.e as tha.i of (0) and when q - 0, ,u2q(II) = (b). 

The amplitude of p.2f(b') i. 

p.2q I 4'" A:a+t 
,u2.t(b') =T (2n- )4 ._-	 (8) 

For q large enough, p.2q~lI) is convergeni and is well de.tined. 

The intc:sration of 1'29(11) can be performed by using the Feynman parametrization 

1'29(61) z: ,\llei;l' 1; do. (q + 1)0:1 J d;~. ""..--.......,,.,..-.....,..--!---,,-...,....,......--,..,........ 

",\2 (,,2),), rl da ( . 1):r rrO') ( :I. (1 )( , )1)-'7

::II • z.lO q.,.. 0: ("II'I1t'(9H, -m .,.. 0: - Q 1'1 -:" P'% (9) 

=~(I'~l. JJ do: o:q(_ml +0:(1 - 0:)(1'1";" 1'2)2)-1 

From this expression, we make the analytic: continuation of q from the integer io the 
complex number and we regard p.l9(b') as the regul.arUed' form o£ (b). 'lNnen q - 0, 
we find 

lim.,-o 1'1Q(V) 

_ ilJ (.1. . 1 1 _,)",,' \ I " I i ,,,,,,,,-,% 
_ fiijl 	14 ~ i + 2 In( "'";';i:r) -1" 1 - =FI-~ii In Vl-~.l, ) (10)

-4m 	 .1 ;'i-j,l -:" 0(1) . 
V 1- 1,.. -l 

\Vo can also gei the regularized expressions oi the diag. (c) a.nd the diag.( .i). It 
is eMY to see that they have the same beha,,'ior as the diag.(b) e."tcept that PI -!- 1'2 
substituted by PI ..:... 1'3 a.ud PI -:" p.. respectivdy. 

Hence we get the divergent proper vertices ai the one loop order: 

r{'Z)() ":1 .. ) i ,\m% l'l . 1 In( ')"",'1',. ( 'I. . .1' =;I,P - m- + i\'llI"~ i'" + --;;;rJ 1" 0 q) 

r(""(ph Pl, 1'3. 1',,) 

>= -'iA + ~(t; + ~ + ~lD.(=¥-) - .t(111 + 1'41) - A(Pt + P3) - A.{Pt + P-4)) .;. o(q) 
(11) 

" 




where 
, 1 r- (it .;. P'l )Z [i. : rPt..~?i3 .;. 1 

·4.(Pl "l'" P:l) ;;:; -2 V1 - 4 ' In, r ., • 
. m" VI - P~:"11 - 1 

We find tha.t ioliinitenesa of these divergent proper vertic:es resulted in poles in q. Fur
thermore, the finite part of these proper vertices a.re arbitra.ry depending in our scheme 
on the :nUl pa.rameter p.. 

Renormalization at the one loop ordeT: 

In order to eliminate the4e divergencies in q lot the one loop order t we m&y add some 
c:ounierterIll$ to the original action. These counterterms, in general, can be writien a.s 

1 1 1 
2'(Z. - 1)0J.&;8I"; + 2'5m31jJ'1. + 4I;\(Z" - 1)1jJ4 (12) 

where Z.., 5m2 and Z:.. are some constanil depending on q, m, 1 and ",. 

Hence the renoanalized a.ction Sr(4J) is: 

S~(4aI == Jd4 
:: (!8,.;8J.&;';' im,2';J + ~q)4 

(13) 
+~(Z. -1}8",tPO";+ l5m,':.f + ~;\(Z" -1)4J4) 

If we choose ZOI 5m3 and Z, to be 

Z.;= 1, 

5 :: lm
2 l' (1)m =2(".,. q ~ 0 , (14) 

Z - l' 3.1 1· (1)l - "7" 3(4..,2 1 T 0 I 

where .,(1) represents those ~erm.s tha.t are regular in q and can be determined by ehe 
rCD.ormaJiucion conditions, we find 1;hat ;,ill the correlation !unctions of <pI the.ny ha.ve 
3. finite small q limit at :he one loop order. 

If we :edetine 


d\... ,-;:;, 1 Z-l(:.":!) \ Z-~Z \ 

-'J =: VlJ-:t<P, mo = :IJ m. "l'" <11710 , "I) = ,II "A", 

the .enormalized ,a.ction (13) ca.n. he rewritten as 

. !.. (1 fJ . .':W.' . 1 ! '! AI) ...)S~(1Po) = d l: 2' utpov <DI) ~ '2m.).p1) -:- 'l! 'P.) , (15) 

where tpQ, :no and ,\., are the so-cailed ba.re quantities. The physical quan,ities ,p, m. 
md ..\ can be e.."'q)ressed in termt of these bate ones[2J. 
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The bare 1PI n point funcdon r~n)(P1 •••• , Pni ~t m.;" q}, rela.te with the renor
ma.1ized function r~I1)<Pt., •••• pn; .\,1710, ~, q) through 

r~")(Pt, ••• J PR; ~, mo, q) ;;:II Z;rr~I1)(P\, "', ,,,; 1, m, p., q} (16) 

We note that the left hand side of eq. (16) is independent of~. Based upon this 
observation, it is euy to gd the renoanwation group equa.tion: 

8 m {J m 8 n m (It) • 
[P8~ +,s{l,-;,q){J..\ +1111(A,;,Q)8m - 2'7d(1'f.;',q)]fr (pl)"·,Pnj..\,m,,,,,q) = 0 

(11) 
where 

m 8;\ 1710 ~8lnm3 m ",8lnZ6
{3(A, -, q) =~-;r-, 1111(1, -, q) == -2 -~-, 1,,(1, -, q) = -2 -.0-. 

~ V'" ~ '" vp.. v~ 

Further discuaaollS on the renorma1.iza.tion group equation are the same a.s tha.t in the 
dimensional regulwaSion method. 

The new method of regula..ciza.tion and renormaliza.t.ion proposed here is very simple 
and w;eful. It wodes not only for the 41" theot}" but also for the QED, chiral fermionic 
theory, QeD a.nd other field th«ot}" models. The re1-e'IUt results will be presenced 
elsewhere [31. 
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(a') 

Fig. 2: The regularized dingram of (a). 

(b') 

Fig. 3: The regulurized diagram of (b). 

0 ')~ 
p P PI +P1 + I 

(a) (b) 

p+r.+l p + p + I 
I 4I J 

(d)(c) 

Fig. 1: Divergent diagram~ at the one loop order. 




