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AbstTad. We consider invertibility and consistency conditions 

in r,.presentation transformation in quantum cosmology, which is 

ft'gll1'ded 8.... a necessary condition to pick up physical states of the 

Univf.'rse. 

t. This proj~ct is in part ,upport~d by :-llltion,,1 Natunl Foundation or China. 

2. r ..rmanent l\ddrf'u. 
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One oC approaches to construct a quantum th~ory or gravity is canoniral 

quantization of Einstein's theory(11• Up to now a lot of work has been done on 

the application of canonical quantum gravity to cosmoiogyl,-sl. The Universe 

is described by a solution to the Whl'!eler-DeWitt equation. Various Ansatze, 

so called the boundary condition of the Universe. have be~n proposed to pick 

up solutions which are physically meaningful. As we know, the discussions 

are aU done in "coordinate" representation. Therefore, it is natural to ask: 

what happens in "momentum" representation? 

In the present paper we are to discuss the problem of representation 

transformation. In our opinion physical results shonld be independent of 

choice of representation. It gives a necessary condition to pick up physical 

solutions. 

The Hamiltonian constraint ror the dost'd Robertson-Walker universe 

without cosmological constant is 

1
q2(p'l + _) = 0 (1)

4 

wht're p is the ADM momentum conjugate to (J which is defined in the 

spacetime metric 

d,' = (1811"2)-t(_N2q'\it' + qdn~), (2) 

where dn~ is the line element or the 3-iphere with the sectional cu"atu.re 

being l. In t7-rp.presentation. the corrp.spondin~ quantum constraint giTeS 

the Wht'elt'r-D,.Witt f.'qul'ltion 

Z d2 
t7 (. dql 4'1) 

"(".)=0. (3) 

On thp. nther hand. in p'-rt"prt'st"ntation the qua.ntllm constraint yields 

d' 1 
dil(P'l + 4)C(p, o. (4) 
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Now we consider invertibility condition between representation transforma­

tions 

C(p) =1:+ e-i"''P(O')dO' (5) 

and 

1 £00"(0') = -2 ti'''C(p)dp. (6)
1r -00 

Putting (5) into (6), we hue 

\f(0') =..!.- r+ dO"!/J(0")6(0' - 0") = "(0'). (7)21r J,,_ 

On the other hand, using (6) in (5) one arrives at 

C(p) = (+00 dp'C(p') . ~ [ei(;-P),,],,=r+ . (8)Leo 21rI(p - p) ,,=,,­
For [O'_tO'+) = (-00,+00), Eq. (8) becomes 


l +oc 
C(p) = -00 dp'C(p')~(p' -.p) = C(p); (9) 

(ii) For [0'_,0'+] =[0, +(0), (8) reduces to 

l+oc1 , C(p')C =-- d • ( 10) (p) 21ri -'):) P p' - p +iE' 

(iii) For [0' -,0'+1 =(_.)0. oj, we have trom (8) 

C(p) = ~1+1!O dp' , C(p') . (11 ) 
2",. -?O P - P - .E 

It is noticed that invertibility conditions making Eq.(lO) ( or (11) ) valid are 

thl" following: (a) C(p) is an analytic Cunction (or 1m p < OC or 1m p > 0); 

(b) (or 1m p ~ 0 (or 1m p ~ 0), C(p) goes to zero consistently as Ipl- 00. 

Wf' now consider consistency conditions (or a quantum cosmology. Sub­

stltlltin~ (5) into (4) and using (3), we obtain[6} 

[[ 
j"='+J\ft('7) ]",2 ~ + (i",2p _ 20')\)(0') e-'" ,=,_ = O. (12) 
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Convergely. setting (6) in (3) and lIsing (4), one has 

1 dC() i] . ]'=+oc (13)[[(p' + 4) d: + (2p - lOOP' - 4""')C(p) elf" r-=-'lO 0 

Eqs. (12) and (13) are the consistency conditions Cor a quantum cosmology. 

Next we apply the invertibility conditions and the consistency conditions 

for solutions to Eqs. (3) and (4). It is easy to find that the solutions to (3) 

and (4) are 

"(0') = C1e- t +C,e i (14) 

and 
Dl D, 

C(p) = ---. + ---. (15) 

P-2 P+2 
respectively, where Ch C" Dl and D, are constants. 

In order to make the wue function t(O') in (14) satisfying the consistency 

condition (12), we should have [0'_,0'+) = +(0) or (-t;O, 0). However in 

physics we are interested in the region [0, +(0) , and then the wave (unction 

satisfying (12) is 

"(0') = C,e- t (16) 

(or [0'_,0'+] = [0, +00). On the other hand, the following wave Cunction C(p) 

obtained from (15) for D, =0 

Dl 
C(p) = ---. (17) 

p- ­
2 

satisfies th~ invertibility ('onditions fa) and (b). In short. (16) and (17) 

satisCy th~ consistency condition (12) and the representation transCormations 

(5) and (#1) (or [rr _.O'.t..) = [0. +.x·). ~ow we ronsider the condition (13). 

As we know. in quantum gravity Wf' ('annot introdllf"e the inner produrt. 

because o( absence oC /I. field-type time variable. Thus we cannot define a 
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H..rmitian operator and then eigenvalues o{ the momentum operator p are 

not necessarily requested to be real . The following path can be chosen: 

p = Ipleif (or p -to +00 	 (18) 

and 

p = Iplei(lI'-f) {or p -+ -00 (19) 

where f > 0 is a small constant. Therefore (13) becomes 

1 1 ] . }"'fI.lim { [(p' + - )C'(p) - ;u(p' + - )C(p) +2pC(p) e'P' = O. (20)
f-O 4 4 "/.,,.-., 

It is easy to see that the wave {unction C(p) in Eq (17) satisfies the condition 

(20). In fact, substituting (11) into (6) we have 

1 1+00 D e 
ip 

,"(u) = - _l--.-dp = iDle-f. (21)
2'1r I-CIO 

p- ­
2 

(21) is just (16). 

In ,hort, it is pointed out what we discuss the wave function of the Uni­

verst' only in u-representation is not enough. We claim that a wave {unction 

of t.he Universe should satisfy the innrtibility conditions of the represen­

tation transformations and the consistency conditions (12) and (13) {or a 

(I'lantum gravity. 

Finally we point out that in a homogeneous and isotropic cosmological 

model in which the gravitational field minimally-coupled to a massless scalar 

fif'ld we I:an also pick up solutions satidying the invertibility conditions and 

the consistency conditionslT.8\. 

References 
" 

[1) 	 E. Alvaru, Rev. Mod. Phys. 61 (1989) 561. 

(2) 	 S. W. Hawking, Nucl. Phy!. B239 (1984) 251. 

(3) J. B. Hartle and S. W. Hawking, Phys. Rev. 0 28 (198.1) 2960. 

[4} A. Vilenkin, Phys. Rev. 030 (1984) .509. 

(5) 	 S. W. Hawking and Don N. Page, Ph,.s. Rev. 042 (1990) 2655. 

(6) 	 H. G. Ding, C. G. Huang, Y. Y. Liu and Y. Z. Zhang, Wave F'lSndion of 

Non. VIJcuum Universe in A,'\tekar Theory. 

(T] 	 H. G. Ding, C. G. Huang, Y. Y. Liu and Y. Z. Zhang, Rel're,ent4tion 

Tr4n,form4tion in Qunt'lSm COlmologJf, Beijing preprint: AS-ITP-92­

25, BIHEP-TH-92-23. 

(8) 	H. G. Ding, C. G. Huang and Y. Z. Zhang, Represent4tion Trnnsform4tion 

tJn4 Wne F'lSnction of Wormhole, in preparation. 

6 
5 




