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ABSTRACT

Several new R(z) matrices as solutions of Yang-Baxter equations are
found via a developed trigonometric Yang-Baxterization for three eigen-
values. The consistency conditions of the new trigonometric Yang-
Baxterization are obtained explicitly.
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In recent years, much progress has been made in the study of solutions of
Yang-Baxter equation{l,2], which includes a systematic method formulated by
Jimbo([3] on the basis of quantum group, and Yang-Baxterization[4,5] approach
firstly proposed by Jones[4] and latter developed by other authors[5]. These Yang-
Baxterizaton approaches all produce Jimbo type solutions due to they obey Jimbo
equation. In a recent systematic study of the author[6] on Yang-Baxterization,
several new formulae beyond Jimbo-type case were derived. In present paper ,
we report new solutions of Yang-Baxter equation, which are obtained from some
braid group representations in [7] via the approach developed in [6]. Meanwhile
the consistency conditions of new Yang-Baxterization are presented explicitly.

Quantum Yang-Baxter equation with trigonometric parameterization is known

as .

Ry(2)Ra(zy) Ru(y) = Ra(y)Ra(zy) Ra(2) (1)

where R(z) = R(z) ® I, Ry(z) = I ® R(z). The S-matrix of a representation of
braid group is a solution of Yang-Baxter relation.

51525, = 5;5,5; 2
which can be considered as a spectral parameter independent case of Yang-Baxter
equation. Obviously Solutions of algebraic equation (2) is easy to find than that
of functional equation (1). One natural question is whether some solutions can be
find by means of solutions of (2). This is the idea of Baxterization originated in

4]

Given that the S-matrix of a representation of braid group has three distinct
eigenvalues ); (i = 1,2,3) and obeys a cubic reduction relation

(S=AUS = A)(S—-A3) =0 (3)
then we have )
§ = Y AP (4a)
=]
where P, is the projector onto subspace of A; and is solved uniquely to be
(S~A;)
P=[l—% (4b)
. ,I;[. (Ai=2A))

If we consider Abelian Yang-Baxterization, we can write the R(z)-matrix as

3
R(z) = 3 A@)P, (8

i=]

2



- - where P,'s are the same projectors as in (4b) and A; = A(0). It has be shown[6)

that A;(z) are determined if R(z) is assumed to obey initial condition
Ry I (6)

A simple example beyond Jimbo-type case is

M(@) =(z + j-;xz’ + 3%
Aala) = (G Lot (e + ——)A

Ay(z) = ‘Xi" + 1)(A—3z? + 1)Aa @
Using (7), (3) and (4b), we obtain that
‘ R(u) = L(u)S + M(u)I + N(u)S™ (8a)

where
L({u) = [z - 1][bz — a]a™!,
M(u) = (A + M)(Aa + Aa)z{Ar — Agzla™,
N(u) = z[z - 1}[arsz + bAz} A a~t,
a= (A~ Ay b= (A + M)Aa (8b)

Substituting (8a) into (1) and using Yang-Baxter relation (2) and cubic reduc-
tion relation, one obtain the following equation

0F (5,578 — S357153) + 65 (57 SaST — 5745187
+05(57' 51 ~ S5 ) + 07 (571 S — $i55Y)

+0f(S1 - S)+ 67 (ST - S5 =0 (9a)

where

0F = L(u)N(u + v)L(v), 87 = N(u)L(u + v)N(v),
07 = M(u)[N(u +v)L(v) - L(u + v)N(v)],
7 = [N(u)L(u + v) = L(u)N(u + v)]|M(v), .
= [L(u)M(v) + M(u)L(v) + o1 L(u)L(v)

3

+a3 N(uN©)M(u + v) — M(u)L(u +v)M(v),
T = [N@u)M(v) + M(u)N(v) + o3L(u)L(v)
+0205 ' N(u)N ()| M(u + v) = M(u)N(u + v)M(v),
3
=3 %  @=3 AN, a=AAd. (9%)
i i<j
We noticed that[6] Yang-Baxter equation (1) holds for the Yang-Baxterization
formulae under consideration at least when £ =0, y =0,z =1, y=1, andz =

y~'. This means that the 8's in (9b) must have zy(z — 1)(y — 1)(zy — 1) as a
common factor.

Substituting (8b) into the first six equations of (9b), factorizing them and
dropping out that common factor, we get seven consistency conditions

@85 + 0831 + (0 + M)ha + A)[pd @5 + 6987 + o0, + 30 = 0

i=1,2,---T. (10)
where
®3:= 515781 - 5,571 S,
@y = 5718, — 538!
¢, :=5-5; (11)
and the seven sets of coefficients are
@
=5, 1,93 = AAzab;
w&" = —Xab, soz = Aab, (12a)
ol = —ada/da, @) = —As(aga/As + (Mg + Ag)b);
(i)
o = —ab, G = A N0,
o = Aga, 3P = —Apb, (120)
. oM = b, 3 = 2gh;
(iii)

o = —ab, @ = A0,8%,
@8 = Mib, 9‘:’ = )3, (12¢)
pi = =b, ol = Agh;



T (iv)

e = Aga® + 08, @Y = M A — A A3,

o = M(ds = M)a?, 350 = Aa(da = A)?,
‘Pﬁ‘) = —(a® (A1 = Aa)Aa + Aa(Aa + A3)6%)/ Az,

A = —(a®A2 + A (Agb — A3a)b?)/As; (12d)
)
o = ~ab?, @) = —osab.
@8 = dgdab, @) = Ahga, (12¢)
ot = =\b, @ = —asb;
(vi)
ol = a2, G = —gyab,
ol = ~Adga, @ = —dgsb, (12f)
o=k @ = -asl;
(vii)
y%ﬂ = Aqab, 95.!17) = _’\1’\362’
@) = —AAb, S = Ahab, (129)

e = M(Mh +d) + 2a(da + X)), @17 = ~osa.

Therefore if (10) holds for some permutations of eigenvalues of § matrix, then
relating to the permutation, the R matrix obtained from (8) is a solution of Yang-
Baxter equation (1). Obviously when Ay +A; = 0, the seven consistency conditions
reduce to be one simple equation.

(515781 — $257182) — MAa(Sr 5.8 —~ 8571615, =0 (13)

In this case the Yang-Baxterization formulae (an overall factor 1 — ¢ is omitted)

becomes
R(z) = S+ A Asz5™! (14)

which is formally the same as the Hacke case[4] ( i.e. the case for braid group
representation with two eigenvalues) but the S matrix is not a representation of
Hacke algebra.

Now we use the obtained formula to baxterize some braid group representations
e.g.

1 00 ¢*p
10 ¢ 1 0
S=lo14 o (15)
p 00 1

It has three distinct eigenvalues g + 1, ¢ —1 and 1 — q. If we denote them as
A1, Az and )3 respectively, We can find that, for permutations (i) (A, A3, As),
(i) (M, Az, Ag), (iii) (A3, A1y, A2), (iv) (A3, Az, A1), the consistency conditions
are satisfied. Then for case (i) we obtain a new 4 x 4 solutions of Yang-Baxter
equation.

z—1 0 0 —(z +1)¢%/p

By 0 —(z+1)g z-1 0
R(=) = 0 g-1 —(z+1) 0 (16)
—(z+1)p 0 0 z-1

here and the following we omitted the overall factors in R(z) matrix obtained from

the Yang-Baxterization formula. For the other cases (ii), (iii) or (iv) the results

are nothing new but what one obtained from (16) after replacing z by —r, —s?, or

z2, respectively. If one introduces a new parameter u such that z := exp2u, then

(16) becomes

shu 0 0 —q*chu/p
B0y 0 —gchu  shu 0
k() = 0 shu  —gchu 0 an
—pchu (1] 0 shu

This may provide an eight vertex model with trigonometric parameterization.

One more example, we consider the following braid group representation

000 ¢*p

. 010 0
S=lo01 o (18)

p 00 0O

Its three eigenvalues are g, —q, and 1. It is easy to find that for the permutations (i)
(A, A2y Ag), (i) (Mg, Aay Ag), (i) (A3, Az, A1) and (iv) (A2, As, A1), the consistency
conditions are satisfied. For the first case we obtain the following R(z) matrix

6



T 0 0 0 gz’ -1)/p
50y 0 qz? ~1 0 0
k=) = 0 0 gi-1 0 (19)
p(g'z? - 1) 0 0 0 :

which can be writien as following form after introducing = := expu, ¢ := exp2n,
pi=exp(,

0 0 0 &3 ¢sh(u —n)
S0y 0 esh(u + ) 0 0 o
ki) = 0 0 e"sh(u + 1) 0 (20)
& "sh(u —n) 0 . 0 1

Similarly for the case (ii), (iii) or (iv) it is just as {19) in which z? should be
replaced respectively by —z?, z, or ~z.

Finally we consider a braid group representation without null entries

@ Q aQ aia
|2 9pu 6-2u -a (1)
@ B-2/4 Bt @ -
4394 ~%a -2 ‘ q3

It has three eigenvalues ¢;¢:94 + ¢3, —(91929¢ — @3 + 2/¢¢) and ma2s — @2 +
2/qs. If we denote them as A;, A; and X; respectively, we can find that, for the
permutations(i) (’\h ’\2) ’\3)| (li) (’\l‘ }‘31 A'R), {"l) (’\3; ’\l) A2) and(xv) (’\31 )tg, Al)v
the consistency conditions hold. Then we obtain that

G-gke-n  G-Da E-Da (=-Ddw
2
i (z—1)gs (z=Dnggs ——(z+lg —(z-1)a
R(z) = 2 0
(z— g o (z+ g (&= 119204 ~(z—
9
(z - 1)gde —(z -1)g, —(z - 1)@ (; — @)z~ ¢

(22
which corresponds to the first permutation, the other permutations (ii), (iii), and
(iv) are similar to (22), which can be write out by turning z to be —z, —z*, and
z? respectively.

.

Acknowledgements

The authors would like to thank Profs H Y Guo, Z M Qiu and K Wu for their
hospitality and interesting discussions. The work is supported in part by NSF of
China, Zhang is also supported in part by NSF of Xinjiang Provence.

References

1. R.J. Baxter, Ezactly Solved Models in Statistical Mechanics, (Academia Press,
1982).
C.N. Yang, Phys. Rev. Lett. 19(1967)1312; Phys. Rev. 168(1968)1920.

. L.D. Faddeev, N.Yu. Reshetikhin and L.A. Takhtajan, 1987 preprint LOMI
E-14-87.
N.Yu. Reshetikhin, 1987 preprints LOMI E-4-87; E-17-87.
H.J. deVega, Int. J. Mod. Phys. 4(1989)2371.
A.B. Zamolodchikov, Al.B. Zamolodchikov, Nucl. Phys. B133(1978) 525;
Ann. Phys. 120(1979) 253.

[

3. M. Jimbo, Lett. Math. Phys. 10(1985)63; Lett. Math. Phys. 11(1986)247;
Comm. Math. Phys. 102(1986)537.

4. V.F.G. Jones, Inter. J. Mod. Phys. B4(1990)701.

5. M.L. Ge, Y.S. Wu and K. Xue, 1990 preprint ITP-SB-90-20.
L.Y. Wang, Ph.D thesis of Lanzhou University 1990.
R.B. Zhaog, M.D. Gould and A J Bracken, Nucl. Phys. B354(1991)625.

6. Y.Q. Li, preprint ZIMP-91-24.
7. Fei S M, Guo H Y, Shi H, 1991 preprint ASITP-91-48





