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Abstract

A g-deformation of Virasoro algebra with center and the Hopf alge-
bra structure has been discussed in this paper. Using higher order
diffrrence operators, we can get an infinite family of g-deformation
of Virasoro algebra. In particular, when q is a root of unit, the ¢-
deformation is still available. ‘

The Virasoro algebra is a central extension of complex Lie algebra of vector
fields on the cirele. It plays an important role in mathematical physics. Rccently,
there are many papers{4-10] deal with the g-deformation of Virasoro algebra. We
will giveﬁ new one which has 1-dimensional central extension and the Hopf algebra
structure. In section 1, we will introduce the elegant results on the central exten-
sion given by C. Kassel[d]. Then we will review the Hopf algebra H constructed
by H. Hiro-Oka et. al.[6] in section2. At last we will consider our g-deformation

in section 3.

The author would like to thank National Natural Science foundation of China,
China Center of Advanced Sience and Technology (World Lab.) and Institute of

Theoretical Physics, Academia Sinica for their support.

1. Algebra D and its q-deformation D,

Let Clz,z"!] be the algebra of complex Laurent polynomials and £ be its
derivation. Consider the associative algebra D = Clz,z™, d-'f;] which has a basis
(z'(£)Y1i€Z, j€ N1. The Virasoro algebra is a Lie subalgebra of the central

extension of D as a Lie algebra . C. Kassel computes the 2-cocycle explicitly. The

Virasoro algebra Vir has the generators L, = a"t&, mel and the relation.

3
(Lm . L] = (n=m) Lntn +§ - - ™ mino 1)

where ¢ is its center clement. Replacing £ by Jackson’s q-differentiation operator

8, on Clz,z""], we get the q- dcformation D, = Clz,z71,8] of the associative



1

algebra D = Clz, ", £], where 3, is defined by

ap) = Pz = P=)
gz -z

for any polynomial P € Clz,z7']. T;here is the relation

Oz - qzd, = 1

f
in D,. Here D, has a basis {z(8,)/ | i € Z, j € N}.

Let 7, be the algebra automorphism of C[z,z~!] defined by

T(z) = qz.

We have the equation

7, = 14(q - 1)z, . (2)

Sor, € D, and

TX = qIT, ' (3)

. . 4,
in D,. Formally. we often write "4 into r, because they are same as an operator

on Clx,z7'].
The 1- dimensional central extension of the associative algebra D,

0——-»C-—9D..,———rD,,~——'0

has been cousidered by C. Kassel[4]. These quantum 2-cocycles in explicit formula

are as follows:
w,(rt‘(')z . x"@é)

= (—l)l(j!),(l!)q Zi;;-l qf(l—'zk+'1p+l)l2 (p) (k - I; - 1) Sipkjt
9 q

J
. A
(j!)qumz:;:;-*('f) ("J,ﬂ’) S i i<k ()
‘ ) ] ' - -
g, T8 fk<0<i
0 otherwise
where
(r)e = (@ -1/(g-1)

(0 = ()G = Da- (1)g
(f;) = /(e = D)

1
In particular, if g is a root of unit of order d > 1 and N is an integer # 0, then

there is an infinite family of quantum cocycle in the following formula:

AL 24h)

min(k-1,d—1) (p!)q (] +p)), Sivnyriad i k> 1

— ((p=iM(i=7+p— 1 5
o 7 , k=0 O
& (2D, ((i—J +p)M)q 5 k<O
: R ik jeiNd R <
masieay ((P=3Mg (F=J+Pp =D !
Let Ln(q) = z™*'3,, we have
Lon(@)La(0) = @ La(@)Lm(q) = (n = m)eLmald) (6)
Therefore, we get Kassel's q-deformation Vir, of Virasoro algebra which is gener-

ated by the generators L,,(7). m € Z and the relation (6). The algebra Vir, is a
subalgebra of D, as an associative algebra. Using the formulas (4) and (5) (if q is
a root of unit), we can get its central extension. When ¢ = 1, Vir, — Vir. But

we have not got its Hopf algebra structure.
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2. Hopf algebra H

H.Hiro-Oka et. al[6] construct the Hopf algehra H which is defined by genera-

tors 7, and Lipn = 2™ g MAN)3 o wndfdsmnimé*if2

PO ,m,n € Z and the relations
Tq‘cm.n = q"‘l:,,.,,‘-r,
[1: Lon :1 = Cmtminds e mim’n-n' o (D
mn Lmta] = Cpnpint | Emamtinnt + Cm‘,‘.m;'-,\' Longminan

where

m" . ‘ = {nm’ - ';n)/z —(nm’~n’ n —_" n ~-n n' -n’
Coimee = (gm0 — q=Om =M (7 — ) (g = TN ~07)

As we know, L., is also a kind' of difference operator on Clz.z"!]. The

following definition is more convenient for us:

i

L = 2™ (r7q" M2 pmmg=nlmd D2y j(yn — =) (s)

The Hopf algebra structure of algebra H can be given as follows:
L\(Cvn.n) = Cm,ng T:‘ + Tqm®£m.n

Ar) = 9T,

&Lmn) = 0

e(r) = 1 )
S(lmn) = = Loary

S(r,) = !

q

It is a co-commutative Hopf algebra.

3. On thie q-deformation of Virasoro algebra

Notice that r, is not invertible in D,. Definc the inverse of 7y by

= Y- 9ME0,)
k=0
We have

f;'(z’) = q7'z

on Clz,z7'].
Adding 7, to D,, we get the extended associative algebra D,. Allof relations

with respect to 77! can be got from the corresponding equations on Ty It is not

difficult to confirm that the center element ¢ of Dq still is the center of D,.
According to the definition of Lm,n in section 2, the algebra H can be viewed
as a subnlgebra of the associative algebra b; So the center ¢ in Dy is also com-
mutative with H.
Let L = z™(7" — (" -1),m € Z, where n is a positive integer and
ot L ;

Ls = 0. By (2), we have

Lo =% (2:) (2 - V(8 )*/(g™ = 1) € Dy (10
k=1

-1 .
They are the difference operators of order 2n on Clz,z"!]. we have

Tqi;‘m = q"Lmr 2 (11)
2nm’ nm
s & PPN —-q "
q'lnmLmLm, _ qlnm Lm'Lm = q___;;l_—-—-i-—-—-Lm"_m:

Denote by Virl" the associative algebra generated by [t Im |m€Z: 1 fixed}

and the relations (11). In order to find out its Hopf algebra structure, we at first
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want to extend the Hopf algebra H to the new Hopf algebra H’ such that H' will

contain Virl") as its Hopf subalgebra.

By means of the definition of L. , in section 2, we have the following equations:

LO - q-a“nﬁo.nrq" - q—n(l + qn)-l

L,

¢ Lot} (12)

it

Ly(1 = g?rm) (1 ~g*™)Lint} Lo

In general,

Ln(1 = g™ m+0e2%) = (1 g =V, 78 L, for m€ Z (13)

The elements (1 - q"'"‘“"”rf") are not invertible in H. Define their inverse by

(1 - qn(m+l)7_;n)-l - 5'.: qkn(m+l)_’_:kn
=0
i

and add all of them to the algebra H. We get a new associative algebra H "

Futhermore, for these new elements of H', we define

0
Al - qn(m+l),r'2n)—lf - Z qkn(m-l-l)A(T:kn)
. k=0
S(l . qn(m+l)rq‘2n)-—l‘ - (5(1 _ qn(m«lvl)rqzn))—l (14)

5(1 — qn(m+l)T:n)-l - (1 - qn(m+l))—l

They are compatible with the Hopf algebra structure of H. Therefore. H' is also

a Hopf algebra.

The formulas (12) and (13) imply that Vir{" is the Hopf subalgebra of Hopf

algebra H'. So we have

Alr) = 1,97

A(Ln) = gV - )AL )AA L)AL ~ )
- (im(l _ qnlmi-l)rqln)tal D Tq"”'" + rqm+n ? Em(l _ q"("‘+”T:“)£6l)
x A i Al ~ n(m+l),r2n -1
where E5' = (1 —¢*")(1 - r2")~'. In particular,
Alo) = (Fo+g 1+ O+ @ (Lo+a (1 +10Y)7)
-g(1+¢")7" 131
= (1] - 2ny~-1 1_T2n®r2n
(1-¢")" (=7, ) (16)
A(lo) = La@r '+ @ Ly
Ak = (G- rmE s gt et e L - G
x AlLg)A(1 = gy
and
e(ry) = 1
(fn) = 0
S(ry) = 7';]
S(im) - —S(T:—mia){l _ qn(m+l)r'2n)-1)—lﬁm(_l_:-mio(l _ qn(ﬂH-I)T:n)—l)(.l-)
i

Now we have the Hopf algebra ( we still denote it by Vir(™) which is generated
by the set {r;, Ln, (1-¢")/(1 ="y Im€Z. n fixed } and the relations

(11). The Hopf algebra structure are given by the formulas (15) and (17).
Ify — 1, then 7, = 1, L — z™*'d/dz and (1 - ¢™)/(1 = grimHirin) —
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(zd/dr + {in +1)/2)"'. Hence, we can consider Virs"’ as the q-deformation of v

Virasoro algebra.

Remark. We have got an infinite family of q-deformation of Virasoro algebra
when q runs over N. They are not isomorpliic. In particular, when q is a root of

unit, the q-deformation Virl" is still available except for q?" = 1.

Finally, we will consider the central extension of Virs"’. We define

Ale) = c®141Qc, elc) = 0, S(¢) = —c

where ¢ is the center element of Vir;"’. By (10)
I = zm < (2n k kg o2n
m= L )@= D ) - )

N " R L. .
Let ()" = anz0y + @ez?d} + -+« + a7* 0¥, where ay .1 £ i < k are some
constants. So we have
n In

F 2
Lm = IMZZ(.':)(Q"I),G* Ik 6:/((1211_1)

k=1 g=k

Using the formulas (4) and (3} . we get

oL L) = f‘:ih o [ 2n 2n s+t k !
A L) = xY T ) (1= @) e au o(240% 210

k=1 3=k l=1 t=| $

For instance, if n = 1, then L, = g, + qﬁ—:x’“""’(?:. We have

Il

GolLm o Lont) oz, 2™ +q g-1 (P‘l(zm'&-iav . zm'+2a: )

; q+1

=1 2 ,
4 el ey

2,9- 1 miamr mis2a2
Q(Q+1)"’”(Im 9 , "+ )

1
m?

If ¢ — 1, the limit of py(Em , L) just is 5= 8msmeo -

Before ending this paper, the following eqations are important:

Lm = ™[y me 2

— +m'=2}/2 re {m42m’ $1) 2n
LonnTgLmaty = g Mmm=EmEm(1 — 7 '3

X (1 - qn(m‘a-l)T:n)(l - q'ln}-z

We can use them to verify the Hopf algebra structure of Vir{™.
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