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Abstract 

A q-df:/ormation 01 Vira.'Joro algebra with center and the HopI alge

bra. ,itr'tcture haJ been diJcuJJed in thi" paper. U"ing higher order 

difJ~rence operator", we can get an infinite lamily 01 q-deformation 

of VirtWlro algebra. In particular, when q iJ a root of unit, the q

dt:/ormatioT!. i" "till available. 
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The Virasoro algebra is a central extension of complex Li(~ alg('hra of vector 

fields on the circle. It plays an important role in mathematical physics. Recently, 

there are many papers{4-10} deal with the q-deformation of Virasoro algebra. We 

will give a new one which has I-dimensional central extension and the Hopf nlgebra 

structure. In section 1, we will introduce the elegant results on the central exten

sion given by C. Kassel{4J. Then we will review the Hopf algebra H constructed 

by H. Hiro-Oka et. al.[6} in section2. At last we will consider our q-deformation 

in section 3. 

The author would like to thank National Natural Science foundation of China~ 

China Center of Advanced Sience and Technology (World Lab.) and Institute of 

Theoretical Physics, Academia Siniea for their support. 

1. Algebra D and its q-deformation D1 

Let Clx,x- I ) be the algebra of complex Laurent polynomials and 1; be its 

derivation. Consider the associative algebra D := C[x,x-
I 

, 1;1 which has a basis 

{Xi(;1.;)i liE Z, j EN}. The Virasoro algebra is a Lie subalgebraof the central 

extension of D as a Lie algebra. C. Kassel computes the 2-cocyde explicitly. The 

Virasoro algebra Vir has the generators Em = xm+1f;, mE Z and the relation 

c m3 -m (1)
bm +7I{L m • L,,1 (n - m) Lm +" + 2 ~ ,o 

where c is its center element. Replacing 1; by .Jackson's q-diiferentiation operator 

Oq on C[x, X-I), we get the q- deformation Dq ~ Clx, x-l,o,) of the associative 
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alg~brn D C[x, ,r-I', t}, where 0., is ddincd by 


= P{qx) - P(x)

O.,(P) 

qx -x 

for any polynomial P E: C{x,r-1J. T,here is the relation 

OqZ ~ qx81 = 1 

in D.,. Here D1 ha.q a hasis {xi(o,,)i liE Z, j EN}. 

Let Ii be the n.lg4'?hrn automorphism of C[x, x-I} defined by 

I,,(.t') qx. 

\VI' have the equation 

I., 1 + (q -1)xa7 (2) 

So '1 E VI and 

IqZ qXTq (3) 

in Dr Formally. we often write qrl; into Iq hecause they are same as an operator 

on C{:r, I-I J. 

The 1- dimensional central extension of the associative algehra Dq 

o ---+ C - D.~ ---+ D1 -+ 0 

has Iwen c()!1~id('n·d by C. Kassel{-II. These quantum 2-cocycles in explicit formula 
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are as follows: 

<p'l(xia~ , xka~) 

= (-I)'(j!).(I!). 1::;';-' q'('_''''P+1 11' (j). (k - f -1). 6,+.,,+, 

(J'!) (II) ",j-'-I (p) (i - j + p) 6- if i < 0 < k (4)
q • q L.P=J j I l+k,J+1 

= ,q " 

{ -<pq(xk8! ' XIO~) if k < 0 < i 
o otherwise 

where 
(r)q = (qr -1)/(q -1) 

(j!)" = (j)q(j - 1),,'" (1)'1 

(~) q = (p!)q/«(j!)q(p - j)!).,) 

In particular, if q is a root of unit of order d > 1 and N is an integer ¥: 0, then 

there is an infinite family of quantum cocycle in the following formula: 

<p(Nd)(xi8i xk;;\l)" j min(~~I.d-~L (p!)~ «i - j + p)!)'1 if k ~ 1 
= 0 ,=; ((p J )!). ((; - j +P - 1)!)/I+',,+1+,v, (5)

if k =0

E (p!)~ (i - j + p)!)'l if k < 0 
mar(.\:.j-d) «p - J)!)q (i - j + p -i)!)q 6

i 
+k.j+I+,vd 

Let Lm(q) xmHo". we have 

(6)Lm(q)Ln(q) - qn-mL,,(q)Lm{q) = (n - m)qLm+n(q) 

Therefore, we get Kassel's q-deformation l/ir., of Virasoro algebra which is gener

ated by the generators Lm(q). mE Z and the relation (6). The algebra Vir" is a 

subalgebra of D., as an associnth'e algehra. Using the formulas (4) and (5) (if q is 

a root of unit), we can get its central extension. 'When q - 1, Vir" - Vir. But 

we ha....e not got its Hopf algebra structure. 
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2. Hopf algebra H 

H.Hiro-Okn d. al[ul construct the Hopf algehrn H whkh is defined hy genera

""/""+1'("'+1)/' - .. d/<I.$-'I("'.·1/2 • 
tors T" nnd C.,..n = z'" 1/ ," =:_.. , m, n E Z nnd the rciatlons 


TqL",.n qmLm.nTq 

(i)

em+m',n+,,' • em+"".,,-n' • (C""n • Lm',n,1 = m,n.~m',n' 1 C"'l+m',n+n. 1 + m.n.m'.-rt' "Cm+m'.n-n.' 

whf~re 

em",n' (q(nm'-n,:n,/2 _ q-C"m'-,"''''j/2)(q''- _ q-n")/(q" _ q-ft)(qn' _ q-n')
n1.rl.m'."t 

As w£' know, C..""n is also a kind' of difference operntor 011 C[,t:'. X-I}. The 

fnll{lwing definition is more con\'enient for us: 

(, .. ,1'1 x"'( T..,"'1 n1m + 1)/2 - r 
q
- nq-ft(m+I)/2 }I(I/" - q-") (8) 

TIl(' Hnpf alge'hrn structure of alge'bra H can be gi\'(~n l\S follows: 


A(C",_n) Cm.n ~ T:;' + T;' 0 Cm.n 


A( Tq) = Tq ';g Tq 


e( Cm,n) 0 

(9) 

e:( T'f) 

S(Cm.,,) -T;'Cm.nT;' 

S(Tq) T-
q 

1 

It is n co-commutrtti\'(:, Hopf algl?brn. 
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3. 011 the q-derormatioll or Virasoro algebra 

Notice that r is not inl,'crtible in D1 • Define the inverse of Tq by
1 

00 

T- 1 
q 

2)1 - q)"(x81 l' 
"=0 

,\Ve have 

Tq-l(X) q-1x 

on C[X,X-l}. 

Adding T,,-l to Dq, we get the extended associative algebra D~. All of relations 

with respect to T - t can be got from the corresponding equations on Tq • It is not 
q 

difficult to confirm that the center element c of Dq still is the center of b~. 

Accordiug to the definition of Cm,n in section 2, the algebra H cnn be viewed 

as a subnlgebra of the ussociati,-e algebra D~. SO the center c ill b~ is also com

mutnti,-e with H. 

Let im = x"'( 'i;" - 1)/('12 1'1 - 1), m E Z, where n is a positiye integer and 

to = O. By (2), we hm-e 

Lm 2 .. xm2:: (OJ )_~l (q_l)"tx8q)"/(qln-1)EDq. (10) 

"=1 

They are the difference operators of order 2n on C{x,x
1 
]. we have 

qlnm. imi"" 

TqLm 

_ q2n,n'L,,,,im 

= q"'im'iq 
I 2ftm. 

q2"m - q L",+m' 
q"ft _ 

(11) 

Denote by ViT~n) the associative algebra generated by {T'f' im , mE Z, n fixed} 

and the relations (11). In order to find out its Hopf algebra structure, we at first 
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want to ext.end the Hopf algehra' H to the new Hopf nlgebra H' such t.hat H' will 

contain V ir~"1 as its Hopf subalgebra. 

By means of the definition of Lm ." in section 2, we have the following equations: 

£0 q-3n/2 Lo."1"; _ q-"(l + q" )-1 

£-1 = q-"L_I.,,1"''l'' (12) 

L1(l - q2"1";") = (1 - q2n)C•• ,,1';Lo 

In general, 

£ ... (1- q>t(rn+t)1";") = (l_ q2")q"(m-IJ/2C,,,.,.1'"Lo, for m E Z (13)q 

Tilt" f~lements (1 - q,,(m+l)1';") are not invertible in H. D~fine their inverse br 

(1 - q,,(m+l)1';")-1 = L00 

q"="(,,,+1)1';''''' 
A:=O 

and add all of them to the algE;bra ,H. \Ve get a new associath'e algebra H'. 
, ' I 

Fut.I}(~rmo~e. for these n~'v elements of H', we define 

Ll( 1 - q,,(m+1)1';" )-1: = E00 

qA:,,(m+l) 6( 1";k") 

k=O 
5(1 - q,,(m+1I 1"q

2"r l , (5(1 - q"(,,,+1) 1";")-1 ( 14) 

e(l - (("'+I)r;Il)-1 (1 _ q,,(m+l)-I 

Tht'Y nre compatihle with the Hopf algebrA. structure of H. Therefore. H' is also 

a Hopf algehra. 

TIll' formulas (12) and (13) imply that Fir~") is the Hopf subalgl':'bra of Hopf 

; 

algpbrn H'. So we ha\'e 

6( 1"7) 1"q'2) 1"7 

Ll(£m} = 1]"(m-II/2(1- ql")il(Lm.,,)Ll(1";)Ll(Lo)O(1 - q"(,,,+1)1"';")-1 

= (£",(1- q"''''+lI1'';'')Lol 0 1"qm+n + 1":;+>t ® £",(1 - q,,(m+1)1";")£ol) 

x 6.(io)Ll(l _ q,,(m+l11";")-1 
(15) 

where £0 1 (1- q'2")(l- 1";")-1. In particular, 

6(Lo) = (Lo +q-"(1 + q")-I) {9 1"qn + 1"; ® (Lo + 1]-"(1 + q")-I) 

-q-"(1 + I],,)-t 1,~ 1 

(1 - q2"rl(l- 1';" ® 1";") 
(16) 

A 4,,-1 ,,-I
6(L-d L_I 0 1"q + 1'q 0 L_l 

o(£d (L 1(1 - q2"1";")iol& rq"+1 + 1";+1 ® £1(1 - 1]2"1''2'')Lol) 

x ~(io)o(l _ q2nr;n)-1 

and 

£(r1) 

::(Lm) o 

5(1"q) r- 1 
q 

5(Lm) = -5( 1" 
q 
ll - m Lo(l _ q,,(m+l)1";")-1 )-I£m( '1"-'"Lo(1 - q,,(m+l)1";")-I). 

(17) 

Now ''''e have the Hopf algebra ( we still denote it by V ir~") which is generated 

by the set {1"1' L , (1-1]2")/(1 1],,(m+l)1';") I Tn E Z. n fixed} and the relations m 

(11). The Hopf algebra structure are given by the formulas (15) and (17). 

If q -+ 1, then 1"q -10 1,Lm -+ xrn+ld/dx and (1 - q2")/(1 - q"(,,,+t)1"':") -+ 
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(xrljtl.r. + (In + 1)/2)-1. Henr:e, we can r.onsider Vir!'" as the q-(ldormnt.ion of 

Virasoro al!;ebrn. 

Remark. We have got an infinite family of q-deformation of Virasoro algebra 

\vhen tJ runs I)\'pr N. They are not isomorphic. In particular, when 1 is a root of 

unit, the q-dl'formation Vir~") is still available except for 1'Zn = 1. 

Finally, w(! will consider the central extension of Vir!n). We define 

6(c) = c ® 1+ 1'81 c, e:(c) = 0, S(c} -c 

wh,~rt' C is the center element of Vir!"'. By (lO) 

2"Lm = xm L (?-;)(q -1)k(xa )k/(q2" 1)
1 

bt 

L(~t (.'01)k aklXa'l + flk2X 28; + ... + akk.T.ka;. where aki .1 5 i 5 k are some 

C01l3tants_ So we have 

2" 2"Lm = xm L L (?-;)(q - 1)5a~k x" a: / (q2" - 1) 
k=I,,=k 

Csing t.he formulas and (5) . we get 

2" 2" 2" 2"L",. t",,) 	 L LLL (?_n )(?_n )(l-qy+ta"k at! 'P1(xka:, x'a!) 
k=t $::k '=1 I::' S t 

Fnr in~tance. if n :: 1. then tm xm +l8 +q~.rm+28:. \tYe hm"e
1 

y?(lm . Lm ,) ,,, (xm+la xm'+ta) + q q - 1 ,,, (xm+la xm '+2(2 )
'1'1 1 , I q q + 1 l""1 q , q 

+ q q- 1 ,., (xm+2fJZ xm'+la) 
q + 1 7"1 II ' q 

+ q2 (L-!.}2 ,,, (xm+'la2 xm'+'l(2) 
q + 1 '1'-1 " ' II 
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If 1- 1, tht! limit of ",,(tm, tml) just is m';mCm+ml.O . 

Before ending this papcr, the following eqntions are important: 

Lm Imra. m E Z 

Lm,,,r;Lm,.,,,r; = q-"lm+I1t'-21/~II1t+m'(1 _ q",fm+1m '+I1,;") 

x (1 q"fm'+lIri"')(l _ q2,,)-2 

We can use them to verify the Hopf algebra structure of Vir~"'. 
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