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ABSTRACT 

Calculations of the energy distribution formula for x&n-production by 
electrons are done analytically and numerically and compared with Tsai’s 
compact energy distribution formula. Graphs of the energy-angle distribu- 
tion formula, atomic form factors, and a look at how the energy distribution 
changes with respect to the mass of the axion are also presented. 

‘Work was done at Fermi National Accelerator Laboratory. 
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1 Introduction 

The energy-angle distribution formula for axion production by electrons, 
do/dn.dE., is used in attempts to detect axiom. By looking at the for- 
mula, one cannot easily determine its characteristics, but they are worth 
investigating. Therefore, the’ following relationships are examined: 1) How 
the cross section, do/dz, varies with z, 2) H ow Tsai’s compact energy distri- 
bution formula compares to an analytical and numerical integration of the 
energy-angle distribution formula, 3) How the angular distribution do/dOdz 
varies with 0, 4) How the atomic form factors vary with ~9 and with z, and, 
5) How the cross-section varies with the mass of the axion. 

2 The Energy Distribution Formula 

The energy-angle distribution for axions produced by electron scattering on 
an atomic target is given by Tsail as 

do 
dR,dE. 

where 

u = mpz + & + mZ(l - 2)/z 

E. z=-- 
El 

I_ -w: 
4 

x = Xcioa + Xinrioa 

Xelaa = 22 
1 
In a;;z,:‘+:” - 1 1 

xin.ins = Z 
[ 
In a~~~,~~~z - 1 

I 

bnin = 
1 

u 2 
2&(1- 2) 1 

a = 184(2.718)-‘/2Z-‘/3/~e 

a’ = 1194(2.718)-‘~2Z-2~3/m, 
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h 1 drnZ f 
-=-aorn. 1-s 
T 2 [ I a 

This formula, taken as given, was integrated over d&. The area of 
interest is as 0 goes from 0 to 1 milliradian, so the limits on the integra! are 
as &I goes from 0 to 2 x and as 0 goes from 0 to 1 milliradian. One reason 
for these limits is that when z is sufficiently large, 1 milliredian includes 
all of the integral. Another ~eascm for the limits on 0 is the approximation 
that 0 << 1 radian is needed to do the integral analytically. With the 
assumption that 0 << 1, the approximation of sine - 0 can be made and 
thus sin eded+ becomes eded+. Using this approximation, and integrating 
equation 1 over the limits gives the following. 

+ 

.~~-~+~]+~n(~)].[zzf3-f~f3+fsf~]~zz+z~ 

; - ; [(Z’ + Z) { fsfi - fsf3} + f;fs { z*aZ + ZP}] + 9 
. --- i 1 fi fi (Z* + Z) + Z’af7 [a’f;fs - z’] [tan-‘(af7fl) - tan-l(af,fd)] 1 4 

+Za’f, [a”f,‘fs - z’] [td(df,fi) - tan-‘(a’f,f4)] + 9 
. Z2a21n [ ( $ll:$s z ii) + Za”ln (~~~~~~~~~ z ii)]} 

where 

fi = EfzB;,, + n;z + m’(l - =) 
z 

fi = 
EZeZ *+m. 

f3= = 7$(1- 2) 

f4 = mtz + m2,(1- z) 
z 
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fs = r&(1 - z) 

f6 = T [??I:(1 - z)2 + r&2(1 - z)] 

1 
f7 = 2&(1-z) 

where B,,, is the upper limit of the integration. 

Using El = 100 GeV, m. = 5.0~10~~ GeV, Z = 74 (tungsten), r = lo-l4 
SAC and S,,,., = 1 rnilliradian, this formula gives the following values. 

Table I 

I 

1 

z 
1.00041 
0.050 
0.100 
0.150 
0.200 
0.250 
0.300 
0.350 
0.400 
0.450 
0.500 
0.550 
0.600 
0.650 
0.700 

‘ 
I 

iojdz Gc+-~ 
2.824617 
3.320607 
3.998606 
1.559EO5 
3.9703-05 
8.1463-05 
1.4713-04 
2.4453-04 
3.8333-04 
5.7683-04 
8.4233-04 
1.204EO3 
1.698EO3 
2.3773-03 
3.3263-03 

t 

4 

z 
0.750 
0.800 
0.850 
0.900 
0.950 
0.955 
0.960 
0.965 
0.970 
0.975 
0.980 
0.985 
0.990 
0.995 

.99999578 

c 
t 

6.759603 
l.O14E-02 
1.651EO2 
3.305EO2 
3.632602 
4.024602 
4.5023-02 
5.1023-02 
5.875602 
6.913EO2 
8.3833-02 

0.106 
0.145 

5.7733-05 

do 
FE 

-15 

.lO 

x 



Tsai’s energy-angle distribution formula, equation 1, was evaluated nu- 
merically over the same limits by using the mm of the areas of small rect- 
angles (Binning) and by Simpson’s method. The results corresponded very 
closely with those obtained from the analytical integration, equation 2. 

Table : 

x 
.00041 

.05 

.lO 

.15 

.20 

.25 

.30 

.35 

.40 

.45 

.50 

.55 

.60 

.65 

.70 

.75 
230 
.85 
.90 
.95 
.955 
.96 
.965 
.97 

.975 
.98 
.985 
.990 
.995 

99999578 

Binning/Analytic 
100.02 % 

94.33 
99.81 
99.82 
99.98 
100.22 
100.40 
100.48 
100.49 
100.53 
100.62 
100.75 
100.88 
100.98 
101.01 
100.98 
100.89 
100.74 
100.55 
100.33 
100.30 
100.25 
100.25 
100.23 
100.20 
100.17 
100.14 
100.11 
100.08 
100.06 
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jimpsons Method/Analytic 
100.00 % 

100.00 
100.00 
99.99 
99.97 
99.95 
99.98 
100.03 
100.04 
100.02 
99.99 
99.99 
100.00 
100.03 
100.05 
100.07 
100.08 
100.08 
100.07 
100.04 
100.04 
100.04 
100.04 
100.03 
100.03 
100.02 
100.02 
100.02 
100.01 
100.01 



3 Comparison with Tsai’s Formula 

TsaP has calculated the following formula for du/dz using the Weizsacker- 
Williams method and the assumption that a2t,,,~, << 1. 

‘;;+‘$i) [ZZ1n(184Z-‘/3) +Zln(1194Z-2’3)] (3) 

+2&2~ 
1 

p’[ + f) 14 + f) - 
1+4f+2fZ (zz+z) 
3f(l + f)l 

I 

Where 

f = (m;/m;)(l- z)/z’ and 7.0 = a/m: 

His formula corresuonds with the results obtained from the analytical and 
numerical integrals to within 30%. 

Table 3 

x 
.00041 

.05 

.lO 

.15 

.20 

.25 

.30 

.35 

.40 

.45 

.50 

.55 

.60 

.65 

.70 

JJsai/Analytic 
* 
* 

86.29 % 
74.37 
70.19 
68.49 
67.80 
67.61 
67.68 
67.92 
68.26 
68.70 
69.21 
69.81 
70.50 

x 
.75 
.80 
.85 
.90 
.95 

.955 
.96 

.965 
.97 

.975 
.98 
.985 
.99 
.995 

f 

Tsai/Analytic 
71.30 % 

72.27 
73.50 
75.21 
78.05 
78.47 
78.93 
79.45 
80.04 
80.71 
81.51 
82.47 
83.70 
85.43 

.99999578 346,676.53** 

* The first two values are missing since most of the integral for those 
values occurs outside of 1 milliradian, and therefore the ratio is meaningless. 

** This number is large because of the assumption that a*t,,,~, << 1. 

The assumption that a2t,, << 1 is not a valid assumption for all z 
with 0 < 0 < .OOl radians. However, most of the integral occurs before the 
assumption becomes invalid, causing no significant difference. For z - 1 
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and z - 0, the value of a*&{,, >> 1 and the value of the integral is dras- 
tically different. Making the assumption that aztm~, << 1, and integrating 
equation 1 as before, results in 

do 
- = za.a* 
dz 

{ [q (ln(a’~z’) - 1) + 5 (ln(&2) - I)] (4) 

Conmarine the values of doldz with and without the assumption shows 
. 1 

very little difference except for z - 0 and z - 1. 

Table 4 

x 

0.00041 
0.050 
0.100 
0.150 
0.200 
0.250 
0.300 
0.350 
0.400 
0.450 
0.500 
0.550 
0.600 
0.650 
0.700 

9ssumption 
Analytic 
128.97 % 

100.14 
100.10 
100.11 
100.13 
100.14 
100.15 
100.16 
100.17 
100.18 
100.19 
100.20 
100.20 
100.21 
100.22 !. 

x 

0.750 
0.800 
0.850 
0.900 
0.950 
0.955 
0.960 
0.965 
0.970 
0.975 
0.980 
0.985 
0.990 
0.995 

99999578 

Assumption 
Analytic 
100.23 % 

100.24 
100.25 
100.28 
100.33 
100.34 
100.35 
100.36 
100.38 
100.40 
100.43 
100.48 
100.58 
100.87 

399396.75 
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-2 
(GeV ).72 

.54 

du -. 56 
dOdx 

.I8 

4 Angular Distribution of du/dedx 

The angular distribution of do/d8dz is concentrated at very small angles. 
When z > .45, more than 98.4% of the entire integral is included in the first 
milliradian. 

do 
d6dz 

0 .08 .16 -24 .32 

e 
(milliradians) 

Fraction of Cross Section < 8 

A! 

0 .12 .24 .36 .48 

e 
(milliradians) 

.24 .52 

8 
(milliradians) 

9 
(milliradians) 



(GeV-2) 

(milliradians) 

120 

I 

90 i 

do 

dedx 

60 L 1: ! 

I 30 . 

i 
0 ;I 0 .014 .028 .042 .O 

9 
(milliradians) 

.6 
do 
dedx .4 

t 

11 ,- 
0 

El 
(milliradians) 

.021 .042 .063 .08 

e 
(milliradians) 

(GeVw2) 

e 
(milliradians) 

Since the distribution is concentrated at very small angles, the boundary 
conditions should not make a significant difference whether they go from 0 
to .OOl radians or 0 to x radians. Therefore, the boundary conditions nor 
the assumption that a*&, << 1 make a significant difference in the value 
of the cross section. 
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5 Atomic Form Factors 

The energy-angle distribution formula is multiplied by the atomic form fac- 
tors x. When z is held constant, x VS. 8 will rise quickly for small values 

of 6’ and remain constant for larger values of 0. As z becomes larger, x will 
rise faster. 

OO 0.2 0.4 0.6 0.8 1.0 

e 
(milliradians) 

00 i 0.2 0.4 0.6 0.8 
1.0 

e 
(milliradians) 

10 

X 6 

I 

OO’ 0.2 0.4 0.6 0.8 1 

e 
(milliradians) 

x=.095 

20 ’ 20 ’ 

If If 
15 i 15 i 

X X 10 10 

5 5 

OO OO 0.2 0.2 0.4 0.4 0.6 0.6 0.8 0.8 110 110 

e 
(milliradians) 



X 

For a constant 8, x rises quickly and then falls. If B - 0 and z L 1,~ 
will fall rapidly. As R becomes larger, the fall begins sooner and becomes 
leas abrupt. 

X10 4 6=.00 milliradians 
w4x 

3.2 
f 

Y I 
2.4 2.4 

1.6 1.6 

0.8 0.8 

00 
00 

I 0.2 
0.2 

0.4 
0.4 

0.6 
0.6 0.8 0.8 1.0 1.0 

x 

x.04 6=.50 milliradians 
wysx 

12 I 

X ~~ I 

3 

00 0.2 0.4 0.6 0.8 1.0 

x 

X 

X 

*LO “l 4 8=.25 milliradians 

12 IwK1 

3 q 
'0 0.2 0.4 0.6 0.8 1.0 

x 

9 

6 

x1o4 8=.75 milliradians 
wvzx 

J 
0.2 0.4 0.6 0.8 1.0 

x 
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X10 4 e=l.OO milliradians 

: I----.q 

'0 0.2 0.4 0.6 0.8 1.0 ‘0 0.2 0.4 0.6 0.8 1.0 

x x 

6 Mass of the Axion vs Cross Section 

The last relationship studied was the effect of the mass of the axion, with a 
constant lifetime, on do/&. The lifetime was held constant at 10-l’ sec., 
and the rnas~ was varied from 1.7 MeV to 10 MeV. When z is held constant, 
a smaller rnas~ will yield a larger energy distribution. 

x=.75 

(GeV-2) 
-10 

I 
1 

do 
yg 

-02 
1 

02: 4 6 8 

x=. 85 

(ceV-2)e20 ; 
I 

du i\ 7 .lO ! 
i\ 
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.21 

i 

\ 

i 
/ 

I 
2- 

x=.995 

4 6 b 1 

J16;57Q$.dz 1; 1 < 

n 
“2 4 6 8 10 

772, / x = .i5 
1.7 MeV 9.992E2 
3.0 MeV 1.9313-2 
5.0 MeV 4.6933-3 
8.0 MeV 1.278E3 
10.0 MeV 6.8653-4 

7 Conclusion 

I 
T 

Table 5 
x = .85 

.19i 
4.065%2 
1.014%2 
2.805&3 
1.517E-3 

x = .95 
.459 
.I20 

3.305E2 
9.55x%3 
5.239G3 

Tsai’s energy-angle distribution formula for axions has been integrated both 
analytically and numerically. Tsai’s integratioc agrees with both the an- 
alytic and numeric integrals to within 30%. Graphs of the energy-angle 
distribution, along with the atomic form factors help give a little more un- 
derstanding about the energy-angle distribution and energy dismibution for- 
mulas. Lastly, it has been seen that as the mass of the axion increases, the 
cross-section decreases provided the lifetime is held constant. 
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