Fermi National Accelerator Laboratory

b

FN=-349
0402.000

NOTE ON THE COURANT AND SNYDER INVARIANT
Ken Takayama

November 1981

ﬁ Operated bv Unlversities Research Assaciation Inc. under contract with the United States Denartment of Enerav



Note on the Courant and Snyder Invariant

Ken Takayama

November, 1981

Fermi National Accelerator Laboratory, Batavia, Ill 60510, USA

Contents

Introduction

Derivation of Invariant

Time-Dependent Linear Canonical Transformation

Dynamical Algebra

Noether's Theorem

Considerations about Arbitrariness Appearing in Each Method
Towards an Invariant for Time-Dependent Nonlinear

Betatron Oscillation

Acknowledgments

References and Footnotes



1. Introduction

Over the past guarter century, a considerable amount of work
has been devoted to the study of the time-dependent linear
oscilillator

x + K(SYx = 0, (1-1)

which represents betatron oscillations in accelerators and storage
rings. Courant and Snyder/l/ first found that a conserved

gquantity for Eg.(1-1) is
\ [ 2 als) (53 % ’]
- —— i — B(s)Y X -
]'_ = z(g(s') x° + ( 3 bl (3 ) p (1-2)

where x(s) satisfies Eqg.(1-1) and Q{(s) satisfies the auxiliary

equation
- l - LY
Lot - dpt ke 1

several derivations of the dynamical invariant(1-2) have been
given in the literature: The exact invariant was derived by Lewis
and Riesenfeld/2/ on the assumption of gquadratic invariance.
Lutzky/3/ derived the invariant(l1-2) from Noether's theorem and
recently Korsch/4/ presented a proof of the dynamical invariance
of (1-2) , using the method of dynamical algebra. An early
discussion about the general interrelation between the
differential equation(l-1) and (1-2) can be found in an article by
Milne/5/. In addition, a physical meaning of the origin of the
invariant was presented by Eliezer and Gray/6/, with the help of

auxiliary plane motion.



It is the aim <¢f the present note to review the three
different methods for deriving the dynamical invariant (1-2)} and
to investigate possibilities of applying them to the nonlinear

betatron coscillation

% + Kesyx + Ksyx* =0 (1-4)

4

which 1is derivable from the Hamiltonian

b, 3
H(x.p:;s) = -!i( P <+ K(syx') + E) |'<“>x_ (1-5)

2. Derivation of Invariant
2-a Time-Dependent Linear Canonical Transformation
We shall show explicitly that a time-dependent Hamiltonian

H(x.p;s) = —'2— (p*+ I<(s)x‘)/ (2-1)

can be converted to time-independent form with the help of a time-
dependent linear canonical transformation and a <change of time
scale,

The canonical equations of motion obtained from (2-1) are

. r- )
x = _"5"3' = P ) (2-2-a)
. 2
P = -—gx— — K(S)‘x’ (2-2-b)

First we reguire that the Hamiltonian in Eq. (2-1) is transformed
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HCX, P s) =5 (Pt~ Xa)/ (2-3)

into the form



with a time-dependent function f(s) which is determined later, by

means of the time-dependent linear transformations

X = At x + ALGYp (2-4-a)

P

Because we assume the canonical transformation, the time-dependent

AtsH)x + NP ) (2-4-b)

coefficients A:uﬂ, Ags), K?s),and Ai(s) in Eg.(2-4) must satisfy

the relation
b |
MM —A e Ay = 1 (2~5)

The canonical equations of motion obtained from Eg. (2-3) are

X = 2-’_2,—‘-‘-1 = {eHp (2-6~a)
. oK’ —6-
P =->x = —-f-ts')X. (2-6~b)

In order to determine the unknown time-dependent coefficients in
(2-3) ,(2-4), the relations in (2-2),(2-4),and (2-6) are combined
in such a manner that the new canonical variables are replaced by
the old ones. This is effected by taking the time derivatives of
the relations in (2-4), replacing X and P by the expressions (2-6)
, and then substituting x and p by the guantities given in (2-2).
Finally we equate the coefficients of like powers of x, p, xf and
p from both sides of the equations and obtain the relations among

the coefficients

A = KA + oAl (2-7-a)
Id



AL = =AY 4+ e AL, (2-7-b)
/\1 = —{-(s)/\" + Kes) A} ) (2-7-c)
AL = —FOA - AL (2-7-8)

The coupled eguations (2-7) may be solved by the well-known matrix
method. However we show a set of particular solutions satisfying
Egs. (2-5), (2-7). Taking A;=0 and replacing At with fP(s), it is
then trivial to obtain the solution for nu from {(2~5)}. The

solution is

i -l
Ay = £, (2-8)

Substituting A',:o, A§'= ©(s), and (2-8) into (2-7-b), we have
o -,
fesy = £, (2-9)

. : v opl .
Also substituting the time derivative of ﬂ|, A;;O, and (2-9) into

(2-7-a), we have
AV, =~ P, (2-10)

Eq. (2-10) 1is equivalent to Eqg. (2-7-d). Next, substituting (2-8),
(2-9) and (2-10) into Eg.(2-7-a), we obtain the differential

equation satisfied by P (s),

P+ KGYWP = P-3 (2-11)

If we replace F(s) with ‘h&(s , the differential equation for the
so- called betatron amplitude function ﬁ(s) will be easily

written down



I X N

Furthermore, if the change of independent variable

S
” /
besy = g fes7y ds (2-13)
rd
is made, the Eamiltonian H' becomes

HCX,P 2 é) = 3 (P XY, (2-14)

Evidently the new Hamiltonian H" is a constant of motion in the
coordinate system of (X,P;4>). It is apparent that Eq.{(2-4) is

invariant in the old system (x,p;s);

t/ it aHJ}
dH"” _ dH"d$ = K 5 28 =0
as dd as
Next let us show (2-14) as a function of B(s), x and Q.

Using (2-8) and (2-10), we write the s-dependent coefficients of
Avs),  AR(s), Aj(s), and Al(s) in (2-4-a),(2-4-b) with the

function p(s), |

Aty = BTE)

An(s) = O,

| (2-15)
A () = —-—@ m(?fs}
Ax () = @?(s)_

Setting these values in (2-4-a), (2-4-b)}) and substituting them

into (2-14), we obtain the invariant
- .__[ (.... (jx-tp p) + (@7 x) ] (2-16)

*
Setting p=x and H"= I in (2-16), we write the dynamical invariant



in the form

:_pcn[ =t + (_éﬁs)x —(;cs):'c)"]. (2-17)

In addition for reference, we show that the generating
function for the canonical transformation (2-4-a),{(2-4-b) 1is
easily derived.

Using a generating function Fa(x,P;s) of the second type, we

write
'31:2 I
P = 3% — (P- A x) (2-18-a)
Nz
2F* \
X =%p = N>, (2-18-b)
From (2-18-b), we assume
2, '
F(x.P:s)= AP + g(x:s) (2-19)
where g({x) is an arbitrary function of x. Substituting (2-19)

inte (2-18-a) and equating the term of P and x on both sides, we

obtain

> A (2-20)

From (2-20}, g(xX;s) becomes
%

3(:;5) = = 2_2,: p A h(s)_ (2-21)
2

Furthermore, setting h(s)=0 in {2-21), we have the generating

function

FlaePisy= AP - SLx (2-22)
x2Ay




2-b Dynamical Algebra

We can constryct easily the dynamical algebra for the

Hamiltonian
3
H(x,p.s) = Z‘ ha€s) Ma (., P)’ (2-23)
n=

following the usual procedure. Here the dynamical algebra is the

LLie algebra of the phase-space functions T: ;, which are closed

under the action of the Poisson bracket [ ’ ]:
3 r
LM Twl = Cow v (2-24)
=t

h
where the C,m are the structure constants of the algebra. For the

Hamiltonian (2-23), r; has a set of Poisson brackets

[r'..rl]=—2r’..£r1.r’,]=-zr;,[r‘,,r'.‘_\=r',. (2-25)

From Eqg. (2-25) we see easily that the algebra is closed.

The structure constants C:; are described by the matrices

¢ -2 o0 o o =| o o ©
t % 3
Com = 2 o © C!\.M ={ 0 o © Cu.m‘-" o 0 -2 (2-26)
c o0 o0 | © © 6 2= ©

’ L4
g

The time development of a phase-space function I is given by

a1l -
—— i vbevn— l -
ds — s + 0 1.H1], (2-27)

and the dynamical invariant I 1is characterized by

a1 : 2L _
55 =0 , le, 33 = L1, H], (2-28)



We now look for an invariant that is a member of the dynamical

algebra

3
1 = gE} 24,(S) r; ,

{2-29)
which gives, with (2-28),
3 . 5 v
PN [ 1,. +‘?:m Cu.m hm(f)z.. (5)-_“-'p =O, (2-30)
r=1 )
and therefore the system of linear first-order equations
. 3 -2 r
Ar + Z[ECow ]2 =0, (2-31)

with hl(s)=l, h,(s)=0, h3(5)=Krs). The coefficients 245) of the

dynamical invariant

I = -;:—H.(s)P" + ALY PX +-2'-A,(s)x"’

(2-32)
are solutions of the differential equations
n-l 0 -2 0 A
g—s' Ao = Ktsy o =i Av (2-33)
As o 2K O As

Setting 1|= pc(s), we find

Na = — éc/z , (2-34-a)
A3 = — KCs) éc ) (2-34-b)
A3 = is‘,,/z + KG) 3 (2-34-¢)

Equating the derivative of (2-34-¢) with {2-34-b), we finally
obtain

@c ~+ 4"(‘)(;'1 + zlé")(af—: 0, (2-35)
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which has the integral
I .e ‘ « 2 X
T fe mmal + KopI=C,

with integration constant C. The solution (2-36) determines the

Rm(s) and the dynamical invariant (2-33) is therefore expressed

in the form

| 2 3 1
1= ;f;c cx” + (g'—t'—pcf’) ] (2-37)

The arbitrariness implied by the presence of the constant C is

illusory, as may be verified by making the scale transformation

L
ResY = ¢ ‘(3.-., (2-38)

p{s) being a new auxiliary function of s, The auxiliary

equation which P(s) satisfies is

105 -4t + wptal,

i
After discarding a constant multiplicative facter C* and setting

P=x, we write Eq.(2-37) in the form

I=?lp'f=c" + (%*“P‘&T], (2-40)

2-¢ Noether's Theorem

The formulation of Noether's theorem used is the one given by

Lutzky. If the transformation

G = ";‘('x,s)?,%;- + h(z,s)%_-x—,

leaves the action integral g | (x,i;s)ds invariant,
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2h 2h : :
. -— = 2-41
== + hgy +(n ’Xt) + ¢ |y -5, (2-41)
where f=f(s,t), and 4-
. _ 2 S S LS LI SN AL
§=5§+7ﬁ_,h_35+x’07,* st X3y

then a constant c¢f the motion for the system is given by

T =(tx-mi -+ 1§ 242

. P2 ) )
The Lagrangian L» = Er(x —K(s).xz} gives the egquation of motion

(1); using this lagrangian in {2-41) and equating cocefficients of

powers of x to zero, we obtain a set of equations for §, n ,*‘

x (2-43-a)

an _ 128

?2x 2 2s - . (2-43-b)

2N _|'<s)'o§ > f o

S 2 > -, (2-43-c)

| . : | o L O

Eék(’)x - h K{s)YX "'"fk($3 -a—s{'x - '3'5"':‘0. (2-43-d)
Eq. (2-43-a) implies that g is a Function of s alone. From
{2-43-b) and (2-43-~c), we obtain the results

| [
n(x,s) = T §x + q.(s) (2-44)
‘g-(x,s) :-—‘-’g X +t+15)x+C(s) (2-45)

where c;{g+»K(s)-LF(s)=0 and C(s) is an arbitrary function of s
alone. Cheoosing Ci{s)=0, 4qs)=0 and substituting (2-44),(2-45)

into {(2-43-4), we find
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«- o »

£+ 4K § + 2k E =0,

has the inteqral

1y - %8 + k= c

(2-46)
Eq. (2-46)

’ (2-47)
where C is an integration constant. Replacing é with ﬁds)

in
(2-44) , (2-45), and (2-47), we have
NCx, s> = — pUHX (2-48-a)
| e
'S'(x, $) = F B x? | (2-48-b)
| ' . I . 2 z
Th Pemxp’ + KPS =, (2-48-)

Further using (2-48-c), we obtain

fan =[S, B — kEs)fe | =2 (2-49)
! 2 ﬁc ‘QPc ¢ .
Finally setting é =(3cin (2~42) and substituting (2-48-a), (2-49)

inte (2-32), we write the invariant

. . a
l . ¢
= CXxX =+ ('e- o — cﬁ;) ] -
5 = ol Sx=pedY]
The arbitrariness by the presence of the constant C can be removed

in the same way as in the previous subsection.

3. Cosiderations of Arbitrariness Appearing in Each Method
The unknown variables, integration constants, equations of
condition, and arbitrariness finally left as their result

can be
summarized as follows:
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unknown variables

integration constants

equations of condition

arbitrariness

2 ~a
‘wTe b coustomts
4y TC(A) MR ==, | gwcz

t 1 i . ,

2;"’ ey | "

(s) - = =3 wa'n w dift e
A:. oA T Ma/A Az A2 Com ] {m ditt. I
f(s) ! A2 | s

2 Ays) =0, ol Llph ~—@ 48 Kts)=1
Ny  ICmD TC(ALY=0. 7PE-F P K=
9 7 2
2-b
iuTeY\-:h‘ou counstonts
2,€5) ICa) !
@_“a Az ’A‘ C, Ci, Ca
Ra(s)  IC(2)) as P : ,
7L3 Couuua {'rotu 4 . e%‘.
Z.B(S) IC(A?) { o= \v2 2
2fp-Fp pRO=C
4 3 3
2 - ?LE =
IC:(%) b:x |D;" ;u‘\‘e-t/\NT"ou cowsTomTg
56) 10ty T TE 7O
LA )b_E_ _7_5-0 C. ¢, Ca
I Caln) ?2s 2 X ®”X
n(s) Y K24 . oF cw"“a from dift. e.
ICs(n) ~2 5 KT - nKx-23 X 50=0
" v, N
45 TC($) TCsCwy=o | pp- ZPL"“P Kts)=C
IG(4) ICsf)=0.

6
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where IC(A) 1s the integration constant appearing when the
differential equation for A where A symbolizes the variables ni,
Aé, % , n, and f is solved and 1ICg(A), ICx(A) are integration
constants appearing when the partial differential equations for A
are solved.

We already know that the arbitrariness ceming from C can be
removed. Therefore, adopting the periodic solution of the

auxiliary equation
l - n l .L ““
=@ @ = 85 + K& =1
with K(s+L)=K(s), where L is the circumference of a ring, we can

decide uniquely the dynamical invariant I

L= ;(-’J-Es)['xl'*' ('g:"—F’.'Y],

with p(s)= p(s+L).

4. Towards an Invariant for Time-Dependent Nonlinear Betatron

Oscillation

The existence of invariants for non-harmonic systems was
recently demonstrated in several articles. Ray and Reid/7/

derived the invariant for the nonlinear equation of motion

¢

~ 5 X 4+ —~— = 0O (4-1)
~ -+ K(s) or ,
using Noether's theorem. Kaushal and Korsh also presented the
invariant of (4-1) with the help of dynamical algebra. The

invariant derived by them is written as
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1- ‘Ii‘ [23 (%ﬁ)): C (%{;}T-» ( St % — Pfs)i)t]’ (4-2)

where FHS) satisfies the auxiliary eguation

C
7,

P + KOHP = (4-3)

with the integration constant C,
Leach/9/ attempted to construct the invariant for
time-dependent nonlinear harmonic oscillator of more interest to

accelerator physicists,

. ® - ” 2.

~ + KGIx + KeyxT =0, (4-4)
using the so-called time-dependent nonlinear cancnical
transformation. However, such transformations must be considered

as infinite series; if we use a generating functicn of the second

type Fz(x,P;s) so that

2F" :
P — _-b.; ) X -— ?;% (4—5)

we write
0 r v I
‘F&(x,P;g) =xP +Z T A yXP ! (4-6)
v=3 =0 J .

Difficulties with convergence, therefore, are expected. These
difficulties are seen in other methods. For instance, the
dynamical algebra for the system (4-4) does not close for finite,
but becomes an infinite set. Namely, the system of linear
first-order equations (2-31), which determines the invariant I, is

infinite in extent. This means that there are questions of
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convergence and existence of solutions, which are related to the
existence or non-existence of dynamical invariants,

Hence, it seems difficult to describe the invariant of (4-4) in
the form of a finite polynomial.

Nevertheless, results of numerical studies for the system
(4-4) /10/,/11/,/12/, seem to indicate the existence of the
invariant, which 1is equivalent to the existence of invariant
curves on the Poincaré map. For simplicity, we congider betatron
oscillations receiving kicks due to a sextupole field located on
the orbit. Such a system 1is described in the term of the

Hamiltonian
€ 3
Hex,pis)H= -;:-(P‘-\- KXY + 5 X 8(s) (4-7)

where € 1s the parameter of the sextupole field strength, Using
time-dependent linear canonical transformation and time scale
change discussed in 2-a,
x=por, .
Fh + \(3fs) (ﬂﬁa) 7
P = % ) (4-8}

S ’
CP(S)'S S _‘E._
Qps) -

we can transform the Hamiltonian (4-7) into the form

5
. r s A B3 (s)
H(?.P1;4>)=9£(P1 + %) + G—g-—:“tsé"(s), (4-9)

with the betatron tune of Q. Further, setting G(stigﬁ)to F(¢), we

have

S g
HCT. P 9) =5 (P + )+ T €EEOE®), o)
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The canonical egquations derived from the Hamiltonian(4-10) are

equivalent to the recursion equations,

7
- 2
P, (0S2WQ -SIN2RA\[ P, +&x
— {(4~11)
7 Sithat@ Cos 2R 7
where E is —eﬁ-i(o). If we replace (W, P,?) into (x,y) and
assume Q=0.25, the recusion{4-11) become
F 4
y = —X
x =y + gx". (4-12)
Furthermore, 1if the scale change
-
X = Xf
-
y =& Y, (4-13)
is made, the recursion equations (4-12) become
/
Y = -X ,
= v+ x*. (4-14)

Hence, the system (4-7) becomes free of machine parameters. This
is desirable to study the universal properties for the
system (4-7).

Fig.l shows the Poincaré map obtained by the recusion
equations (4-14). A sequence of mapping points around the origin
seems to be located on the closed curves. However, 1t is
apparently impossible to prove strictly this expectation by finite

iteration of (4-14).
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If there is an 1invariant for (4-7), then the invariant

function I(X,Y) must be invariant under the transformation (4-14):
2
T(Y+X  ,-X) = I(X,Y). (4-15)

So far, we do not know such a function I(X,Y). In addition, the
guestion for stability of (4-7) is still left. It can be reduced
to the question of the finiteness of the progression, which
consists of the sequence of number s derived from the

one-dimensional recursion equation between three terms,
Xn+l + Xn-1 = Xn , (4-16)

which is obtained by substituting the first equation into the
second in Eq.(4-14). But we do not know the mathematical proof
for the finiteness of such a progression. All these questions are

still open.
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